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A note on generalized four-point inequality
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1. Introduction

,Q0 YZVUOW0VFOX GDVG0IF DY W0FH�G EIOG0 ROE �VFHDUZG0U N] 6' 9Hs0�
GQ0F ^/` �V @j?e' 9Hs0GQ0F GOXX0U FQ0 U�EGD\0H0U EIOG0E nGXOEE0E !J$o !YHDW
FQ0 RDHU nU�EFOVG0o$' 8V @j@_ 9' wOZEUDHh ^B` �VFHDUZG0U FQ0 F0HW nW0F�
H�G EIOG0o GDVE�U0H�VP FQ0E0 EIOG0E OE O EI0G�OX GOE0 DY �VSV�F0 FDID�
XDP�GOX EIOG0E' +OF0H FQ0H0 R0H0 WOV] OFF0WIFE FD P0V0HOX�b0 FQ0 GDV�
G0IF DY W0FH�G EIOG0' pV0 DY FQ0 U�H0GF�DVE DY EZGQ P0V0HOX�bOF�DV �E
FQ0 P0V0HOX�bOF�DV DY FQ0 GDVG0IF DY FH�OVPX0 �V0dZOX�F]' 9DH 0TOWIX0� �Y
FQ0 ZEZOX FH�OVPX0 �V0dZOX�F] �V FQ0 W0FH�G EIOG0 (X, d) �E H0IXOG0U N]
d(x, y) � K(d(x, z) + d(z, y))� K � 1� FQ0V (X, d) �E GOXX0U O >@,+-.�/
*01/+' ,Q�E H0XOT0U FH�OVPX0 �V0dZOX�F] OVU FQ0 GDHH0EIDVU�VP EIOG0E
R0H0 H0U�EGD\0H0U E0\0HOX F�W0E ZVU0H \OH�DZE VOW0E� E00 ^_` OVU H0Y0H�
0VG0E FQ0H0�V' MV OVDFQ0H 0TOWIX0 �E ED�GOXX0U IDR0H FH�OVPX0 �V0dZOX�F]
GDVE�U0H0U N] J' :' ;H00VQD0 ^a`' ,Q0 V0TF �WIDHFOVF YDH ZE P0V0HOX�bO�
F�DV �E O GDVG0IF DY O FH�OVPX0 YZVGF�DV !@'@$ �VFHDUZG0U N] 6' 50EE0V]0�
OVU z' 3sOX0E ^@` �V /?@i� E00 J0SV�F�DV @'@ N0XDR' ,Q�E U0SV�F�DV OXXDRE
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FD EFZU] W0FH�G EIOG0E YHDW WDH0 P0V0HOX IDE�F�DVE 0OE�X] DNFO�V�VP GDHDX�
XOH�0E YDH EI0G�OX F]I0E DY W0FH�G EIOG0E N] OV OIIHDIH�OF0 GQD�G0 DY FQ0
YZVGF�DV Φ' pV FQ0 DFQ0H QOVU� �V FQ0 EFZU] DY W0FH�G EIOG0E� �V0dZOX�
�F�0E FQOF H0XOF0 FQ0 E�T U�EFOVG0E U0SV0U N] YDZH ID�VFE OH0 \0H] DYF0V
GDVE�U0H0U' ,Q0 WDEF R0XX�qVDRV DY FQ0W OH0 3FDX0W]&E �V0dZOX�F] !@'/$�
OUU�F�\0 �V0dZOX�F] !@'B$� �V0dZOX�F] RQ�GQ U0F0HW�V0E δ�Q]I0HNDX�G W0F�
H�G !@'_$� 0FG' ,Q0 O�W DY FQ�E IOI0H �E FD �VFHDUZG0 O YDZH�ID�VF OVOXDP DY
FH�OVPX0 YZVGF�DV !@'@$ OVU FD U0WDVEFHOF0 O F0GQV�dZ0 DY RDHq�VP R�FQ
FQ�E P0V0HOX�bOF�DV DV FQ0 0TOWIX0 DY IHDNX0WE H0XOF0U FD IH0E0H\OF�DV DY
YDZH�ID�VF �V0dZOX�F�0E N] dZOE�E]WW0FH�G OVU dZOE�WyDN�ZE WOII�VPE'

r0GOXX FQ0 V0G0EEOH] U0SV�F�DVE' +0FX N0 O VDV0WIF] E0F' M WOII�VP
d : X×X → R

+� R+ = [0,∞) �E O,+-.�/ �Y YDH OXX x, y, z ∈ X FQ0 YDXXDR�VP
OT�DWE QDXU2

!�$ (d(x, y) = 0) ⇔ (x = y)�

!��$ d(x, y) = d(y, x)�

!���$ d(x, y) � d(x, z) + d(z, y)'

,Q0 IO�H (X, d) �E GOXX0U O ,+-.�/ *01/+' 8Y DVX] OT�DWE !�$ OVU !��$ QDXU
FQ0V d �E GOXX0U O *+,�,+-.�/' M IO�H (X, d)� RQ0H0 d �E O E0W�W0FH�G DVX�
�E GOXX0U O *+,�,+-.�/ *01/+' 4ZGQ EIOG0E R0H0 SHEF 0TOW�V0U N] 9Hs0GQ0F
�V ^/`� RQ0H0 Q0 GOXX0U FQ0W nGXOEE0E !-$o' +OF0H FQ0E0 EIOG0E OFFHOGF0U
FQ0 OFF0VF�DV DY WOV] WOFQ0WOF�G�OVE ^ef@?`'

mDF0 FQOF �V FQ0 X�F0HOFZH0 O U�h0H0VF F0HW�VDXDP] �E ZE0U' 4DW0F�W0E
O E0W�W0FH�G EIOG0 �E GOXX0U O U�EFOVG0 EIOG0 ^a`u O E0W�W0FH�G OXED GOV
N0 GOXX0U O U�EE�W�XOH�F] ^@@`' 8V ^@/� 7QOIF0H @?`� FQ0 FDIDXDP�GOX EIOG0
(X, τd) R�FQ FQ0 FDIDXDP] P0V0HOF0U N] d �E GOXX0U O E]WW0FH�G EIOG0�
RQ0H0OE O E0W�W0FH�G EIOG0 W0OVE O E]WW0FH�G EIOG0 �V RQ�GQ OXX DI0V
NOXXE OH0 V0�PQNDZHQDDUE' 8V DZH IOI0H R0 �VQ0H�F FQ0 F0HW�VDXDP] YHDW
g�XEDV&E I�DV00H�VP IOI0H ^k`� OE R0XX OE �F �E OUDIF0U �V O R0XX�qVDRV
5XZW0VFQOX&E RDHq ^@B� I' i` OVU WOV] H0G0VF IOI0HE� 0'P'� ^@� @_f@e`'

6' 50EE0V]0� OVU z' 3sOX0E ^@` �V FQ0 U0SV�F�DV DY O FH�OVPX0 YZVGF�DV

FDDq R
2
+ OVU R

+
OE FQ0 UDWO�V OVU FQ0 HOVP0 DY Φ� H0EI0GF�\0X]' g0 ZE0

FQ�E U0SV�F�DV �V O EX�PQFX] U�h0H0VF YDHW H0EFH�GF�VP FQ0 UDWO�V OVU FQ0
HOVP0 DY Φ N] R

2
+ OVU R

+� H0EI0GF�\0X]'

Definition 1.1. Consider a semimetric space (X, d). We say that
Φ: R+ × R

+ → R
+ is a triangle function for d if Φ is symmetric and

monotone increasing in both of its arguments, satisfies Φ(0, 0) = 0 and,
for all x, y, z ∈ X, the generalized triangle inequality

d(x, y) � Φ(d(x, z), d(y, z)) (1.1)
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holds.

pN\�DZEX]� W0FH�G EIOG0E OH0 E0W�W0FH�G EIOG0E R�FQ FQ0 FH�OVPX0 YZVG�
F�DV Φ(u, v) = u+ v' 8V ^@` FQDE0 E0W�W0FH�G EIOG0E RQDE0 ED�GOXX0U NOE�G
FH�OVPX0 YZVGF�DVE OH0 GDVF�VZDZE OF FQ0 DH�P�V R0H0 GDVE�U0H0U' ,Q0E0
EIOG0E R0H0 F0HW0U H0PZXOH' 8F ROE EQDRV FQOF FQ0 FDIDXDP] DY O H0PZXOH
E0W�W0FH�G EIOG0 �E wOZEUDHh� FQOF O GDV\0HP0VF E0dZ0VG0 �V O H0PZXOH
E0W�W0FH�G EIOG0 QOE O ZV�dZ0 X�W�F OVU IDEE0EE0E FQ0 7OZGQ] IHDI0HF]�
0FG' 400 OXED ^@if@j` YDH EDW0 V0R H0EZXFE �V FQ�E U�H0GF�DV'

8V ^/?` GDVE�U0H�VP dZOE�E]WW0FH�G WOII�VPE N0FR00V E0W�W0FH�G EIO�
G0E R�FQ U�h0H0VF FH�OVPX0 YZVGF�DVE �F ROE YDZVU O V0R 0EF�WOF�DV YDH
FQ0 HOF�D DY U�OW0F0HE DY FRD EZNE0FE� RQ�GQ OH0 �WOP0E DY FRD NDZVU0U
EZNE0FE' ,Q�E H0EZXF P0V0HOX�b0E FQ0 R0XX�qVDRV ,Zq�OfvyO�EyOXyO �V0dZOX�
�F]' 7DVU�F�DVE ZVU0H RQ�GQ dZOE�E]WW0FH�G WOII�VPE IH0E0H\0 FH�OVPX0
YZVGF�DVE OVU 3FDX0W]&E �V0dZOX�F] R0H0 OXED YDZVU'

+0F ZE GDVE�U0H E0\0HOX OXH0OU] qVDRV U�h0H0VF F]I0E DY �V0dZOX�F�0E
FQOF H0XOF0 FQ0 E�T U�EFOVG0E U0F0HW�V0U N] YDZH ID�VFE �V !E0W�$W0FH�G
EIOG0'

1.1. Ptolemy’s inequality

M W0FH�G EIOG0 (X, d) �E GOXX0U 3FDX0WO�G �Y YDH OXX x, y, z, t ∈ X FQ0
�V0dZOX�F]

d(x, z)d(t, y) � d(x, y)d(t, z) + d(x, t)d(y, z). (1.2)

QDXUE� E00� 0'P'� ^/@� //`' -\0H] IH0�w�XN0HF EIOG0 �E 3FDX0WO�G !E00 ^/B�
j'i'B'k� @?'j'/` YDH �VEFOVG0$� OVU 0OGQ X�V0OH dZOE�VDHW0U 3FDX0WO�G EIOG0
�E O IH0�w�XN0HF EIOG0 ^//`' ,Q0 3FDX0W] FQ0DH0W� qVDRV E�VG0 OVF�dZ�F]�
EFOF0E FQOF !@'/$ FZHVE �VFD 0dZOX�F] RQ0V x� y� z� OVU t OH0 FQ0 \0HF�G0E DY
O GDV\0T dZOUH�XOF0HOX �VEGH�N0U �VFD O G�HGX0' 8F �E OXED qVDRV ^/_` FQOF
7M,!?$ EIOG0E OH0 3FDX0WO�G' wDR0\0H O P0DU0E�G 3FDX0WO�G EIOG0 �E VDF
V0G0EEOH�X] O 7M,!?$ EIOG0' pV FQ0 DFQ0H QOVU� O W0FH�G EIOG0 �E 7M,!?$
�Y OVU DVX] �Y �F �E 3FDX0WO�G OVU 5ZE0WOVV GDV\0T ^/a`' 3FDX0WO�G EIOG0E
EF�XX OFFHOGF OFF0VF�DV DY WOV] WOFQ0WOF�G�OVE� E00� 0'P'� ^/ef/k`' 400
OXED ^/j� 7QOIF0H @?` YDH FQ0 0TF0VU0U H0\�0R DV 3FDX0WO�G EIOG0E'

8V RQOF YDXXDRE ZVU0H 3FDX0WO�G EIOG0E R0 ZVU0HEFOVU E0W�W0FH�G
EIOG0E (X, d) YDH RQ�GQ �V0dZOX�F] !@'/$ QDXUE' mDF0 FQOF !@'/$ UD0E VDF
�WIX] FQ0 EFOVUOHU FH�OVPX0 �V0dZOX�F] �V (X, d)'

1.2. Additive inequality

M W0FH�G d DV X �E 1;;�-�:+ ^B?� I' i` �Y �F EOF�ES0E FQ0 YDXXDR�VP
EFH0VPFQ0V0U \0HE�DV DY FQ0 FH�OVPX0 �V0dZOX�F] GOXX0U FQ0 YDZH�ID�VF �V�
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0dZOX�F]2

d(x, z) + d(t, y) � max{d(x, y) + d(t, z), d(x, t) + d(y, z)} (1.3)

YDH OXX x� y� z� t ∈ X' -dZ�\OX0VFX]� OWDVP FQ0 FQH00 EZWE d(x, z) +
d(t, y)� d(x, y) + d(t, z)� d(x, t) + d(y, z) FQ0 FRD XOHP0EF EZWE OH0 0dZOX'
,Q0 R0XX�qVDRV 5ZV0WOV&E GH�F0H�DV ^B@� ,Q0DH0W /` OEE0HFE FQOF O SV�F0
W0FH�G EIOG0 �E OUU�F�\0 �Y OVU DVX] �Y �F �E O FH00 W0FH�G' mDF0 FQOF
FH00 W0FH�GE IXO] OV �WIDHFOVF HDX0 �V IQ]XDP0V0F�GE ^B/` OVU Q�0HOHGQ�GOX
GXZEF0H�VP ^BB`'

r0GOXX FQOF OV ZXFHOW0FH�G �E O W0FH�G YDH RQ�GQ FQ0 EFHDVP FH�OVPX0
�V0dZOX�F] d(x, y) � max{d(x, z), d(z, y)} QDXUE' ,Q0 GXOEE DY ZXFHOW0FH�G
EIOG0E �E GDVFO�V0U �V FQ0 GXOEE DY OUU�F�\0 W0FH�G EIOG0E'

1.3. δ-hyperbolic metric

;�\0V O VZWN0H δ � 0� O W0FH�G d DV O E0F X �E GOXX0U δ�Q]I0HNDX�G
�Y �F EOF�ES0E FQ0 ;HDWD\ δ�Q]I0HNDX�G �V0dZOX�F] !OVDFQ0H R0Oq0V�VP DY
FQ0 YDZH�ID�VF �V0dZOX�F]$2

d(x, z) + d(t, y) � 2δ +max{d(x, y) + d(t, z), d(x, t) + d(y, z)} (1.4)

YDH OXX x� y� z� t ∈ X� E00 ^B?� I' k`' M W0FH�G EIOG0 (X, d) �E 0�Q]I0HNDX�G
0TOGFX] RQ0V d EOF�ES0E FQ0 YDZH�ID�VF �V0dZOX�F] !@'B$' -\0H] NDZVU0U
W0FH�G EIOG0 DY U�OW0F0H D �E D�Q]I0HNDX�G' ,Q0 n�U�W0VE�DVOX Q]I0H�
NDX�G EIOG0 �E ln 3�Q]I0HNDX�G' -\0H] δ�Q]I0HNDX�G W0FH�G EIOG0 �E �EDW0F�
H�GOXX] 0WN0UUONX0 �VFD O P0DU0E�G W0FH�G EIOG0 ^B_`'

1.4. Roundness of a metric space

,Q0 HDZVUV0EE DY O W0FH�G EIOG0 (X, d) �E FQ0 EZIH0WZW DY OXX q EZGQ
FQOF

d(x1, x2)
q + d(y1, y2)

q � d(x1, y1)
q + d(x1, y2)

q + d(x2, y1)
q + d(x2, y2)

q

(1.5)
YDH OV] YDZH ID�VFE x1, x2, y1, y2 ∈ X� E00 ^B?� I' /_`' -\0H] W0FH�G EIOG0
QOE HDZVUV0EE � 1u �F �E � 2 �Y FQ0 EIOG0 QOE OIIHDT�WOF0 W�UID�VFE' ,Q0
HDZVUV0EE DY Lp�EIOG0 �E p �Y 1 � p � 2'

1.5. Quadrilateral inequality for CAT(0)-spaces

,Q0 50HP OVU m�qDXO0\ FQ0DH0W EFOF0E FQOF OV] P0DU0E�G EIOG0 (X, d)
�E O 7M,!?$�EIOG0 �h YDH OV] dZOUHZIX0 DY ID�VFE a, b, c, d ∈ X R0 QO\0

d(a, d)2 + d(b, c)2 � d(a, b)2 + d(b, d)2 + d(d, c)2 + d(c, a)2,

E00 ^Ba`'
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1.6. Reshetnyak’s quadruple inequality

,Q0 �V0dZOX�F]

d(x1, x3)
2 + d(x2, x4)

2 � d(x2, x3)
2 + d(x4, x1)

2 + 2d(x1, x2)d(x3, x4),
(1.6)

x1, x2, x3, x4 ∈ X� GQOHOGF0H�b0E wOUOWOHU EIOG0E OWDVP P0DU0E�G W0FH�G
EIOG0E (X, d)� E00 ^Ba`' 9DH FQ0 GOE0 DY wOUOWOHU EIOG0E� !@'e$ �E qVDRV
OE r0EQ0FV]Oq&E dZOUHZIX0 �V0dZOX�F] ^Be` DH dZOUH�XOF0HOX �V0dZOX�F] ^Ba`
OVU GOV N0 �VF0HIH0F0U OE O P0V0HOX�bOF�DV DY FQ0 7OZGQ]f4GQROHFb �V�
0dZOX�F] FD W0FH�G EIOG0E ^Ba`' mDF0 FQOF �V0dZOX�F] !@'e$ UD0E VDF QDXU
�V 0\0H] W0FH�G EIOG0' 8V ^Bi` O GDVU�F�DV� RQ�GQ �E GOXX0U dZOUHZIX0
�V0dZOX�F] OVU P0V0HOX�b0E !@'e$� ROE �VFHDUZG0U OVU ZE0U FD 0EFONX�EQ
GDV\0HP0VG0 HOF0E �V IHDNON�X�F] OVU 0TI0GFOF�DV YDH EIOG0E R�FQ �VSV�F0
U�OW0F0H'

,Q0 O�W DY FQ0 YDXXDR�VP U0SV�F�DV �E FD P0V0HOX�b0 OE WOV] OE IDEE�NX0
FQ0 OND\0 GDVE�U0H0U �V0dZOX�F�0E'

Definition 1.2. Consider a semimetric space (X, d). Let Φ,Ψ: R+ ×
R
+ → R

+ be symmetric and monotone increasing in both of their ar-
guments and Ψ(0, 0) = 0. We shall say that the pair (Φ,Ψ) forms a
quadruple inequality in the space (X, d), if for all x, y, z, t ∈ X, the
inequality

Ψ
(
d(x, z), d(t, y)

)
� Φ

(
Ψ
(
d(x, y), d(t, z)

)
,Ψ

(
d(x, t), d(y, z)

))
(1.7)

holds.

7X0OHX]� �Y Ψ(u, v) = uv OVU Φ(u, v) = u+ v� FQ0V (X, d) �E 3FDX0WO�G
EIOG0' 8Y Ψ(u, v) = u+ v OVU Φ(u, v) = 2δ +max{u, v}� δ � 0� FQ0V d �E
δ�Q]I0HNDX�G' 8Y OUU�F�DVOXX] δ = 0� FQ0V (X, d) �E OUU�F�\0 W0FH�G EIOG0'
8Y Ψ(u, v) = uq + vq OVU Φ(u, v) = u+ v� FQ0V R0 QO\0 �V0dZOX�F] !@'a$�
RQ�GQ U0SV0E FQ0 HDZVUV0EE DY FQ0 W0FH�G EIOG0 (X, d)' 8V FQ0 GOE0 q = 2
R0 DNFO�V FQ0 dZOUH�XOF0HOX �V0dZOX�F] YDH CAT (0) EIOG0E' 8F H0WO�VE FD
VDF0 FQOF !@'i$ UD0E VDF P0V0HOX�b0 r0EQ0FV]Oq&E dZOUHZIX0 �V0dZOX�F]�
NZF� �Y V0G0EEOH]� EZGQ P0V0HOX�bOF�DVE 0OE�X] GOV N0 WOU0 N] OVOXDP]'

g0 �VFHDUZG0 FQ0 YDXXDR�VP FRD U0SV�F�DVE� RQ�GQ OH0 EI0G�OX GOE0E DY
J0SV�F�DV @'/� �V DHU0H FD E�WIX�Y] YDHWZXOF�DVE DY FQ0 H0EZXFE DNFO�V0U �V
FQ0 H0EF DY FQ0 IOI0H'

Definition 1.3. Consider a semimetric space (X, d). Let Φ: R+×R
+ →

R
+ be symmetric and monotone increasing in both of its arguments and

Φ(0, 0) = 0. We shall say that Φ is a multiplicative quadruple function
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for the space (X, d) if for all x, y, z, t ∈ X the following multiplicative
quadruple inequality

d(x, z)d(t, y) � Φ
(
d(x, y)d(t, z), d(x, t)d(y, z)

)
(1.8)

holds.

Definition 1.4. Consider a semimetric space (X, d). Let Φ: R+×R
+ →

R
+ be symmetric and monotone increasing in both of its arguments and

Φ(0, 0) = 0. We say that Φ is a additive quadruple function for the space
(X, d) if for all x, y, z, t ∈ X, the following additive quadruple inequality

d(x, z) + d(t, y) � Φ
(
d(x, y) + d(t, z), d(x, t) + d(y, z)

)
(1.9)

holds.

,Q0 YDXXDR�VP X0WWO P�\0E ZE EZcG�0VF GDVU�F�DVE �WIDE0U DV YZVG�
F�DVE Φ OVU Ψ ZVU0H RQ�GQ dZOUHZIX0 �V0dZOX�F] !@'i$ QDXUE YDH FQ0 ID�VFE
x, y, z, t ∈ Y �V FQ0 GOE0 RQ0V OF X0OEF FRD ID�VFE OWDVP FQ0W GD�VG�U0'

Lemma 1.1. Let (Y, ρ) be a semimetric space, let Φ and Ψ satisfy con-
ditions of Definition 1.2 and additionally

a � Φ(0, a) for all a > 0, (1.10)

Ψ is a triangle function in (Y, ρ), (1.11)

Ψ(0, a) � Φ(0, a) for all a > 0. (1.12)

Suppose that among the points x, y, z, t ∈ Y at least two points coincide.
Then inequality (1.7) holds.

Proof. Without loss of generality consider the following cases:

(i) z = x and x, y, t are different. According to (1.7) we have to show
the inequality

Ψ
(
0, ρ(t, y)

)
� Φ

(
Ψ
(
ρ(x, y), ρ(t, x)

)
,Ψ

(
ρ(x, t), ρ(y, x)

))
.

Indeed, using consecutively the monotonicity of Φ, (1.11), (1.10) and
(1.12) we have

Φ
(
Ψ
(
ρ(x, y), ρ(t, x)

)
,Ψ

(
ρ(x, t), ρ(y, x)

))
� Φ

(
0,Ψ

(
ρ(x, t), ρ(y, x)

))
�

Φ
(
0, ρ(t, y)

)
� Ψ

(
0, ρ(t, y)

)
.
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(ii) y = x and x, t, z are different. According to (1.7) we have to
show the inequality

Ψ
(
ρ(x, z), ρ(t, x)

)
� Φ

(
Ψ
(
0, ρ(t, z)

)
,Ψ

(
ρ(x, t), ρ(x, z)

))
,

which, clearly, follows from the monotonicity of Φ, (1.10) and symmetry
of Ψ.

(iii) z = t = x and x, y are different. According to (1.7) we have to
show the inequality

Ψ
(
0, ρ(x, y)

)
� Φ

(
Ψ
(
ρ(x, y), 0

)
,Ψ

(
0, ρ(y, x)

))
which, clearly, follows from the monotonicity of Φ and (1.10).

(iv) y = t = x and x, z are different. According to (1.7) we have to
show the inequality

Ψ
(
ρ(x, z), 0

)
� Φ

(
Ψ
(
0, ρ(x, z)

)
,Ψ

(
0, ρ(x, z)

))
which, clearly, follows from the monotonicity of Φ, (1.10) and symmetry
of Ψ.

(v) z = x, t = y and x, y are different. According to (1.7) we have
to show the inequality

Ψ
(
0, 0

)
� Φ

(
Ψ
(
ρ(x, y), ρ(y, x)

)
,Ψ

(
ρ(x, y), ρ(y, x)

))
,

which is evident.
(iv) y = x, z = t and x, z are different. According to (1.7) we have

to show the inequality

Ψ
(
ρ(x, t), ρ(t, x)

)
� Φ

(
Ψ
(
0, 0

)
,Ψ

(
ρ(x, t), ρ(x, t)

))
,

which, clearly, follows from (1.10).
(v) The case x = y = z = t is evident.

,Q0 YDXXDR�VP X0WWO P�\0E ZE EZcG�0VF GDVU�F�DVE �WIDE0U DV YZVG�
F�DV Φ OVU E0W�W0FH�G ρ ZVU0H RQ�GQ WZXF�IX�GOF�\0 dZOUHZIX0 �V0dZOX�
�F] !@'k$ OVU OUU�F�\0 dZOUHZIX0 �V0dZOX�F] !@'j$ QDXU YDH FQ0 ID�VFE
x, y, z, t ∈ Y �V FQ0 GOE0 RQ0V OF X0OEF FRD ID�VFE OWDVP FQ0W GD�VG�U0'

Lemma 1.2. Let (Y, ρ) be a semimetric space and let Φ satisfy conditions
of Definition 1.2. Suppose that among the points x, y, z, t ∈ Y at least
two points coincide.

(i) If additionally Φ satisfies condition (1.10) then inequality (1.8)
holds.

(ii) If additionally Φ satisfies condition (1.10) and (Y, ρ) is a metric
space then inequality (1.9) holds.
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Proof. (i) It suffices to set Ψ(u, v) = uv in Lemma 1.1 and to note that
the case (i) of Lemma 1.1 can be easily shown without conditions (1.11)
and (1.12).

(ii) It suffices to set Ψ(u, v) = u+ v in Lemma 1.1.

2. Quasisymmetric mappings preserving
four-point inequalities

2.1. Quasisymmetric mappings preserving the generalized
four-point inequality

�ZOE�E]WW0FH�G WOII�VPE DV FQ0 H0OX X�V0 R0H0 SHEF �VFHDUZG0U N]
50ZHX�VP OVU MQXYDHE ^Bk`' ,Q0] YDZVU O RO] FD DNFO�V O dZOE�GDVYDHWOX
0TF0VE�DV DY O dZOE�E]WW0FH�G E0XY�WOII�VP DY FQ0 H0OX OT�E FD O E0XY�
WOII�VP DY FQ0 ZII0H QOXY�IXOV0' ,Q�E GDVG0IF ROE XOF0H P0V0HOX�b0U N]
,Zq�O OVU vyO�EyOXyO ^Bj`� RQD EFZU�0U dZOE�E]WW0FH�G WOII�VPE N0FR00V
P0V0HOX W0FH�G EIOG0E' 8V FQ0 H0G0VF ]0OHE� FQ0E0 WOII�VPE OH0 N0�VP
�VF0VE�\0X] EFZU�0U N] WOV] WOFQ0WOF�G�OVE� E00 0'P'� ^_?f__` 8V ^/?` FQ0
U0SV�F�DV DY dZOE�E]WW0FH�G WOII�VPE ROE 0TF0VU0U FD FQ0 GOE0 DY P0V0HOX
E0W�W0FH�G EIOG0E �V FQ0 YDXXDR�VP RO]'

Definition 2.1. Let (X, d), (Y, ρ) be semimetric spaces. We shall say
that a mapping f : X → Y is η-quasisymmetric if there is a homeomor-
phism η : [0,∞) → [0,∞) so that

d(x, a) � td(x, b) implies ρ(f(x), f(a)) � η(t)ρ(f(x), f(b)) (2.1)

for all triples a, b, x of points in X and for all t > 0.

+0F (X, d) N0 O E0W�W0FH�G EIOG0' J0VDF0 N]

B(a, r) = {x ∈ X : d(a, x) < r}

O NOXX �V FQ0 EIOG0 (X, d) R�FQ FQ0 G0VF0H a OVU FQ0 HOU�ZE r' +0F YDH
OV] IO�H DY ID�VFE a, b ∈ X OVU OV] ε > 0 FQ0H0 0T�EFE δ > 0 EZGQ FQOF
YDH OXX x ∈ B(a, δ) OVU y ∈ B(b, δ) FQ0 �V0dZOX�F] |d(x, y) − d(a, b)| < ε
QDXUE' 8V FQ�E GOE0 FQ0 E0W�W0FH�G d �E GOXX0U GDVF�VZDZE' 8V IOHF�GZXOH�
OV] W0FH�G d QOE FQ�E IHDI0HF]' ,Q0 FDIDXDP] P0V0HOF0U N] O GDVF�VZDZE
E0W�W0FH�G �E OXRO]E O wOZEUDHh FDIDXDP]' ,Q0 E]EF0W DY E0FE DY FQ0 YDHW
B(a, r) P�\0E FQ0 V0�PQNDHQDDU NOE0 OF FQ0 ID�VF a �V FQ�E FDIDXDP]' mDF0
FQOF ZVU0H O EZIIDE�F�DV �V J0SV�F�DV /'@ FQOF d OVU ρ OH0 GDVF�VZDZE
�F YDXXDRE FQOF f �E 0�FQ0H O GDVEFOVF DH OV 0WN0UU�VP� �'0'� �V[0GF�\0
GDVF�VZDZE WOII�VP N0FR00V E0W�W0FH�G EIOG0E R�FQ GDVF�VZDZE �V\0HE0
WOII�VP ^/?� 3HDIDE�F�DV /'i`'
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,Q0 YDXXDR�VP FQ0DH0W P�\0E ZE FQ0 E0F DY V0G0EEOH] GDVU�F�DVE ZVU0H
RQ�GQ OV η�dZOE�E]WW0FH�G WOII�VP f : X → Y IH0E0H\0E O dZOUHZIX0
�V0dZOX�F]'

Theorem 2.1. Let (X, d), (Y, ρ) be semimetric spaces. Suppose that
the pair (Φ,Ψ) forms a quadruple inequality in (X, d) and Φ, Ψ satisfy
conditions (1.10), (1.11), (1.12) and additionally

kΦ(u, v) = Φ(ku, kv) for all k > 0, (2.2)

Ψ
(a
b
,
c

d

)
=

Ψ(a, b)

Ψ(c, d)
for all a, b, c, d > 0. (2.3)

Let f : X → Y be a bijective η-quasisymmetric mapping. If for every
t1, t2, t3, t4 ∈ R

+ \ {0} the inequality

1 � Φ

(
Ψ

(
1

t1
,
1

t2

)
,Ψ

(
1

t3
,
1

t4

))
implies

1 � Φ

(
Ψ

(
1

η(t1)
,

1

η(t2)

)
,Ψ

(
1

η(t3)
,

1

η(t4)

))
, (2.4)

then (Φ,Ψ) also forms a quadruple inequality in (Y, ρ).

Proof. Let x, y, z, t ∈ X be different points and let x′ = f(x), y′ = f(y),
z′ = f(z), t′ = f(t). By (1.7), (2.2) and (2.3) we have

1 � Φ

(
Ψ

(
d(x, y)

d(x, z)
,
d(t, z)

d(t, y)

)
,Ψ

(
d(x, t)

d(x, z)
,
d(y, z)

d(t, y)

))
.

Set

d(x, z)

d(x, y)
= t1,

d(t, y)

d(t, z)
= t2,

d(x, z)

d(x, t)
= t3,

d(t, y)

d(y, z)
= t4.

Hence,

1 � Φ

(
Ψ

(
1

t1
,
1

t2

)
,Ψ

(
1

t3
,
1

t4

))
. (2.5)

By (2.1) we have

ρ(f(x), f(z)) � η(t1)ρ(f(x), f(y)), ρ(f(t), f(y)) � η(t2)ρ(f(t), f(z)),

ρ(f(x), f(z)) � η(t3)ρ(f(x), f(t)), ρ(f(t), f(y)) � η(t4)ρ(f(y), f(z)).

Hence, since Ψ is monotone increasing in both of its arguments we have

Ψ

(
1

η(t1)
,

1

η(t2)

)
� Ψ

(
ρ(x′, y′)
ρ(x′, z′)

,
ρ(t′, z′)
ρ(t′, y′)

)
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and

Ψ

(
1

η(t3)
,

1

η(t4)

)
� Ψ

(
ρ(x′, t′)
ρ(x′, z′)

,
ρ(y′, z′)
ρ(t′, y′)

)
.

Since Φ is monotone increasing we have

Φ

(
Ψ

(
1

η(t1)
,

1

η(t2)

)
,Ψ

(
1

η(t3)
,

1

η(t4)

))

� Φ

(
Ψ

(
ρ(x′, y′)
ρ(x′, z′)

,
ρ(t′, z′)
ρ(t′, y′)

)
,Ψ

(
ρ(x′, t′)
ρ(x′, z′)

,
ρ(y′, z′)
ρ(t′, y′)

))
.

Using consecutively condition (2.5), implication (2.4) and the previous
inequality we get

1 � Φ

(
Ψ

(
ρ(x′, y′)
ρ(x′, z′)

,
ρ(t′, z′)
ρ(t′, y′)

)
,Ψ

(
ρ(x′, t′)
ρ(x′, z′)

,
ρ(y′, z′)
ρ(t′, y′)

))
.

By (2.3) we have

1 � Φ

(
Ψ(ρ(x′, y′), ρ(t′, z′))
Ψ(ρ(x′, z′), ρ(t′, y′))

,
Ψ(ρ(x′, t′), ρ(y′, z′))
Ψ(ρ(x′, z′), ρ(t′, y′))

)
.

Using (2.2) we obtain

1 � Φ (Ψ(ρ(x′, y′), ρ(t′, z′)),Ψ(ρ(x′, t′), ρ(y′, z′)))
Ψ(ρ(x′, z′), ρ(t′, y′))

.

Hence, we have inequality (1.7) for x′, y′, z′, t′.
The case when among the points x′, y′, z′, t′ ∈ X at least two points

coincide is proved in Lemma 1.1, which completes the proof.

Remark 2.1. Note that the general solution of the equation kΦ(x, y) =
Φ(kx, ky), k �= 0, has the form Φ(x, y) = xg(y/x), where g(x) is an
arbitrary function, see [45, p. 429].

Corollary 2.1. Let (X, d), (Y, ρ) be semimetric spaces, Φ be a multi-
plicative quadruple function for (X, d) such that condition (1.10) holds
and

kΦ(u, v) = Φ(ku, kv) for all k > 0,

and let f : X → Y be a surjective η-quasisymmetric mapping. If for every
t1, t2, t3, t4 ∈ R

+ the inequality

t1t2t3t4 � Φ(t1t2, t3t4) implies

η(t1)η(t2)η(t3)η(t4) � Φ(η(t1)η(t2), η(t3)η(t4)),

then Φ is also a multiplicative quadruple function for (Y, ρ).
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Proof. It suffices to set Ψ(u, v) = uv in Theorem 2.1 and to apply
Lemma 1.2 (i).

,Q0 YDXXDR�VP GDHDXXOH] ROE �V�F�OXX] DNFO�V0U �V ^/?` N] FQ0 U�H0GF
IHDDY'

Corollary 2.2. Let (X, d) be a Ptolemaic space, (Y, ρ) be a semimetric
space and let f : X → Y be a bijective η-quasisymmetric mapping. If for
every t1, t2, t3, t4 ∈ R

+ the inequality

t1t2t3t4 � t1t2 + t3t4 implies

η(t1)η(t2)η(t3)η(t4) � η(t1)η(t2) + η(t3)η(t4), (2.6)

then (Y, ρ) is also Ptolemaic.

Proof. It suffices to set Φ(u, v) = u+ v in Corollary 2.1.

,Q0 YDXXDR�VP OEE0HF�DV �E R0XX�qVDRV� E00� 0'P'� 40GF�DV /'@/ �V ^_e`'

Lemma 2.1. If 0 < α � 1, then for u, v � 0 the inequality (u + v)α �
uα + vα holds.

Example 2.1. Let X be a Ptolemaic space, Y be a semimetric space
and let f : X → Y be a bijective η-quasisymmetric mapping such that
η(t) = tα, 0 < α � 1. Then Y is also a Ptolemaic space. Indeed,
monotonicity of η, the first inequality in (2.6) and Lemma 2.1 imply

tα1 t
α
2 t
α
3 t
α
4 � (t1t2 + t3t4)

α � tα1 t
α
2 + tα3 t

α
4

which by Corollary 2.2 completes the proof.

2.2. Quasisymmetric mappings preserving additive four-point
inequality

,Q0 YDXXDR�VP FQ0DH0W P�\0E ZE FQ0 E0F DY V0G0EEOH] GDVU�F�DVE ZVU0H
RQ�GQ OV η�dZOE�E]WW0FH�G WOII�VP f : X → Y IH0E0H\0E OV OUU�F�\0
dZOUHZIX0 �V0dZOX�F]'

Theorem 2.2. Let (X, d) be a semimetric space, (Y, ρ) be a metric space
and let Φ be an additive quadruple function for (X, d) satisfying (1.10)
and such that

kΦ(u, v) = Φ(ku, kv) for all k > 0, (2.7)

and let f : X → Y be a bijective η-quasisymmetric mapping. If for every
t1, t2, t3, t4, t5 ∈ R

+ \ {0} the inequality

1 +
1

t1

1

t5
� Φ

(
1

t1
+

1

t2
,
1

t3
+

1

t4

)
(2.8)
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implies

1 + η

(
1

t1

)
η

(
1

t5

)
� Φ

(
1

η(t1)
+

1

η(t2)
,

1

η(t3)
+

1

η(t4)

)
, (2.9)

then Φ is also an additive quadruple function for (Y, ρ).

Proof. Let x, y, z, t ∈ X be different points and let x′ = f(x), y′ = f(y),
z′ = f(z), t′ = f(t). Dividing both parts of (1.9) on d(x, z), using (2.7)
and the evident equality

d(t, y)

d(x, z)
=
d(x, y)

d(x, z)

d(t, y)

d(x, y)

we have

1 � Φ

(
d(x, y)

d(x, z)
+
d(t, z)

d(x, z)
,
d(x, t)

d(x, z)
+
d(y, z)

d(x, z)

)
− d(x, y)

d(x, z)

d(t, y)

d(x, y)
. (2.10)

Set

d(x, z)

d(x, y)
= t1,

d(x, z)

d(t, z)
= t2,

d(x, z)

d(x, t)
= t3,

d(x, z)

d(y, z)
= t4,

d(x, y)

d(t, y)
= t5.

Clearly, (2.10) implies (2.8).
By (2.1) we have

ρ(f(x), f(z)) � η(t1)ρ(f(x), f(y)), ρ(f(x), f(z)) � η(t2)ρ(f(t), f(z)),

ρ(f(x), f(z)) � η(t3)ρ(f(x), f(t)), ρ(f(x), f(z)) � η(t4)ρ(f(y), f(z)),

ρ(f(x), f(y)) � η

(
1

t1

)
ρ(f(x), f(z)),

ρ(f(t), f(y)) � η

(
1

t5

)
ρ(f(x), f(y)).

Hence, by the monotonicity of Φ we obtain

Φ

(
1

η(t1)
+

1

η(t2)
,

1

η(t3)
+

1

η(t4)

)
− η

(
1

t1

)
η

(
1

t5

)

� Φ

(
ρ(x′, y′)
ρ(x′, z′)

+
ρ(t′, z′)
ρ(x′, z′)

,
ρ(x′, t′)
ρ(x′, z′)

+
ρ(y′, z′)
ρ(x′, z′)

)
− ρ(x′, y′)
ρ(x′, z′)

ρ(t′, y′)
ρ(x′, y′)

.

Using the last inequality, (2.9) and (2.7) we obtain additive quadruple
inequality (1.9) in the space (Y, ρ) for the points x′, y′, z′, t′.

The case when among the points x′, y′, z′, t′ at least two points coin-
cide follows from Lemma 1.2 (ii), which completes the proof.
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,Q0 YDXXDR�VP GDHDXXOH] ROE �V�F�OXX] DNFO�V0U �V ^_i� ,Q0DH0W _'@` N]
FQ0 U�H0GF IHDDY'

Corollary 2.3. Let (X, d) be an additive metric space, (Y, ρ) be a metric
space and let f : X → Y be a bijective η-quasisymmetric mapping. If for
every t1, t2, t3, t4, t5 ∈ R

+ \ {0} the inequality

1 +
1

t1

1

t5
� max

{
1

t1
+

1

t2
,
1

t3
+

1

t4

}
implies

1 + η

(
1

t1

)
η

(
1

t5

)
� max

{
1

η(t1)
+

1

η(t2)
,

1

η(t3)
+

1

η(t4)

}
,

then (Y, ρ) is also an additive metric space.

Proof. It suffices to set Φ(u, v) = max{u, v} in Theorem 2.2.

Example 2.2. If η(t) = t, then an η-quasisymmetric mapping preserves
additive metrics.

3. Quasimöbius mappings preserving the multiplicative
quadruple inequality

8F �E R0XX�qVDRV FQOF GHDEE�HOF�DE OH0 �V\OH�OVF ZVU0H 6yDN�ZE FHOVEYDH�
WOF�DVE' ME O P0V0HOX�bOF�DV DY 6yDN�ZE FHOVEYDHWOF�DVE �V W0FH�G EIOG0E
vyO�EyOXyO ^_k` �VFHDUZG0U O GXOEE DY dZOE�WyDN�ZE WOIE� ZVU0H RQ�GQ FQ0
GHDEE HOF�D �E �V O G0HFO�V E0VE0 dZOE���V\OH�OVF' ,Q0 �VFHDUZGF�DV DY
dZOE�WyDN�ZE WOIE QOE IHD\�U0U O QOVU] FDDX RQ0V EFZU]�VP FQ0 dZO�
E�E]WW0FH�G WOIE OVU FQ0 dZOE�GDVYDHWOX WOIE� E00 ^_j` OVU H0Y0H0VG0E
FQ0H0�V'

,Q0 F0FHOU �V O E0W�W0FH�G EIOG0 (X, d) �E O dZOUHZIX0 T = (x, y, z, t)
DY WZFZOXX] U�EF�VGF ID�VFE' ,Q0 ONEDXZF0 GHDEE�HOF�D DY O F0FHOU T �E

R(T ) = R(x, y, z, t) =
d(x, y)d(t, z)

d(x, z)d(t, y)
.

Definition 3.1. Let (X, d), (Y, ρ) be semimetric spaces. We shall say
that a mapping f : X → Y is η-quasimöbius if it is bijective and there is
a homeomorphism η : [0,∞) → [0,∞) so that the estimate

R(fT ) � η(R(T )) (3.1)

holds for any T = (x, y, z, t) in X, where fT = (f(x), f(y), f(z), f(t)).
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8V IOHF�GZXOH� f �E O ,W4>�2* WOII�VP �Y R(fT ) = R(T ) YDH 0OGQ F0FHOU
T �V X'

Theorem 3.1. Let (X, d), (Y, ρ) be semimetric spaces, Φ be a multi-
plicative quadruple function for (X, d) satisfying (1.10) and such that

kΦ(u, v) = Φ(ku, kv) for all k > 0, (3.2)

and let f : X → Y be a bijective η-quasimöbius mapping. If for every
t1, t2 ∈ R

+ \ {0} the inequality

1 � Φ (t1, t2) implies 1 � Φ

(
1

η (t1−1)
,

1

η (t2−1)

)
, (3.3)

then Φ is also a multiplicative quadruple function for (Y, ρ).

Proof. Let T = (x, y, z, t) be a tetrad in X. Then since f is a bijection
fT = (f(x), f(y), f(z), f(t)) = (x′, y′, z′, t′) is a tetrad in Y .

By (1.8) and (3.2) we have

1 � Φ

(
d(x, y)

d(x, z)

d(t, z)

d(t, y)
,
d(x, t)

d(x, z)

d(y, z)

d(t, y)

)
.

Set

t1 =
d(x, y)

d(x, z)

d(t, z)

d(t, y)
, t2 =

d(x, t)

d(x, z)

d(y, z)

d(t, y)
.

Hence,

1 � Φ(t1, t2). (3.4)

By (3.1) we have

ρ(x′, z′)
ρ(x′, y′)

ρ(t′, y′)
ρ(t′, z′)

� η
(
t1

−1
)
,

ρ(x′, z′)
ρ(x′, t′)

ρ(t′, y′)
ρ(y′, z′)

� η
(
t2

−1
)
.

Hence,

Φ

(
1

η (t1−1)
,

1

η (t2−1)

)
� Φ

(
ρ(x′, y′)
ρ(x′, z′)

ρ(t′, z′)
ρ(t′, y′)

,
ρ(x′, t′)
ρ(x′, z′)

ρ(y′, z′)
ρ(t′, y′)

)
.

Using (3.4), implication (3.3) and (3.2) we obtain inequality (1.8) for
x′, y′, z′, t′.

The case when among the points x′, y′, z′, t′ at least two points coin-
cide follows from Lemma 1.2 (i), which completes the proof.
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Corollary 3.1. Let (X, d) be a Ptolemaic space, (Y, ρ) be a semimetric
space and let f : X → Y be a bijective η-quasimöbius mapping. If for
every t1, t2 ∈ R

+ \ {0} the inequality

1 � t1 + t2 implies 1 � 1

η (t1−1)
+

1

η (t2−1)
, (3.5)

then (Y, ρ) is also Ptolemaic.

Proof. It suffices to set Φ(u, v) = u+ v in Theorem 3.1.

Example 3.1. Let X be a Ptolemaic space, Y be a semimetric space
and let f : X → Y be a bijective η-quasisymöbius mapping such that
η(t) = tα, 0 < α � 1. Then Y is also a Ptolemaic space. Indeed, the
first inequality in (3.5), the monotonicity of η and Lemma 2.1 imply

1 � (t1 + t2)
α � tα1 + tα2 =

1

η (t1−1)
+

1

η (t2−1)
,

which by Corollary 3.1 completes the proof.
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quadruple inequality, Electron. J. Stat., 13(2), 4280–4345.

[38] Beurling, A., Ahlfors, A. (1956). The boundary correspondence under quasicon-
formal mappings, Acta Math., 96, 125–142.

[39] Tukia, P., Väisälä, J. (1980). Quasisymmetric embeddings of metric spaces, Ann.
Acad. Sci. Fenn., Ser. A I, Math., 5, 97–114.

[40] Aseev, V. V., Kuzin, D. G., Tetenov, A. V. (2005). Angles between sets and the
gluing of quasisymmetric mappings in metric spaces, Russ. Math., 49(10), 1–10.

[41] Tyson, J. (1998). Quasiconformality and quasisymmetry in metric measure
spaces, Ann. Acad. Sci. Fenn., Math., 23(2), 525–548.

[42] Huang, X., Liu, J. (2015). Quasihyperbolic metric and quasisymmetric mappings
in metric spaces, Trans. Am. Math. Soc., 367(9), 6225–6246.

[43] Bonk, M., Merenkov, S. (2013). Quasisymmetric rigidity of square Sierpiński
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