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A note on generalized four-point inequality
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Abstract. In 2017 M. Bessenyei and Z. Péles [1] introduced a definition
of a triangle function which generates a concept of a generalized trian-
gle inequality in semimetric spaces. Inspired by this concept we discuss
already known inequalities in metric spaces that relate the six distances
determined by four points and introduce a definition of a generalized
four-point inequality in semimetric spaces. Conditions under which qua-
sisymmetric mappings and quasimébius mappings between semimetric
spaces preserve such inequality are obtained.
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1. Introduction

The fundamental concept of metric space was introduced by M. Fré-
chet [2] in 1906. Fréchet called the discovered spaces “classes (D)” (from
the word “distance”). In 1914 F. Hausdorff [3] introduced the term “met-
ric space” considering these spaces as a special case of infinite topo-
logical spaces. Later there were many attempts to generalize the con-
cept of metric space. One of the directions of such generalization is
the generalization of the concept of triangle inequality. For example, if
the usual triangle inequality in the metric space (X,d) is replaced by
d(z,y) < K(d(z,z) +d(z,y)), K > 1, then (X,d) is called a b-metric
space. This relaxed triangle inequality and the corresponding spaces
were rediscovered several times under various names, see [4] and refer-
ences therein. An another example is so-called power triangle inequality
considered by D. J. Greenhoe [5]. The next important for us generaliza-
tion is a concept of a triangle function (1.1) introduced by M. Bessenyei
and Z. Pdles [1] in 2017, see Definition 1.1 below. This definition allows
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to study metric spaces from more general positions easily obtaining corol-
laries for special types of metric spaces by an appropriate choice of the
function ®. On the other hand, in the study of metric spaces, inequal-
ities that relate the six distances defined by four points are very often
considered. The most well-known of them are Ptolemy’s inequality (1.2),
additive inequality (1.3), inequality which determines d-hyperbolic met-
ric (1.4), etc. The aim of this paper is to introduce a four-point analog of
triangle function (1.1) and to demonstrate a technique of working with
this generalization on the example of problems related to preservation of
four-point inequalities by quasisymmetric and quasimébius mappings.

Recall the necessary definitions. Let X be a nonempty set. A mapping
d: XxX — RT R* =[0,00) is a metric if for all z,y, 2z € X the following
axioms hold:

(i) (d(z,y) =0) < (z =y),
(ii) d(z,y) = d(y, »),
(iii) d(z,y) < d(x,2) +d(z,y).

The pair (X, d) is called a metric space. If only axioms (i) and (ii) hold
then d is called a semimetric. A pair (X, d), where d is a semimetric on X,
is called a semimetric space. Such spaces were first examined by Fréchet
in [2]|, where he called them “classes (E)”. Later these spaces attracted
the attention of many mathematicians [6-10].

Note that in the literature a different terminology is used. Sometimes
a semimetric space is called a distance space [5]; a semimetric also can
be called a dissimilarity [11]. In [12, Chapter 10], the topological space
(X, 74) with the topology generated by d is called a symmetric space,
whereas a semimetric space means a symmetric space in which all open
balls are neighbourhoods. In our paper we inherit the terminology from
Wilson’s pioneering paper [8], as well as it is adopted in a well-known
Blumenthal’s work [13, p. 7] and many recent papers, e.g., [1,14-16].

M. Bessenyei and Z. Péles [1] in the definition of a triangle function
took @i and R" as the domain and the range of ®, respectively. We use
this definition in a slightly different form restricting the domain and the
range of ® by R? and R, respectively.

Definition 1.1. Consider a semimetric space (X,d). We say that
$: RT x RT — RT is a triangle function for d if ® is symmetric and
monotone increasing in both of its arguments, satisfies ®(0,0) = 0 and,
for all x,y,z € X, the generalized triangle inequality

d(z,y) < @(d(z, 2), d(y, 2)) (1.1)
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holds.

Obviously, metric spaces are semimetric spaces with the triangle func-
tion ®(u,v) = u+v. In [1] those semimetric spaces whose so-called basic
triangle functions are continuous at the origin were considered. These
spaces were termed regular. It was shown that the topology of a regular
semimetric space is Hausdorff, that a convergent sequence in a regular
semimetric space has a unique limit and possesses the Cauchy property,
etc. See also [17-19] for some new results in this direction.

In |20] considering quasisymmetric mappings between semimetric spa-
ces with different triangle functions it was found a new estimation for
the ratio of diameters of two subsets, which are images of two bounded
subsets. This result generalizes the well-known Tukia—Vaiisild inequal-
ity. Conditions under which quasisymmetric mappings preserve triangle
functions and Ptolemy’s inequality were also found.

Let us consider several already known different types of inequalities
that relate the six distances determined by four points in (semi)metric
space.

1.1. Ptolemy’s inequality

A metric space (X, d) is called Ptolemaic if for all z,y,z,t € X the
inequality

d(z,2)d(t,y) < d(x,y)d(t, z) + d(x,t)d(y, z). (1.2)

holds, see, e.g., [21,22]. Every pre-Hilbert space is Ptolemaic (see [23,
9.7.3.8, 10.9.2] for instance), and each linear quasinormed Ptolemaic space
is a pre-Hilbert space [22]. The Ptolemy theorem, known since antiquity,
states that (1.2) turns into equality when x, y, z, and ¢ are the vertices of
a convex quadrilateral inscribed into a circle. It is also known [24] that
CAT(0) spaces are Ptolemaic. However a geodesic Ptolemaic space is not
necessarily a CAT(0) space. On the other hand, a metric space is CAT(0)
if and only if it is Ptolemaic and Busemann convex [25]. Ptolemaic spaces
still attract attention of many mathematicians, see, e.g., [26-28]. See
also [29, Chapter 10] for the extended review on Ptolemaic spaces.

In what follows under Ptolemaic spaces we understand semimetric
spaces (X,d) for which inequality (1.2) holds. Note that (1.2) does not
imply the standard triangle inequality in (X, d).

1.2. Additive inequality

A metric d on X is additive [30, p. 7| if it satisfies the following
strengthened version of the triangle inequality called the four-point in-
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equality:
d(z,z) +d(t,y) < max{d(x,y) + d(t, z),d(x,t) + d(y, z)} (1.3)

for all z, y, z, t € X. Equivalently, among the three sums d(z,z) +
d(t,y), d(x,y) + d(t, z), d(x,t) + d(y, z) the two largest sums are equal.
The well-known Buneman’s criterion [31, Theorem 2| asserts that a finite
metric space is additive if and only if it is a tree metric. Note that
tree metrics play an important role in phylogenetics [32] and hierarchical
clustering [33].

Recall that an ultrametric is a metric for which the strong triangle
inequality d(x,y) < max{d(z,z),d(z,y)} holds. The class of ultrametric
spaces is contained in the class of additive metric spaces.

1.3. 4-hyperbolic metric

Given a number § > 0, a metric d on a set X is called §-hyperbolic
if it satisfies the Gromov d-hyperbolic inequality (another weakening of
the four-point inequality):

d(z,z) +d(t,y) < 20 + max{d(z,y) + d(t,z),d(z,t) +d(y,2)} (1.4)

for all , y, z, t € X, see [30, p. 8]. A metric space (X, d) is 0-hyperbolic
exactly when d satisfies the four-point inequality (1.3). Every bounded
metric space of diameter D is D-hyperbolic. The n-dimensional hyper-
bolic space is In 3-hyperbolic. Every d-hyperbolic metric space is isomet-
rically embeddable into a geodesic metric space [34].

1.4. Roundness of a metric space

The roundness of a metric space (X, d) is the supremum of all ¢ such
that

d(w1,22)? + d(y1,92)? < d(z1,91)? + d(z1,92)? + d(22,91)? + d(2,92)?

(1.5)
for any four points x1,x2,y1,y2 € X, see [30, p. 24|. Every metric space
has roundness > 1; it is < 2 if the space has approximate midpoints. The
roundness of Ly-space is pif 1 <p < 2.

1.5. Quadrilateral inequality for CAT(0)-spaces

The Berg and Nikolaev theorem states that any geodesic space (X, d)
is a CAT(0)-space iff for any quadruple of points a,b,c,d € X we have

d(a,d)* +d(b,c)” < d(a,b)* +d(b,d)* + d(d, ¢)* + d(c, a)?,
see [35].



E. A. PETROV, R. R. SALIMOV 111

1.6. Reshetnyak’s quadruple inequality

The inequality

d(x1,23)% + d(wa, 24)? < d(29,23)? + d(z4, 21)? + 2d(21, 22)d(23, T4),
(1.6)
x1, %9, 3, x4 € X, characterizes Hadamard spaces among geodesic metric
spaces (X, d), see [35]. For the case of Hadamard spaces, (1.6) is known
as Reshetnyak’s quadruple inequality [36] or quadrilateral inequality [35]
and can be interpreted as a generalization of the Cauchy—Schwartz in-
equality to metric spaces [35]. Note that inequality (1.6) does not hold
in every metric space. In [37] a condition, which is called quadruple
inequality and generalizes (1.6), was introduced and used to establish
convergence rates in probability and expectation for spaces with infinite
diameter.
The aim of the following definition is to generalize as many as possible
the above considered inequalities.

Definition 1.2. Consider a semimetric space (X,d). Let ®,¥: Rt x
Rt — R* be symmetric and monotone increasing in both of their ar-
guments and V(0,0) = 0. We shall say that the pair (®,¥) forms a
quadruple inequality in the space (X,d), if for all x,y,z,t € X, the
mequality

(d(w,2),d(t,y) < (W (d(z,y), d(t,2)), ¥ (dw,0).d(y,2)) ) (17)
holds.

Clearly, if ¥(u,v) = uv and ®(u,v) = u+ v, then (X,d) is Ptolemaic
space. If ¥(u,v) = v+ v and ®(u,v) = 26 + max{u,v}, 6 > 0, then d is
0-hyperbolic. If additionally § = 0, then (X, d) is additive metric space.
If (u,v) =u?+v? and ®(u,v) = u + v, then we have inequality (1.5),
which defines the roundness of the metric space (X, d). In the case ¢ = 2
we obtain the quadrilateral inequality for C AT'(0) spaces. It remains to
note that (1.7) does not generalize Reshetnyak’s quadruple inequality,
but, if necessary, such generalizations easily can be made by analogy.

We introduce the following two definitions, which are special cases of
Definition 1.2, in order to simplify formulations of the results obtained in
the rest of the paper.

Definition 1.3. Consider a semimetric space (X,d). Let ®: RT xRt —
R be symmetric and monotone increasing in both of its arguments and
®(0,0) = 0. We shall say that ® is a multiplicative quadruple function
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for the space (X,d) if for all x,y,z,t € X the following multiplicative
quadruple inequality

d(z, 2)d(t,y) < ®(d(z,y)d(t,2),d(z,t)d(y, z)) (1.8)
holds.

Definition 1.4. Consider a semimetric space (X,d). Let ®: RT xRt —
R be symmetric and monotone increasing in both of its arguments and
®(0,0) = 0. We say that ® is a additive quadruple function for the space
(X,d) if for all z,y,z,t € X, the following additive quadruple inequality

d(z,z) +d(t,y) < ®(d(z,y) + d(t, 2),d(z,t) + d(y, 2)) (1.9)
holds.

The following lemma gives us sufficient conditions imposed on func-
tions ® and ¥ under which quadruple inequality (1.7) holds for the points
x,y,2,t €Y in the case when at least two points among them coincide.

Lemma 1.1. Let (Y, p) be a semimetric space, let ® and ¥ satisfy con-
ditions of Definition 1.2 and additionally

a < ®(0,a) forall a>0, (1.10)
U is a triangle function in (Y, p), (1.11)
U(0,a) < ®(0,a) for all a > 0. (1.12)

Suppose that among the points x,y,z,t € Y at least two points coincide.
Then inequality (1.7) holds.

Proof. Without loss of generality consider the following cases:
(i) z = z and z, y, t are different. According to (1.7) we have to show
the inequality

U (0,p(t,y) < <I>(\If(p(w7y),p(t7w)),\If(p(wvt),p(y,w)))-

Indeed, using consecutively the monotonicity of ®, (1.11), (1.10) and
(1.12) we have

¢>(‘I’(p(w,y),p(t,w)),‘I’(p(w,t),p(y,w))> > <I>(0,‘If(p(w,t),f)(y,w))> >

‘1><0,p(t,y)) > 0(0,p(t,y))-
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(ii) y = = and =, t, z are different. According to (1.7) we have to
show the inequality

W (ple,2), plt,2)) < (W(0,p(t, ), ¥ (p(, 1), pli,2)) ),

which, clearly, follows from the monotonicity of ®, (1.10) and symmetry
of .

(iii) z =t = = and =, y are different. According to (1.7) we have to
show the inequality

(0, p(a,)) < @(W(pl.9).0). B0, ply.)) )

which, clearly, follows from the monotonicity of ® and (1.10).
(iv) y =t = = and =, z are different. According to (1.7) we have to
show the inequality

\I/(p(x, z), O) <o (\Il (O, p(x, z)) U (07 p(x, z)))

which, clearly, follows from the monotonicity of ®, (1.10) and symmetry
of .

(v) z =, t =y and =z, y are different. According to (1.7) we have
to show the inequality

w(0,0) < (W (p(x. ), ply,2)). ¥ (ol ), p(y,) )

which is evident.
(iv) y =z, z =t and z, z are different. According to (1.7) we have
to show the inequality

U (p(z,t),p(t,z)) < @ <\If(0, 0), ¥ (p(x,t), p(z,t)) > ,

which, clearly, follows from (1.10).
(v) The case x =y = z =t is evident. O

The following lemma gives us sufficient conditions imposed on func-
tion ® and semimetric p under which multiplicative quadruple inequal-
ity (1.8) and additive quadruple inequality (1.9) hold for the points
x,y,2,t €Y in the case when at least two points among them coincide.

Lemma 1.2. Let (Y, p) be a semimetric space and let ® satisfy conditions
of Definition 1.2. Suppose that among the points x,y,z,t € Y at least
two points coincide.

(i) If additionally ® satisfies condition (1.10) then inequality (1.8)
holds.

(i) If additionally ® satisfies condition (1.10) and (Y, p) is a metric
space then inequality (1.9) holds.
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Proof. (i) It suffices to set ¥(u,v) = wv in Lemma 1.1 and to note that
the case (i) of Lemma 1.1 can be easily shown without conditions (1.11)
and (1.12).

(ii) It suffices to set ¥(u,v) = v+ v in Lemma 1.1. O

2. Quasisymmetric mappings preserving
four-point inequalities

2.1. Quasisymmetric mappings preserving the generalized
four-point inequality

Quasisymmetric mappings on the real line were first introduced by
Beurling and Ahlfors [38]. They found a way to obtain a quasiconformal
extension of a quasisymmetric self-mapping of the real axis to a self-
mapping of the upper half-plane. This concept was later generalized by
Tukia and Viisala [39], who studied quasisymmetric mappings between
general metric spaces. In the recent years, these mappings are being
intensively studied by many mathematicians, see e.g., [40-44] In [20] the
definition of quasisymmetric mappings was extended to the case of general
semimetric spaces in the following way.

Definition 2.1. Let (X,d), (Y,p) be semimetric spaces. We shall say
that a mapping f: X — Y 4s n-quasisymmetric if there is a homeomor-
phism n: [0,00) — [0,00) so that

d(z,a) < td(z,b) implies p(f(z), f(a)) < n(t)p(f(x),f(b)  (2.1)
for all triples a,b, x of points in X and for all t > 0.

Let (X,d) be a semimetric space. Denote by
B(a,r) ={x € X:d(a,z) <r}

a ball in the space (X,d) with the center a and the radius r. Let for
any pair of points a,b € X and any & > 0 there exists § > 0 such that
for all z € B(a,d) and y € B(b,0) the inequality |d(x,y) — d(a,b)| < €
holds. In this case the semimetric d is called continuous. In particular,
any metric d has this property. The topology generated by a continuous
semimetric is always a Hausdorff topology. The system of sets of the form
B(a,r) gives the neighborhood base at the point a in this topology. Note
that under a supposition in Definition 2.1 that d and p are continuous
it follows that f is either a constant or an embedding, i.e., injective
continuous mapping between semimetric spaces with continuous inverse
mapping [20, Proposition 2.7].
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The following theorem gives us the set of necessary conditions under
which an n-quasisymmetric mapping f: X — Y preserves a quadruple
inequality.

Theorem 2.1. Let (X,d), (Y,p) be semimetric spaces. Suppose that
the pair (®,W) forms a quadruple inequality in (X,d) and ®, ¥ satisfy
conditions (1.10), (1.11), (1.12) and additionally

k®(u,v) = ®(ku, kv) for all k >0, (2.2)
a ¢\ Y(a,b)
v (E’ 8) = T(e.d) for all a,b,c,d > 0. (2.3)

Let f: X — Y be a bijective n-quasisymmetric mapping. If for every
t1,ta,t3,ty € RT\ {0} the inequality

v (2( L) 0 (L L)) ime
<o (v () G e)) - @0

then (®, W) also forms a quadruple inequality in (Y, p).

Proof. Let z,y, z,t € X be different points and let 2’ = f(z), v = f(y),
2= f(2), ' = f(t). By (1.7), (2.2) and (2.3) we have

1< <\I, (d(ﬂc,y) d(t,2)> 0 (d(x,t) d(y, 2)

8
X
QU
=
S
~—
N———
N————

d(z,z)" d(t,y) d(
Set
dw,2) _, Aty dwe) o dby)
d(z,y) Td(t, 2) T d(x,t) Tod(y, 2)
Hence,

By (2.1) we have

p(f(x), f(2)) < nt)p(f(2), f(y), p(f(), f(y) < nlt2)p(f(1), f(2)),
p(f(x), f(2)) <nlts)p(f(z), ft), p(f(t), f(y) < nta)p(f(y), f(2)).

Hence, since ¥ is monotone increasing in both of its arguments we have

v (g aim) < G5 )
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¥ (i i) < ¥ (G )

Since ® is monotone increasing we have

? (‘I’ (ﬁ ﬁ) v <n<13>’ 77(14)>>

<o(v(555 5em) (s )
(

Using consecutively condition (2.5), implication (2.4) and the previous
inequality we get

1< ® (w (p(:v’,y’) p(ﬂZ’)) v (p(sv’,t’) p(z/w’))) _

p(z',2")" p(t',y) p(z',2")" p(t,y')

and

By (2.3) we have

Using (2.2) we obtain

® (W(pa',y), p(t', 2)), ¥(p(z', 1), p(y', 2')))
Y(p(a',2),p(t,y"))
Hence, we have inequality (1.7) for 2/, y/, 2/, t'.

The case when among the points z/,v/,2',t' € X at least two points
coincide is proved in Lemma 1.1, which completes the proof. U

1<

Remark 2.1. Note that the general solution of the equation k®(x,y) =
O (kx,ky), k # 0, has the form ®(z,y) = xg(y/x), where g(z) is an
arbitrary function, see [45, p. 429].

Corollary 2.1. Let (X,d), (Y,p) be semimetric spaces, ® be a multi-
plicative quadruple function for (X,d) such that condition (1.10) holds
and

k®(u,v) = ®(ku, kv) for all k >0,

and let f: X — Y be a surjective n-quasisymmetric mapping. If for every
t1,to,t3,t4 € RT the inequality

t1t2t3t4 < q)(tltz,tgt4) z'mplies
n(t)n(t2)n(ts)n(ts) < S(n(t)n(tz), nts)n(ta)),

then ® is also a multiplicative quadruple function for (Y, p).
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Proof. Tt suffices to set ¥(u,v) = wv in Theorem 2.1 and to apply
Lemma 1.2 (i). O

The following corollary was initially obtained in [20] by the direct
proof.

Corollary 2.2. Let (X,d) be a Ptolemaic space, (Y, p) be a semimetric
space and let f: X — 'Y be a bijective n-quasisymmetric mapping. If for
every tq,ta,t3,t4 € RT the inequality

titotsty < tito + t3ty implies
n(tn(t2)n(ts)n(ts) < n(t)n(t2) +n(ts)n(ts), (2.6)

then (Y, p) is also Ptolemaic.
Proof. Tt suffices to set ®(u,v) = v+ v in Corollary 2.1. O

The following assertion is well-known, see, e.g., Section 2.12 in [46].

Lemma 2.1. If 0 < a < 1, then for u,v > 0 the inequality (u + v)* <
u® + v holds.

Example 2.1. Let X be a Ptolemaic space, Y be a semimetric space
and let f: X — Y be a bijective n-quasisymmetric mapping such that
n(t) = t* 0 < a < 1. Then Y is also a Ptolemaic space. Indeed,
monotonicity of 7, the first inequality in (2.6) and Lemma 2.1 imply

TS ESS < (tata + tata)® <915 + 1515

which by Corollary 2.2 completes the proof.

2.2. Quasisymmetric mappings preserving additive four-point
inequality

The following theorem gives us the set of necessary conditions under
which an n-quasisymmetric mapping f: X — Y preserves an additive
quadruple inequality.

Theorem 2.2. Let (X,d) be a semimetric space, (Y, p) be a metric space
and let ® be an additive quadruple function for (X,d) satisfying (1.10)
and such that

k®(u,v) = ®(ku, kv) for all k >0, (2.7)

and let f: X =Y be a bijective n-quasisymmetric mapping. If for every
t1,to,t3,ts,t5 € RT\ {0} the inequality

11 1 11 1
1+——<<I>< +——+—> (2.8)

tits t tty ty
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implies

1+n<%>n<%><®<ML)+néVnéﬁ+néO>’ 29)

then ® is also an additive quadruple function for (Y, p).

Proof. Let z,y,z,t € X be different points and let 2’ = f(z), v = f(y),
z = f(z), ' = f(t). Dividing both parts of (1.9) on d(z, z), using (2.7)
and the evident equality

dit,y)  d(z,y) d(t,y)
d(z,z) d(z,z)d(z,y)

we have
d(z,y) | d(t,z) d(z,t) dly,2)\ dz,y)dty)
I<e <d(x,z) * d(z,2) d(z,z) + d(x,z)) B d(z,2) d(x,y (2.10)
Set
d(z, z) B d(z, z) B d(z, z) B d(z, z) B d(z,y) B
dwy) A P dwy) Y ) Y ) T

Clearly, (2.10) implies (2.8).
By (2.1) we have

p(f(z), f(2)) < nt)p(f(x), f(y), p(f(x), f(2)) <nlt2)p(f(}), f(2)),
p(f(z), f(2)) < nts)p(f(x), f)), p(f(x), f(2)) < nta)p(f(y), f(2)),

pU@%f@D<n<1>pU®%ﬂd%

t

Mﬂnj@»<n<%>puwxﬂw»

Hence, by the monotonicity of & we obtain

sy ) (22
) -\t In\ -
n(ty) — n(t2) nits) — n(ts) t1 ts
<o (Phy) P2 plt) v 2)N _ plaly) p(thy)
p(a',2) — pla,2) pal, ") p(a',2) ) p(a,2') p(a’,y')

Using the last inequality, (2.9) and (2.7) we obtain additive quadruple
inequality (1.9) in the space (Y, p) for the points ', y/, 2/, t'.

The case when among the points 2’,1/, 2/, ' at least two points coin-
cide follows from Lemma 1.2 (ii), which completes the proof. O

L
p
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The following corollary was initially obtained in [47, Theorem 4.1] by
the direct proof.

Corollary 2.3. Let (X, d) be an additive metric space, (Y, p) be a metric
space and let f: X — 'Y be a bijective n-quasisymmetric mapping. If for
every t1,ta, t, tg,t5 € RT\ {0} the inequality

1+11< 1+1 1+1
—— <maxq—+—,— + —
t1 15 t1  ta t3 iy

implies

b (;) 1 (%) S max {nél) * 77(12)’ 77(13) * 77(14) } ’

then (Y, p) is also an additive metric space.

Proof. Tt suffices to set ®(u,v) = max{u,v} in Theorem 2.2. O

Example 2.2. If n(t) = t, then an n-quasisymmetric mapping preserves
additive metrics.

3. Quasimobius mappings preserving the multiplicative
quadruple inequality

It is well-known that cross-ratios are invariant under Md&bius transfor-
mations. As a generalization of Mdbius transformations in metric spaces
Viisila [48] introduced a class of quasimébius maps, under which the
cross ratio is in a certain sense quasi-invariant. The introduction of
quasimobius maps has provided a handy tool when studying the qua-
sisymmetric maps and the quasiconformal maps, see [49] and references
therein.

The tetrad in a semimetric space (X, d) is a quadruple T' = (z,y, 2, t)
of mutually distinct points. The absolute cross-ratio of a tetrad T is

d(x, y)d(t, z)

R(T) = R(x,y, z,t) = Az, dty)

Definition 3.1. Let (X,d), (Y,p) be semimetric spaces. We shall say
that a mapping f: X — Y is p-quasimobius if it is bijective and there is
a homeomorphism n: [0,00) — [0,00) so that the estimate

R(fT) <n(R(T)) (3.1)

holds for any T = (z,y, z,t) in X, where fT = (f(x), f(y), f(2), f(1)).
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In particular, f is a mobius mapping if R(fT) = R(T) for each tetrad
Tin X.

Theorem 3.1. Let (X,d), (Y,p) be semimetric spaces, ® be a multi-
plicative quadruple function for (X,d) satisfying (1.10) and such that

k®(u,v) = ®(ku, kv) for all k >0, (3.2)

and let f: X = Y be a bijective n-quasimobius mapping. If for every
t1,to € RT\ {0} the inequality

1 1
1< P(ty,t2) implies 1 <P , — , 3.3
(b1, 52) imp (77(751_1) n (t2 1)> (3:3)

then ® is also a multiplicative quadruple function for (Y, p).

Proof. Let T = (x,y,z,t) be a tetrad in X. Then since f is a bijection

IT = (f(z), f(y), f(2), f(t) = (a, ¢/, 2, t) is a tetrad in Y.
By (1.8) and (3.2) we have

Set
b= d(z,y) d(t, z) by — d(x,t) d(y, z)
d(z,z) d(t,y)’ d(z, z) d(t,y)
Hence,
1< Bty t). (3.4)

By (3.1) we have

Using (3.4), implication (3.3) and (3.2) we obtain inequality (1.8) for
'y, 2t

The case when among the points 2/,1/, 2/, ' at least two points coin-
cide follows from Lemma 1.2 (i), which completes the proof. O
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Corollary 3.1. Let (X,d) be a Ptolemaic space, (Y, p) be a semimetric
space and let f: X — Y be a bijective n-quasimobius mapping. If for
every t1,to € R\ {0} the inequality

1 1
1<ty +to implies 1 < — + —, 3.5
CE AT &
then (Y, p) is also Ptolemaic.
Proof. 1t suffices to set ®(u,v) = u + v in Theorem 3.1. O

Example 3.1. Let X be a Ptolemaic space, Y be a semimetric space
and let f: X — Y be a bijective n-quasisymébius mapping such that
n(t) =t* 0 < a < 1. Then Y is also a Ptolemaic space. Indeed, the
first inequality in (3.5), the monotonicity of 7 and Lemma 2.1 imply

1< (b +62)" <ty +ty =

1
n(t™h) o on(teh)’

which by Corollary 3.1 completes the proof.
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