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Harnack’s inequality for degenerate double
phase parabolic equations under the

non-logarithmic Zhikov’s condition
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,�����$� &*-2��*,& *. 0���,� ��� !� ��*-�/ �62���*,& #��" (p, q) � *#�"

ut − div
(| ∇u |p−2 ∇u+ a(x, t) | ∇u |q−2 ∇u) = 0, a(x, t) ≥ 0,

2,0� �"� ��,� �-�G�0 ,*,)-*�� ��"+�/ F"�H*$& /*,0���*,&

| a(x, t)− a(y, τ ) |� Aμ(r)rq−p, (x, t), (y, τ ) ∈ Qr,r(x0, t0),

lim
r→0

μ(r)rq−p = 0, lim
r→0

μ(r) = +∞,

∫
0

μ−β(r)
dr

r
= +∞,

#��" &*+� β > 0'

��"� ��� �9?:�� �9?:9� �9K>�� �9~9A'
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1. Introduction and main results

8V FQ�E IOI0H R0 OH0 GDVG0HV0U R�FQ O GXOEE DY IOHONDX�G 0dZOF�DVE
R�FQ VDVEFOVUOHU PHDRFQ GDVU�F�DVE' +0F Ω N0 O UDWO�V �V R

n, T >
0, ΩT := Ω× (0, T ). g0 EFZU] NDZVU0U EDXZF�DVE FD FQ0 0dZOF�DV

ut − U�\A(x, t,∇u) = 0, (x, t) ∈ ΩT . (1.1)

g0 EZIIDE0 FQOF FQ0 YZVGF�DVE A : ΩT ×R
n → R

n OH0 EZGQ FQOF A(·, ·, ξ)
OH0 +0N0EPZ0 W0OEZHONX0 YDH OXX ξ ∈ R

n, OVU A(x, t, ·) OH0 GDVF�VZDZE
YDH OXWDEF OXX (x, t) ∈ ΩT . g0 OXED OEEZW0 FQOF FQ0 YDXXDR�VP EFHZGFZH0
GDVU�F�DVE OH0 EOF�ES0U2

A(x, t, ξ)ξ � K1

(
|ξ|p + a(x, t)|ξ|q

)
,

| A(x, t, ξ) | � K2

(
|ξ|p−1 + a(x, t)|ξ|q−1

)
,

(1.2)

�������� ��'��'����

���� ���� � 	
��� © ������� ���������� ���������� � �������� ��� �������

FreeText
https://doi.org/10.37069/1810-3200-2023-20-1-7



M. Savchenko, I. Skrypnik, Y. Yevgenieva 125

RQ0H0 K1,K2 OH0 IDE�F�\0 GDVEFOVFE OVU p < q'
9�T ID�VF (x0, t0) ∈ ΩT OVU E0F QR1,R2(x0, t0) := Q−

R1,R2
(x0, t0) ∪

Q+
R1,R2

(x0, t0), Q
−
R1,R2

(x0, t0) := BR1(x0)× (t0−R2, t0), Q
+
R1,R2

(x0, t0) :=
BR1(x0)× (t0, t0 +R2), R1, R2 > 0.

g0 OEEZW0 FQOF FQ0H0 0T�EFE IDE�F�\0 GDVF�VZDZE VDV��VGH0OE�VP YZVG�
F�DV μ(r) � 1 DV FQ0 �VF0H\OX (0, 1), lim

r→0
μ(r)r1−b̄ = 0 R�FQ EDW0

b̄ ∈ (0, 1) EZGQ FQOF

| a(x, t)−a(y, τ) |≤Aμ(r)rq−p, (x, t), (y, τ) ∈ Qr,r(x0, t0) ⊂ ΩT , (1.3)

R�FQ EDW0 A > 0'

Remark 1.1. Setting Φ(x, t, v) := vp + a(x, t)vq, v > 0, we note (see
e.g. [43]) that (1.3) yields the following (Φλ) and (Φμ) conditions:

(Φλ) there exists K̄ > 0 depending only on A such that for any K > 0
there holds

Φ+
Qr,r(x0,t0)

(
v

r

)
� K̄(1 +Kq−p)Φ−

Qr,r(x0,t0)

(
v

r

)
, r < v � Kλ(r),

where λ(r) = [μ(r)]−
1

q−p , and

(Φμ) there exists K̄ > 0 depending only on A such that for any K > 0
there holds

Φ+
Qr,r(x0,t0)

(
v

r

)
� K̄(1 +Kq−p)μ(r)Φ−

Qr,r(x0,t0)

(
v

r

)
, r < v � K,

here Φ+
Qr,r(x0,t0)

(v) := max
(x,t)∈Qr,r(x0,t0)

Φ(x, t, v),

Φ−
Qr,r(x0,t0)

(v) := min
(x,t)∈Qr,r(x0,t0)

Φ(x, t, v).

8V OUU�F�DV� R0 OEEZW0 FQOF FQ0 0dZOF�DV (1.1) �E U0P0V0HOF0 OF FQ0
ID�VF (x0, t0) RQ�GQ W0OVE FQOF FQ0H0 0T�EFE K3� R0 > 0 EZGQ FQOF FQ0
YZVGF�DV

ψ(x0, t0, v) := vp−2 + a(x0, t0)v
q−2 �E VDV�U0GH0OE�VP YDH v � K3

R0
. (1.4)

3OHF�GZXOHX]� FQ�E GDVU�F�DV �E \OX�U �Y p > 2 DH p � 2 < q OVU a(x0, t0) >
0 !E00 ^_/� _B`$' 8V FQ0 GOE0 p = q > 2� FQ0E0 0dZOF�DVE OH0 GXOEE�S0U
OE U0P0V0HOF0 N0GOZE0 FQ0 U�hZE�DV F0HW U0I0VUE U0P0V0HOF0X] DV FQ0
PHOU�0VF ∇u'
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4�W�XOHX]� �Y R0 OEEZW0 FQOF ψ(x0, t0, v) �E VDV��VGH0OE�VP YDH v � K3

R0
FQ0V 0dZOF�DV (1.1) �E E�VPZXOH OF FQ0 ID�VF (x0, t0)' ,Q�E GDVU�F�DV �E \OX�U
�Y q < 2 DH p < 2 � q OVU a(x0, t0) = 0' ,Q�E GOE0 R�XX VDF N0 GDVE�U0H0U
�V FQ�E IOI0H R0 H0Y0H FQ0 H0OU0H FD ^_@` YDH FQ0 wOHVOGq&E �V0dZOX�F] �V
FQ0 GOE0 q < 2'

g0 R�XX 0EFONX�EQ FQOF VDV�V0POF�\0 NDZVU0U R0Oq EDXZF�DVE DY
-d' (1.1) EOF�EY] OV �VFH�VE�G YDHW DY FQ0 wOHVOGq&E �V0dZOX�F] �V O V0�PQ�
NDHQDDU DY (x0, t0)' ,Q�E IHDI0HF] �E NOE�GOXX] GQOHOGF0H�b0U N] FQ0 U�Y�
Y0H0VF F]I0E DY U0P0V0HOF0 N0QO\�DH� OGGDHU�VP FD FQ0 E�b0 DY O GD0cG�0VF
a(x, t) FQOF U0F0HW�V0E FQ0 IQOE0' 8VU00U� DV FQ0 E0F {a(x, t) = 0} 0dZO�
F�DV (1.1) QOE FQ0 PHDRFQ DY DHU0H p R�FQ H0EI0GF FD FQ0 PHOU�0VF (FQ�E
�E ED�GOXX0U p�IQOE0)� OVU OF FQ0 EOW0 F�W0 FQ�E PHDRFQ �E DY DHU0H q �Y
a(x, t) > 0 (FQ�E GDHH0EIDVUE FD (p, q)�IQOE0)'

50YDH0 U0EGH�N�VP FQ0 WO�V H0EZXFE� O Y0R RDHUE GDVG0HV�VP FQ0 Q�EFDH]
DY FQ0 IHDNX0W' ,Q0 EFZU] DY H0PZXOH�F] DY W�V�WO DY YZVGF�DVOXE R�FQ VDV�
EFOVUOHU PHDRFQ QOE N00V �V�F�OF0U N] tDXDU�[ ^/k�/j`� zQ�qD\ ^aafak�e?`�
6OHG0XX�V� ^B_� Ba` OVU +�0N0HWOV ^B/`� OVU �V FQ0 XOEF FQ�HF] ]0OHE FQ0H0
QOE N00V PHDR�VP �VF0H0EF OVU EZNEFOVF�OX U0\0XDIW0VF �V FQ0 dZOX�FOF�\0
FQ0DH] DY E0GDVU�DHU0H dZOE�X�V0OH 0XX�IF�G OVU IOHONDX�G 0dZOF�DVE R�FQ
ED�GOXX0U nXDP�GDVU�F�DVEo !�'0' �Y μ(r) = 1$' g0 H0Y0H FQ0 H0OU0H FD FQ0
IOI0HE ^@� Bf@_� @j� /?� /Bf/i� BB� Bj� _?� __� _ifa_` YDH FQ0 NOE�G H0EZXFE�
Q�EFDH�GOX EZH\0]E OVU H0Y0H0VG0E'

,Q0 GOE0 RQ0V FQ0 GDVU�F�DV (1.3) QDXUE U�h0HE EZNEFOVF�OXX] YHDW
FQ0 XDPOH�FQW�G GOE0' ,D DZH qVDRX0UP0� FQ0H0 OH0 O Y0R H0EZXFE �V FQ�E
U�H0GF�DV' zQ�qD\ ^aj` DNFO�V0U O P0V0HOX�bOF�DV DY FQ0 XDPOH�FQW�G GDVU��
F�DV RQ�GQ PZOHOVF00E FQ0 U0VE�F] DY EWDDFQ YZVGF�DVE �V 4DNDX0\ EIOG0
W 1,p(x)(Ω). 3OHF�GZXOHX]� FQ�E H0EZXF QDXUE �Y p(x) � p > 1 OVU

| p(x)− p(y) |� log μ(|x− y|)
| log | x− y || , x, y ∈ Ω, x �= y,

OVU
∫
0

[μ(r)]−
n
p
dr

r
= +∞. (1.5)

g0 VDF0 FQOF FQ0 YZVGF�DV μ(r) =
[
log

1

r

]L
, 0 � L � p

n
EOF�ES0E FQ0

OND\0 GDVU�F�DV'
8VF0H�DH GDVF�VZ�F]� GDVF�VZ�F] ZI FD FQ0 NDZVUOH] OVU wOHVOGq�E �V�

0dZOX�F] FD FQ0 p(x)−+OIXOG0 0dZOF�DV R0H0 IHD\0U �V ^@`� ^/` OVU ^_e`
ZVU0H FQ0 GDVU�F�DV ∫

0

e−γ[μ(r)]
c dr

r
= +∞ (1.6)
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R�FQ EDW0 γ� c > 1' 3OHF�GZXOHX]� FQ0 YZVGF�DV μ(r) =
[
log log

1

r

]L
,

0 < L <
1

c
, EOF�ES0E FQ0 OND\0 GDVU�F�DV'

,Q0E0 H0EZXFE R0H0 P0V0HOX�b0U �V ^Bk� _/` YDH O R�U0 GXOEE DY 0XX�IF�G
OVU IOHONDX�G 0dZOF�DVE R�FQ VDV�XDPOH�FQW�G pHX�Gb PHDRFQ' +OF0H� YDH
0XX�IF�G OVU IOHONDX�G 0dZOF�DVE� FQ0 H0EZXFE YHDW ^Bk� _/` R0H0 EZNEFOV�
F�OXX] H0SV0U �V ^/@�_@�_B�_a`' 8VF0H�DH GDVF�VZ�F] YDH UDZNX0 IQOE0 0XX�IF�G
OVU IOHONDX�G 0dZOF�DVE �VEF0OU DY GDVU�F�DV (1.6) ROE IHD\0U ZVU0H FQ0
GDVU�F�DV ∫

0

[μ(r)]−
1

q−p
dr

r
= +∞. (1.7)

8V OUU�F�DV� �V ^/@� _@` wOHVOGq&E �V0dZOX�F] ROE IHD\0U YDH dZOE�X�V0OH
0XX�IF�G OVU E�VPZXOH !q < 2$ IOHONDX�G 0dZOF�DVE ZVU0H FQ0 GDVU�F�DV∫

0

[μ(r)]−
1

q−p
−β dr

r
= +∞, (1.8)

R�FQ EDW0 β > 0' g0 VDF0 FQOF FQ�E GDVU�F�DV �E RDHE0 FQOV GDVU�F�DV
(1.7)� NZF OF FQ0 EOW0 F�W0 �F �E WZGQ N0FF0H FQOV GDVU�F�DV (1.6)'

wOHVOGq&E �V0dZOX�F] YDH VDV�ZV�YDHWX] 0XX�IF�G GDVU�F�DVE ZVU0H VDV�
XDPOH�FQW�G GDVU�F�DV ROE IHD\0U �V ^//`' +OF0H� GDVF�VZ�F] OVU wOH�
VOGq&E �V0dZOX�F] ZVU0H GDWN�V�VP XDPOH�FQW�G� VDV�XDPOH�FQW�G� OVU VDV�
ZV�YDHWX] 0XX�IF�G GDVU�F�DVE R0H0 DNFO�V0U �V ^Bi`'

8V FQ�E IOI0H� R0 IHD\0 wOHVOGq&E �V0dZOX�F] YDH VDVV0POF�\0 EDXZF�DVE
FD -d' (1.1) ZVU0H FQ0 GDVU�F�DVE (1.4) OVU (1.8)'

,D U0EGH�N0 DZH H0EZXFE X0F ZE �VFHDUZG0 FQ0 U0SV�F�DV DY O R0Oq EDXZ�
F�DV FD -d' (1.1)'

g0 EO] FQOF u �E O NDZVU0U R0Oq EZN!EZI0H$ EDXZF�DV FD -d' (1.1)
�Y u ∈ C !"(0, T ;L

2
 !"(Ω)) ∩ Lq !"(0, T ;W

1,q
 !" (Ω)) ∩ L∞(ΩT ), OVU YDH OV]

GDWIOGF E0F E ⊂ Ω OVU OV] EZN�VF0H\OX [t1, t2] ⊂ (0, T ] FQ0 �VF0PHOX
�U0VF�F]∫

E

uηdx

∣∣∣∣t2
t1

+

t2∫
t1

∫
E

{−uητ + A(x, τ,∇u)∇η}dx dτ � (�)0 (1.9)

QDXUE YDH OV] F0EF YZVGF�DV η�0� η∈W 1,2(0, T ;L2(E))∩Lq(0, T ;W 1,q
0 (E)).

8F RDZXU N0 F0GQV�GOXX] GDV\0V�0VF FD QO\0 O YDHWZXOF�DV DY O R0Oq
EDXZF�DV FQOF �V\DX\0E ut. +0F ρ(x) ∈ C∞

0 (Rn), ρ(x) � 0, ρ(x) ≡ 0 YDH
| x |> 1 OVU

∫
Rn

ρ(x)dx = 1, OVU E0F

ρh(x) := h−nρ(xh), uh(x, t) := h−1
t+h∫
t

∫
Rn

u(y, τ)ρh(x− y)dydτ.
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9�T t ∈ (0, T ) OVU X0F h > 0 N0 ED EWOXX FQOF 0 < t < t+ h < T. mDR
R0 FOq0 t1 = t, t2 = t+h �V (1.9) OVU H0IXOG0 η N]

∫
Rn

η(y, t)ρh(x−y)dy.

J�\�U�VP N] h, E�VG0 FQ0 F0EF YZVGF�DV UD0E VDF U0I0VU DV τ, R0 DNFO�V∫
E×{t}

(
∂uh
∂t

η + [A(x, t,∇u)]h∇η
)
dx � (�)0, (1.10)

YDH OXX t ∈ (0, T − h) OVU YDH OXX VDV�V0POF�\0 η ∈W 1,q
0 (E).

g0 H0Y0H FD FQ0 IOHOW0F0HE M = sup
ΩT

u,A,K1,K2,K3, n, p, q OE DZH

EFHZGFZHOX UOFO� OVU R0 RH�F0 γ �Y �F GOV N0 dZOVF�FOF�\0X] U0F0HW�V0U O
IH�DH� �V F0HWE DY FQ0 OND\0 dZOVF�F�0E DVX]' ,Q0 P0V0H�G GDVEFOVF γ WO]
GQOVP0 YHDW X�V0 FD X�V0'

ME ROE OXH0OU] W0VF�DV0U� FQ0 N0QO\�DH DY FQ0 EDXZF�DV �V O V0�PQ�
NDHQDDU DY O ID�VF (x0, t0) U0I0VUE DV FQ0 \OXZ0 DY FQ0 YZVGF�DV a(x0, t0)'
g0 R�XX U�EF�VPZ�EQ FRD GOE0E2 a(x0, t0) > 0 !ED�GOXX0U (p, q)�IQOE0$ OVU
a(x0, t0) = 0 !ED�GOXX0U p�IQOE0$'

9�HEF H0EZXF �E wOHVOGq&E �V0dZOX�F] YDH IDE�F�\0 EDXZF�DVE FD (1.1) �V
FQ0 (p, q)�IQOE0'

Theorem 1.1. Fix point (x0, t0) ∈ ΩT , let u ∈ C(ΩT ) be a positive
bounded weak solution to Eq. (1.1) and let the conditions (1.2)–(1.4) be
fulfilled. Assume also that

a(x0, t0) > 0.

Then there exists R > 0, depending only on the data and a(x0, t0), and
there exist positive numbers c, C, depending only upon the data, such that
for all ρ � R2, either

u(x0, t0) � Cρ
1
2 , (1.11)

or

u(x0, t0) � C inf
Bρ(x0)

u(·, t) (1.12)

with t ∈ (t0 +
1
2θ, t0 + θ), θ := ρ2

ψ
(
x0,t0,c

u(x0, t0)

ρ

) , provided that

Qρ,θ(x0, t0) ⊂ Qρ,ρ(x0, t0) ⊂ QR,R2(x0, t0) ⊂ Q8R,(8R)2(x0, t0) ⊂ ΩT .

The function ψ(x0, t0, v), v > 0 was defined in (1.4).
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Remark 1.2. Choosing R>0 from the condition ARq−pμ(R)=1
4a(x0, t0),

we have 3
4a(x0, t0)�a(x, t)�

5
4a(x0, t0) for any (x, t) ∈QR,R2(x0, t0), and

by the Young inequality conditions (1.2) can be rewritten as follows:

1

a(x0, t0)
A(x, t, ξ)ξ � K1

a(x0, t0)

(
|ξ|p + a(x, t)|ξ|q

)
� 3

4
K1|ξ|q, q > 2,

1

a(x0, t0)
| A(x, t, ξ) |� K2

a(x0, t0)

(
|ξ|p−1 + a(x, t)|ξ|q−1

)
�

� γ(K2)
(
| ξ |q−1 +a(x0, t0)

− q−1
q−p

)
.

If (1.11) is violated we set τ = a(x0, t0)t which transforms Eq. (1.1) into

uτ − divĀ(x, τ,∇u) = 0, Ā =
1

a(x0, t0)
A

in Qρ,θ̄(x0, t0) , θ̄ = γ
ρq

u(x0, t0)q−2
. By the results of DiBenedetto, Gia-

nazza and Vespri [16], returning to the original coordinates, it follows
that

u(x0, t0) � C inf
Bρ(x0)

u(·, t), t ∈ (t0 +
1
2 θ̄

′, t0 + θ̄′) , θ̄′ =
θ̄

a(x0, t0)
,

provided that u(x0, t0) � γρ [a(x0, t0)]
− 1

q−p , which holds if (1.11) is vio-
lated. Indeed,

u(x0, t0) � cρ
1
2 � cρR−1 � γ(A,M)ρ μ

1
q−p (c̄R)[a(x0, t0)]

− 1
q−p �

� γ(A,M)ρ [a(x0, t0)]
− 1

q−p .

To complete the proof of Theorem 1.1 we note that if inequality (1.11)
is violated then

a(x0, t0)

(
u(x0, t0)

ρ

)q−2

≤ ψ(x0, t0,
u(x0, t0)

ρ
) �

� a(x0, t0)

(
u(x0, t0)

ρ

)q−2{
1 +

Cp−q

a(x0, t0)
ρ

q−p
2
}
�

� a(x0, t0)

(
u(x0, t0)

ρ

)q−2{
1 +

Cp−q

a(x0, t0)
Rq−p

}
�

� γ(C,A)a(x0, t0)

(
u(x0, t0)

ρ

)q−2{
1 +

1

μ(R)

}
�

� 2γ(C,A)a(x0, t0)

(
u(x0, t0)

ρ

)q−2

.

Therefore, Theorem 1.1 is a consequence of the results by DiBenedetto,
Gianazza and Vespri, we refer the reader to [16] for the details.
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pZH V0TF H0EZXF GDHH0EIDVUE FD FQ0 p�IQOE0' 40F

λ1(r) := [μ(r)]−
1

q−p
−n.

9ZHFQ0H R0 R�XX OXED EZIIDE0 FQOF R�FQ EDW0 b1 � 1 FQ0 YDXXDR�VP GDVU�F�DV
QDXUE

λ1(ρ) �
(
ρ

r

)b1
λ1(r), 0 < r < ρ. (1.13)

mDF0 FQOF YDH FQ0 YZVGF�DV μ(r) = [log 1
r ]
L� L > 0 FQ�E GDVU�F�DV �E YZXSXX0U

OZFDWOF�GOXX]'

Theorem 1.2. Fix (x0, t0) ∈ ΩT , let u ∈ C(ΩT ) be a positive bounded
weak solution to Eq. (1.1) and let conditions (1.2)–(1.4), (1.13) be ful-
filled. Assume also that

a(x0, t0) = 0,

and

(A(x, t, ξ) − A(x, t, η))(ξ − η) > 0, ξ, η ∈ R
n, ξ �= η. (1.14)

Then there exist positive numbers c, c1, C depending only upon the data
such that for all ρ > 0 either

u(x0, t0) � C
ρ

λ1(ρ)
, (1.15)

or

u(x0, t0)�
C

λ1(ρ)
inf

Bρ(x0)
u(·, t), (1.16)

with t ∈ (t0 + cθ, t0 + c1θ), θ := ρp(λ1(ρ)u(x0, t0))
2−p, provided that

Qρ,θ(x0, t0) ⊂ Qρ,ρ(x0, t0) ⊂ Q8ρ,8ρ(x0, t0) ⊂ ΩT .

Remark 1.3. We note that in the case μ(ρ) = [log 1
ρ ]
L, 0 � L �

q − p

1 + n(q − p)
, inequality (1.16) transformes into

u(x0, t0) � C log
1

ρ
inf

Bρ(x0)
u(·, t0 + θ), θ = cρp

(
log 1

ρ

u(x0, t0)

)p−2

. (1.17)

g0 RDZXU X�q0 FD W0VF�DV FQ0 OIIHDOGQ FOq0V �V FQ�E IOI0H' ,D IHD\0
DZH H0EZXFE R0 ZE0 J�50V0U0FFD&E OIIHDOGQ ^@a`� RQD U0\0XDI0U �VVD\OF�\0
�VFH�VE�G EGOX�VP W0FQDUE YDH U0P0V0HOF0 OVU E�VPZXOH IOHONDX�G 0dZOF�DVE'
9DH FQ0 I�+OIXOG0 0\DXZF�DV 0dZOF�DV FQ0 �VFH�VE�G wOHVOGq&E �V0dZOX�F]
ROE IHD\0U �V FQ0 IOI0HE ^@e� @i`'
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,Q0 U�cGZXF�0E OH�E�VP �V FQ0 IHDDY DY DZH ,Q0DH0W @'/ OH0 H0XOF0U FD
FQ0 ED�GOXX0U FQ0DH0W DV FQ0 0TIOVE�DV DY IDE�F�\�F]' rDZPQX] EI0Oq�VP�
QO\�VP �VYDHWOF�DV DV FQ0 W0OEZH0 DY FQ0 �IDE�F�\�F] E0F� DY u D\0H FQ0
NOXX Br(x̄) YDH EDW0 F�W0 X0\0X t̄2

| {x ∈ Br(x̄) : u(x, t̄) � N} |� α(r) | Br(x̄) |,

R�FQ EDW0 r > 0, N > 0 OVU α(r) ∈ (0, 1), α(r) → 0, OE r → 0, OVU
ZE�VP FQ0 EFOVUOHU J�50V0U0FFD&E OHPZW0VFE� R0 �V0\�FONX] OHH�\0 OF FQ0
0EF�WOF0

u(x, t) � N

γ1
exp

(
− γ1[α(r)μ(r)]

−γ2), x ∈ B2r(x̄),

YDH EDW0 F�W0 X0\0X t > t̄ OVU R�FQ EDW0 γ1, γ2 > 1. ,Q�E 0EF�WOF0 X0OUE
ZE FD O GDVU�F�DV E�W�XOH FD FQOF DY (1.6) !E00� 0'P' ^Bk�_B`$' ,D O\D�U FQ�E�
R0 ZE0 O RDHqOHDZVU FQOF PD0E NOGq FD 6Ob&]O ^Be` OVU +OVU�E ^B?� B@`
IOI0HE' 4D� �V 40GF�DV 3 R0 ZE0 FQ0 OZT�X�OH] EDXZF�DVE OVU IHD\0 �VF0PHOX
OVU ID�VFR�E0 0EF�WOF0E DY FQ0E0 EDXZF�DVE'

MVDFQ0H U�cGZXF] OH�E�VP �V FQ0 IHDDY DY ,Q0DH0W @'/ �E OXED GXDE0X]
H0XOF0U FD FQ0 FQ0DH0W DV FQ0 0TIOVE�DV DY IDE�F�\�F]' mOW0X]� �Y R0 0T�
IOVU FQ0 IDE�F�\�F] YHDW FQ0 EWOXX NOXX Br(x̄) OVU F�W0 X0\0X t̄ FD FQ0 XOHP0
NOXX Bρ(x0) OVU EDW0 F�W0 X0\0X t > t̄ �V FQ0 GOE0 RQ0V a(x0, t0) = 0 OVU
max

Q4r,4r(x̄,t̄)
a(x, t) � 4A μ(4r)(4r)q−p YDH EDW0 (x̄, t̄) ∈ Qρ,ρ(x0, t0)� R0 V00U

FD DNFO�V FQ0 XDR0H NDZVU DY O EDXZF�DV �VU0I0VU0VF DY max
Q4r,4r(x̄,t̄)

a(x, t)'

9DH FQ�E� R0 OXED ZE0 FQ0 OZT�X�OH] EDXZF�DVE U0SV0U �V 40GF�DV B'
,Q0 H0EF DY FQ0 IOI0H GDVFO�VE O IHDDY DY FQ0 OND\0 FQ0DH0WE' 8V

40GF�DV / R0 GDXX0GF EDW0 OZT�X�OH] IHDIDE�F�DVE' 40GF�DV B GDVFO�VE FQ0
IHDDY DY FQ0 H0dZ�H0U �VF0PHOX OVU ID�VFR�E0 0EF�WOF0E DY OZT�X�OH] EDXZ�
F�DVE' -TIOVE�DV DY IDE�F�\�F] �E IHD\0U �V 40GF�DV _' 8V 40G�
F�DV a R0 P�\0 O IHDDY DY wOHVOGq&E �V0dZOX�F] ZE�VP ID�VFR�E0 0EF�WOF0E
DY OZT�X�OH] EDXZF�DVE'

2. Auxiliary material and integral estimates of solutions

2.1. An auxiliary proposition

,Q0 YDXXDR�VP X0WWO R�XX N0 ZE0U �V FQ0 E0dZ0X� �F �E FQ0 R0XX�qVDRV
J0 ;�DHP��3D�VGOH0 X0WWO !E00 ^@a`� 7QOIF0H 8$'

Lemma 2.1. Let u ∈W 1,1(Br(y)) for some r > 0, and y ∈ R
n. Let k, l

be real numbers such that k < l. Then there exists a constant γ depending
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only on n such that

(l − k)|Ak,r||Br(y) \ Al,r| � γrn+1

∫
Al,r\Ak,r

|∇u|dx,

where Ak,r = Br(y) ∩ {u < k}.

2.2. Local material and energy estimates

9ZHFQ0H R0 R�XX V00U FQ0 YDXXDR�VP XDGOX 0V0HP] 0EF�WOF0'

Lemma 2.2. Let u be a bounded weak solution to (1.1) in ΩT . Then for
any cylinder Q−

r,θ(x̄, t̄) ⊂ ΩT , any k ∈ R
1, any σ ∈ (0, 1) and any smooth

ζ(x, t) which vanishes on ∂Br(x̄)× (t̄− θ, t̄) and |∇ζ| � 1

σr
one has

sup
t̄−θ<t<t̄

∫
Br(x̄)

(u− k)2±ζ
qdx+ γ−1

∫∫
Q−

r,θ(x̄,t̄)

Φ(x, t, |∇(u− k)±|)ζqdxdt �

�
∫

Br(x̄)

(u− k)2±ζ
q(x, t̄− θ)dx+ γ

∫∫
Q−

r,θ(x̄,t̄)

(u− k)2±|ζt|ζq−1dxdt+

+
γ

σq
Φ+
Qr,θ(x̄,t̄)

(
M±(k, r, θ)

r

)∣∣Qr,θ(x̄, t̄) ∩ {
(u− k)± > 0

}∣∣, (2.1)

here M±(k, r, θ) := sup
Qr,θ(x̄,t̄)

(u− k)±.

Proof. Test identity (1.10) by η = (uh − k)±ζq, integrating it over (t̄ −
θ, t), t ∈ (t̄ − θ, t̄) and then integrating by parts in the term containing
∂uh
∂t

. Letting h → 0, using conditions (1.2) and the Young inequality,

we arrive at the required inequality (2.1), which completes the proof of
the lemma.

,Q0 YDXXDR�VP X0WWO R�XX N0 ZE0U �V FQ0 E0dZ0X'

Lemma 2.3. Let u be a bounded non-negative weak solution to Eq. (1.1)
in ΩT . Suppose that for some Q−

4r,4r(x̄, t̄) ⊂ ΩT

|{Br(x̄) : u(·, t̄) � N}| � (1− α0)|Br(x̄)|, (2.2)

for some 0 < N < M and some α0 ∈ (0, 1). Then there exist numbers ε0,
δ0 depending only on the known data and α0 such that for all t ∈ (t̄, t̄+ θ̄)

|{Br(x̄) : u(·, t) � ε0N}| �
(
1− α2

0

2

)
|Br(x̄)|, (2.3)
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θ̄ =
δ0r

2

ψ+
Q4r,4r(x̄,t̄)

(Nr )
, ψ+

Q4r,4r(x̄,t̄)
(v) :=

1

v2
Φ+
Q4r,4r(x̄,t̄)

(v), (2.4)

provided that θ̄ � 4r.

Proof. We use Lemma 2.2 in the cylinder Q+
r,θ̄
(x̄, t̄) and ζ ∈ C∞

0 (Br(x̄)),

0 � ζ � 1, ζ(x) = 1 in B(1−σ)r(x̄), |∇ζ| �
1

σr
, where σ ∈ (0, 1) will be

fixed later. By Lemma 2.2 and (2.2) it follows that∫
B(1−σ)r(x)×{t}

(N − u)2+dx � N2
∣∣{Br(x0) : u(·, t̄) � N

}∣∣+
+ γσ−q

{
r−pNp + max

Q4r,4r(x̄,t̄)
a(x, t)r−qN q

}
θ̄
∣∣Br(x̄)∣∣ �

� N2
{
1− α0 + γσ−qδ0

}∣∣Br(x̄)∣∣.
We infer from this that for all t ∈ (t̄, t̄+ θ̄)

∣∣{Br(x̄) : u(·, t) � ε0N
}∣∣ � (

nσ +
1− α0

(1− ε0)2
+

γσ−qδ0
(1− ε0)2

)∣∣Br(x̄)∣∣.
Choosing σ such that nσ � 1

4α
2
0, and ε0 such that

1

(1− ε0)2
� 1 + α0,

and finally, choosing δ0 such that δ0γσ
−q(1+α0) � 1

4α
2
0, we arrive at the

required (2.3), which completes the proof of the lemma.

2.3. De Giorgi type lemmas

,Q0 V0TF X0WWOE R�XX N0 ZE0U �V FQ0 E0dZ0X OVU FQ0] OH0 O GDVE0dZ0VG0
DY FQ0 4DNDX0\ 0WN0UU�VP FQ0DH0W OVU +0WWO /'/'

Lemma 2.4. Let u be a bounded non-negative weak solution to Eq. (1.1)
in ΩT . Let (x̄, t̄) be some point in ΩT such that Qr,θ(x̄, t̄) ⊂ Q4r,4r(x̄, t̄) ⊂
ΩT . Fix ξ0 ∈ (0, 1) and N ∈ (0,M), then there exists number ν ∈ (0, 1)
depending only on the data and ξ0, r, θ, N such that if

|{Q−
r,θ(x̄, t̄) : u � N}| � ν[μ(4r)]−n|Q−

r,θ(x̄, t̄)|, (2.5)

then
u(x, t) � ξ0N, for a.a. (x, t) ∈ Q−

r
2
, θ
2

(x̄, t̄). (2.6)

Likewise, assume that with some γ0 > 0(
N

r

)q−p
max

Q4r,4r(x̄,t̄)
a(x, t) � γ0, (2.7)
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then there exists number ν ∈ (0, 1) depending only on the data and ξ0, r,
θ, N , γ0 such that if

|{Q−
r,θ(x̄, t̄) : u � N}| � ν|Q−

r,θ(x̄, t̄)|, (2.8)

then
u(x, t) � ξ0N, for a.a.(x, t) ∈ Q−

r
2
, θ
2

(x̄, t̄). (2.9)

Proof. For j = 0, 1, 2, . . . , we define the sequences rj :=
r

2
(1+2−j), θj :=

θ

2
(1 + 2−j), rj :=

rj + rj+1

2
, θj :=

θj + θj+1

2
, Bj := Brj(x0), Bj :=

Brj (x0), Qj := Q−
rj ,θj

(x0, t), Qj := Q−
rj ,θj

(x0, t), kj := ξ0N + (1 −
ξ0)

N
2j
, Aj,kj := Qj ∩ {u < kj}, Aj,kj := Qj ∩ {u < kj}. Let ζj ∈

C∞
0 (Bj), 0 � ζj � 1, ζj = 1 in Bj+1 and |∇ζj| � γ2j/r. Consider

also the function χj(t) = 1 for t � t − θj+1, χj(t) = 0 for t < t − θj,
0 � χj(t) � 1 and |χ′

j| � γ2j/θ.
Lemma 2.2 with such choices implies that

sup
t̄−θj<t<t̄

∫
Bj

(u− kj)
2
−ζ

q
jχ

q
jdx+

∫∫
Qj

Φ(x, t, |∇(u − kj)−|)ζqjχ
q
jdxdt �

� γ2jγ
(
θ−1k2j + r−2k2jψ

+
Q4r,4r(x̄,t̄)

(
kj
r

))
|Aj,kj | �

� γ2jγΦ+
Q4r,4r(x̄,t̄)

(
N

r

)(
1 +

r2

θψ+
Q4r,4r(x̄,t̄)

(
N
r

))|Aj,kj |, (2.10)

where ψ+
Q4r,4r(x̄,t̄)

(Nr ) was defined in (2.4).

By the Young inequality and (2.10) we have∫∫
Qj

|∇Φ−
Q4r,4r(x̄,t̄)

(
(u− kj)−

r

)
|ζqjχ

q
jdxdt �

� γ

r

∫∫
Qj

ϕ−
Q4r,4r(x̄,t̄)

(
(u− kj)−

r

)
|∇(u− kj)−|ζqjχ

q
jdxdt �

� γ

r

∫∫
Qj

ϕ

(
x, t,

(u− kj)−
r

)
|∇(u− kj)−|ζqjχ

q
jdxdt �

� γ

r

∫∫
Qj

Φ

(
x, t,

(u− kj)−
r

)
ζqjχ

q
jdxdt +

γ

r

∫∫
Qj

Φ(x, t, |∇(u− kj)−|)ζqj×
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×χqjdxdt�γ
2jγ

r
Φ+
Q4r,4r(x̄,t̄)

(
N

r

)(
1 +

r2

θψ+
Q4r,4r(x̄,t̄)

(
N
r

)) |Aj,kj |. (2.11)

By (2.10), (2.11), using the Sobolev embedding theorem and Hölder’s
inequality, we obtain

(
(1− ξ0)N

2j+1

) 2
n

Φ−
Q4r,4r(x̄,t̄)

(
(1− ξ0)N

2j+1r

)
|Aj+1,kj+1

| �

�
∫∫
Qj

(u− kj)
2
n−Φ

−
Q4r,4r(x̄,t̄)

(
(u− kj)−

r

)
(ζjχj)

1+ 1
ndxdt �

� γ

(
sup

t̄−θj<t<t̄

∫
Bj

(u− kj)
2
−ζ

q
jχ

q
jdx

) 1
n

×

×
∫∫
Qj

∣∣∣∣∇(
Φ−
Q4r,4r(x̄,t̄)

(
(u− kj)−

r

)
ζqjχ

q
j

)∣∣∣∣ dxdt �
�γ 2

jγ

r

[
Φ+
Q4r,4r(x̄,t̄)

(
N

r

)]1+ 1
n

(
1+

r2

θψ+
Q4r,4r(x̄,t̄)

(
N
r

))1+ 1
n

|Aj,kj |1+
1
n , (2.12)

which by (Φμ) condition yields

yj+1 :=
|Aj+1,kj+1

|
|Qj+1|

� γ2jγμ(4r)(1 − ξ0)
−q− 2

n

[
ψ+
Q4r,4r(x̄,t̄)

(
N

r

)
θ

r2

] 1
n

×

×
(
1 +

r2

θψ+
Q4r,4r(x̄,t̄)

(
N
r

))1+ 1
n

y
1+ 1

n
j .

From this, by iteration, it follows that lim
j→+∞

|Aj,kj | = 0, provided that ν

is chosen to satisfy

ν = γ−1(1− ξ0)nq+2 r2

θψ+
Q4r,4r(x̄,t̄)

(
N
r

)(1+ r2

θψ+
Q4r,4r(x̄,t̄)

(
N
r

))−n−1

, (2.13)

which proves (2.6).

To prove (2.9) we choose kj := ξ0N + (1− ξ0)
N

2j
, by condition (2.7)

1

rq
max

Q4r,4r(x̄,t̄)
a(x, t)(u− kj)

q
− � γ0

rp
(u− kj)

p
−
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and (
N

r

)p−2

� ψ+
Qr,r(x̄,t̄)

(
N

r

)
� (1 + γ0)

(
N

r

)p−2

.

Therefore inequalities (2.10)-(2.12) can be rewritten as follows:

sup
t̄−θj<t<t̄

∫
Bj

(u− kj)
2
−ζ

q
jχ

q
jdx+

∫∫
Qj

|∇(u− kj)−|pζqjχ
q
jdxdt �

� γ2jγ
(
N

r

)p(
1 +

rp

θNp−2

)
|Aj,kj |,

and(
(1− ξ0)N

2j+1

)p+ 2
n

|Aj+1,kj+1
| �

� γ2jγrp−1

(
N

r

)p(1+ 1
n
)(

1 +
rp

θNp−2

)1+ 1
n

|Aj,kj |1+
1
n ,

from which it follows that

yj+1:=
|Aj+1,kj+1

|
|Qj+1|

�γ2jγ(1−ξ0)−p−
2
n

(
θNp−2

rp

) 1
n
(
1+

rp

θNp−2

)1+ 1
n

y
1+ 1

n
j ,

which yields lim
j→+∞

|Aj,kj | = 0, provided that ν is chosen to satisfy

ν = γ−1(1− ξ0)
np+2 rp

θNp−2

(
1 +

rp

θNp−2

)−n−1

, (2.14)

which proves (2.9). This completes the proof of the lemma.

3. Integral and pointwise estimates of auxiliary solutions

9�T (x0, t0) ∈ ΩT EZGQ FQOF a(x0, t0) = 0 OVU X0F (x̄, t̄) ∈ Qρ,ρ(x0, t0) ⊂
Q8ρ,8ρ(x0, t0) ⊂ ΩT ' +0F 0 < r � 1

2ρ � E ⊂ Br(x̄)� | E |> 0� 0 < N �M �
OVU R0 OXED EZIIDE0 FQOF

Nλ(r)
|E|
ρn

� ρ. (3.1)

g0 R�XX GDVE�U0H E0IOHOF0X] FRD GOE0E2 max
Q8r,8r(x̄,t̄)

a(x, t) � 4Aμ(8r)(8r)q−p

OVU max
Q8r,8r(x̄,t̄)

a(x, t) � 4A μ(8r)(8r)q−p. 8V FQ0 GOE0 max
Q8r,8r(x̄,t̄)

a(x, t) �

4A μ(8r)(8r)q−p� R0 GDVE�U0H FQ0 YZVGF�DV v(x, t) = vr,N (x, t, x̄, t̄) ∈
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C(t̄, t̄+ 8τ1;L
2(B8ρ(x̄))) ∩ Lq(t̄, t̄+ 8τ1;W

1,q
0 (B8ρ(x̄))) R�FQ τ1 = ρp ×

×
(
Nλ(r)

|E|
ρn

)2−p
OE FQ0 EDXZF�DV DY FQ0 YDXXDR�VP IHDNX0W

vt − divA(x, t,∇v) = 0, (x, t) ∈ Q1 := B8ρ(x̄)× (t̄, t̄+ 8τ1), (3.2)

v(x, t) = 0, (x, t) ∈ ∂B8ρ(x̄)× (t̄, t̄+ 8τ1), (3.3)

v(x, t̄) = Nλ(r)χ(E), x ∈ B8ρ(x̄). (3.4)

8V OUU�F�DV� FQ0 �VF0PHOX �U0VF�F]∫
B8ρ(x̄)×{t}

(
∂vh
∂t

η + [A(x, t,∇v)]h∇η
)
dx = 0, (3.5)

QDXUE YDH OXX t ∈ (t̄, t̄ + 8τ1 − h) OVU YDH OXX η ∈ W 1,q
0 (B8ρ(x̄)). w0H0 vh �E

U0SV0U E�W�XOHX] FD (1.10)'
8V FQ0 GOE0 max

Q8r,8r(x̄,t̄)
a(x, t) � 4A μ(8r)(8r)q−p� N] DZH OEEZWIF�DVE

FQ0H0 0T�EFE ρ̄ ∈ (0, ρ)� EZGQ FQOF

max
Q4ρ̄,4ρ̄(x̄,t̄)

a(x, t) � 4Aμ(4ρ̄)(4ρ̄)q−p, max
Q8ρ̄,8ρ̄(x̄,t̄)

a(x, t) � 4Aμ(8ρ̄)(8ρ̄)q−p.

+0F ρ0 N0 FQ0 WOT�WOX VZWN0H EOF�EY]�VP FQ0 OND\0 GDVU�F�DVE' g0 GDV�
E�U0H FQ0 YZVGF�DV w(x, t) = wr,N (x, t, x̄, t̄) ∈ C(t̄, t̄+ 8τ2;L

2(B8ρ0(x̄))) ∩

∩ Lq(t̄, t̄ + 8τ2;W
1,q
0 (B8ρ0(x̄))), τ2 = ρp0

(
Nλ(r)

|E|
ρn0

)2−p
OE FQ0 EDXZF�DV

DY FQ0 YDXXDR�VP IHDNX0W

wt − divA(x, t,∇w) = 0, (x, t) ∈ Q2 := B8ρ0(x̄)× (t̄, t̄+ 8τ2), (3.6)

w(x, t) = 0, (x, t) ∈ ∂B8ρ0(x̄)× (t̄, t̄+ 8τ2), (3.7)

w(x, t̄) = Nλ(r)χ(E), x ∈ B8ρ0(x̄). (3.8)

8V OUU�F�DV� FQ0 �VF0PHOX �U0VF�F]∫
B8ρ0 (x̄)×{t}

(
∂wh
∂t

η + [A(x, t,∇w)]h∇η
)
dx = 0, (3.9)

QDXUE YDH OXX t ∈ (t̄, t̄ + 8τ2 − h) OVU YDH OXX η ∈ W 1,q
0 (B8ρ0(x̄)). w0H0 wh

�E U0SV0U E�W�XOHX] FD (1.10)' ,Q0 0T�EF0VG0 DY FQ0 EDXZF�DVE v OVU w
YDXXDRE YHDW FQ0 P0V0HOX FQ0DH] DY WDVDFDV0 DI0HOFDHE' ,0EF�VP (3.5) N]
η = (vh)− OVU η = (vh − N)+, �VF0PHOF�VP �F D\0H (t̄, t), t ∈ (t̄, t̄ + 8τ1)
OVU X0FF�VP h → 0� R0 DNFO�V FQOF 0 � v � N � λ(r)M. 4�W�XOHX] R0
DNFO�V FQOF 0 � w � N � λ(r)M.

40F D(ρ) :=

{
(x, t) :| x− x̄ |p +(t− t̄)

(
Nλ(r)

| E |
ρn

)p−2

� ρp

}
.
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Lemma 3.1. Next inequalities hold

v(x, t) � γNλ(r)
| E |
ρn

, (x, t) ∈ Q1 \ D(ρ), (3.10)

w(x, t) � γNλ(r)
| E |
ρn0

, (x, t) ∈ Q2 \ D(ρ0). (3.11)

Proof. For fixed σ ∈ (0, 1), ρ � s � s(1 + σ) � 2ρ, and j = 0, 1, 2, ...

set sj := s(1 + σ) − σs

2j
, kj := k − 2−jk, k > 0, Dj :=

{
(x, t) :| x− x̄ |p

+(t− t̄)
(
Nλ(r)

| E |
ρn

)p−2

� spj
}
, and let M0 := sup

Q1\D0

v, Mσ := sup
Q1\D∞

v,

and consider the function ζ ∈ C∞(Rn+1), 0 � ζ � 1, ζ = 0 in Dj, ζ = 1

in Q1 \ Dj+1, | ∇ζ |�
2j+1

σs
, | ζt |� 2p(j+1)(σs)−p

(
Nλ(r)

| E |
ρn

)2−p
. Test

(3.5) by η = (vh − kj)+ξ
q, integrating it over (t̄, t), t ∈ (t̄, t̄ + 8τ1) and

letting h→ 0, we arrive at

sup
t̄<t<t̄+8τ1

∫
B8ρ(x̄)

(v − kj)
2
+ζ

qdx+

∫∫
Q1

|∇(v − kj)+|pζqdxdt �

� γ

∫∫
Q1\Dj

(v − kj)
2
+|ζt|ζq−1dxdt + γ

∫∫
Q1\Dj

Φ(x, t, (v − kj)+|∇ζ|)dxdt �

� γσ−q2γj

⎛⎜⎝τ−1
1

∫∫
Q1\Dj

(v − kj)
2
+dxdt + ρ−p

∫∫
Q1\Dj

(v − kj)
p
+dxdt

⎞⎟⎠ .

Above, we also used the following inequality, which is a consequence of
our choices, condition (Φλ), the fact that v(x, t) � Mλ(r) and Q1 ⊂
Qρ,ρ(x̄, t̄) ⊂ Q2ρ,2ρ(x0, t0) :

Φ
(
x, t,

(v − kj)+
ρ

)
�
(
v − kj
ρ

)p
+

(
1 + max

Qρ,ρ(x̄,t̄)
a(x, t)ρp−q(Mλ(r))q−p

)
�

�
(
v − kj
ρ

)p
+

(
1 + max

Q2ρ,2ρ(x0,t0)
a(x, t)ρp−q(Mλ(r))q−p

)
�
(
v − kj
ρ

)p
+

×

×
(
1 + γμ(2ρ)(Mλ(r))q−p

)
�
(
v − kj
ρ

)p
+

(
1 + γM q−p

)
�γ

(
v − kj
ρ

)p
+

,

where (x, t) ∈ Q1 \ Dj .
Set Aj,kj := Dj ∩ {v � kj}, then by the Sobolev embedding theorem

from the previous we obtain
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yj+1 =

∫∫
Aj+1,kj+1

(v − kj)
p
+dxdt �

⎛⎜⎝ ∫∫
Aj+1,kj+1

(v − kj)
pn+2

n
+ ζq

n+2
n dxdt

⎞⎟⎠
n

n+2

×

× |Aj,kj |
2

n+2 �

⎛⎜⎝ sup
t̄<t<t̄+8τ1

∫
B8ρ(x̄)

(v − kj)
2
+ζ

qdx

⎞⎟⎠
p

n+2

×

×

⎛⎜⎝∫∫
Q1

|∇((v − kj)+ζ
q
p )|p

⎞⎟⎠
n

n+2

|Aj,kj |
2

n+2 �

� γσ−γ2jγ
(
τ−1
1

kp−2
+ ρ−p

)n+p
n+2

k−p(1−
n

n+2
)y

1+ p
n+2

j , j = 0, 1, 2, ...

Iterating the last inequality, we get that lim
j→+∞

yj = 0, provided k is

chosen to satisfy

k2 = γσ−γ
(
τ−1
1

kp−2
+ ρ−p

)n+p
p

∫∫
Q1\D0

vpdxdt. (3.12)

To estimate the integral on the right-hand side of (3.12), we test identity
(3.5) by η = min(vh,M0). Integrating it over (t̄, t), t ∈ (t̄, t̄ + 8τ1) and
letting h→ 0, for vM0 = min(v,M0), we obtain

sup
t̄<t<t̄+8τ1

∫
B8ρ(x̄)

v2M0
dx+

∫∫
Q1

Φ(x, t, |∇vM0 |)dxdt � γM0Nλ(r)|E|. (3.13)

Assumming that k � (ρp/τ1)
1

p−2 = Nλ(r)
|E|
ρn

, from (3.12) and (3.13)

by the Poincare inequality, using the fact that v = vM0 on Q1 \ D0, we
obtain that

M2
σ � γσ−γρ−n−p

∫∫
Q1\D0

vpdxdt = γσ−γρ−n−p
∫∫

Q1\D0

vpM0
dxdt �

� γσ−γρ−n
∫∫

Q1\D0

|∇vM0 |pdxdt �

� γσ−γρ−n
∫∫
Q1

Φ(x, t, |∇vM0 |)dxdt � γσ−γM0Nλ(r)
|E|
ρn

. (3.14)
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Using the Young inequality, we obtain for every ε ∈ (0, 1)

Mσ � εM0 + γσ−γε−γNλ(r)
|E|
ρn

,

from which, by iteration, the required inequality (3.10) follows.
The proof of (3.11) is completely similar, we also use the inequality,

which is a consequence of our choices

Φ

(
x, t,

(w − kj)+
ρ0

)
�
(
w − kj
ρ0

)p
+

(
1 + max

Qρ0,ρ0 (x̄,t̄)
a(x, t)ρp−q0 (Mλ(r))q−p

)
�
(
w − kj
ρ0

)p
+

(
1 + max

Q8ρ0,8ρ0 (x̄,t̄)
a(x, t)ρp−q0 (Mλ(r))q−p

)
�

�
(
w − kj
ρ0

)p
+

(
1 + γμ(8ρ0)(Mλ(r))q−p

)
�

�
(
w − kj
ρ0

)p
+

(
1 + γM q−p

)
� γ

(
w − kj
ρ0

)p
+

, (x, t) ∈ Q2 \ Dj.

This completes the proof of the lemma.

Lemma 3.2. There exist numbers ε1, α1, δ1 ∈ (0, 1) depending only on
the data such that∣∣∣∣{B4ρ(x̄) : v(·, t1) � ε1Nλ(r)

| E |
ρn

}∣∣∣∣ � (1− α1) | B4ρ(x̄) | (3.15)

for some time level t1 ∈ (t̄+ δ1τ1, t̄+ τ1),∣∣∣∣{B4ρ0(x̄) : w(·, t2) � ε1Nλ(r)
| E |
ρn0

}∣∣∣∣ � (1− α1) | B4ρ0(x̄) | (3.16)

for some time level t2 ∈ (t̄+ δ1τ2, t̄+ τ2),

Proof. Let ζ1(x) ∈ C∞
0 (B3ρ(x̄)), 0 � ζ1(x) � 1, ζ1(x) = 1 in B2ρ(x̄),

| ∇ζ1(x) |�
1

ρ
. Testing (3.5) by η = vh −Nλ(r)ζq1(x), integrating it over

(t̄, t̄+ τ1) and letting h→ 0, we obtain

N2

2
[λ(r)]2 | E | +1

2

∫
B8ρ(x̄)

v2(x, t̄+ τ1)dx+

+γ−1

t̄+τ1∫
t̄

∫
B8ρ(x̄)

Φ(x, t, | ∇v |)dxdt � Nλ(r)

∫
B8ρ(x̄)

v(x, t̄+ τ1)ζ
q
1(x)dx+
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+γN
λ(r)

ρ

t̄+τ1∫
t̄

∫
B3ρ(x̄)\B2ρ(x̄)

ϕ(x, t, | ∇v |)ζq−1
1 (x)dxdt = I1 + I2. (3.17)

Let us estimate the terms on the right-hand side of (3.17). By Lemma
3.1 we obtain

I1 � ε1N
2[λ(r)]2 | E | +

+γN2[λ(r)]2
| E |
ρn

∣∣∣∣{B4ρ(x̄) : v(·, t̄+ τ1) � ε1Nλ(r)
| E |
ρn

}∣∣∣∣ . (3.18)

Let ζ2(x) ∈ C∞(Rn), 0 � ζ2(x) � 1, ζ2(x) = 1 in B3ρ(x̄) \ B2ρ(x̄),
ζ2(x) = 0 for x ∈ B 3

2
ρ(x̄) and for x ∈ R

n \ B4ρ(x̄), | ∇ζ2(x) | � γρ−1.

Using the Young inequality with ε = ε0Nλ(r)
| E |
ρn+1

, where ε0 ∈ (0, 1) to

be determined later, we obtain

I2 � γNε−1λ(r)

ρ

t̄+τ1∫
t̄

∫
B4ρ(x̄)\B 3

2
(x̄)

Φ(x, t, | ∇v |) | ∇v | ζq2(x)dxdt+

+ γN
λ(r)

ρ

t̄+τ1∫
t̄

∫
B4ρ(x̄)

ϕ(x, t, ε)dxdt = I3 + I4. (3.19)

By condition (Φλ) we have

max
Q2ρ,2ρ(x0,t0)

ϕ

(
x, t,Nλ(r)

| E |
ρn+1

)
� γρ1−p

(
Nλ(r)

| E |
ρn

)p−1

,

so

I4 � γN
λ(r)

ρ
εp−1
0

t̄+τ1∫
t̄

∫
B4ρ(x̄)

ϕ

(
x, t,Nλ(r)

| E |
ρn+1

)
dx dt �

� γN
λ(r)

ρ
εp−1
0 max

Q2ρ,2ρ(x0,t0)
ϕ

(
x, t,Nλ(r)

| E |
ρn+1

)
| Bρ(x̄) | τ1 �

� γεp−1
0 N2[λ(r)]2 | E | . (3.20)

To estimate I3 we test (3.5) by η = vhζ
q
2(x), integrating it over (t̄, t̄+

τ1) and letting h→ 0, we arrive at

I3 � γε−1N
λ(r)

ρ

t̄+τ1∫
t̄

∫
B4ρ(x̄)\B 3

2 ρ
(x̄)

Φ(x, t,
v

ρ
)dxdt.
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From this, by condition (gλ) and Lemma 3.1 we obtain

I3�γε−1N
λ(r)

ρ

t̄+τ1∫
t̄

∫
B4ρ(x̄)\B 3

2 ρ
(x̄)

Φ+
Q2ρ,2ρ(x0,t0)

(
v

ρ

)
dxdt�γ ε1

ε0
N2[λ(r)]2 | E |+

+γ
N2[λ(r)]2|E|

ε0τ1ρn

t̄+τ1∫
t̄

∣∣∣∣{B4ρ(x̄) \B 3
2
(x̄): v(·, t)�ε1Nλ(r)

E

ρn

}∣∣∣∣ dt. (3.21)

Collecting estimates (3.17)–(3.21), we arrive at

1

2
N2[λ(r)]2 | E |� γ

(
ε1 + εp−1

0 +
ε1
ε0

)
N2[λ(r)]2 | E | +

+ γN2[λ(r)]2
| E |
ρn

∣∣∣∣{B4ρ(x̄) : v(·, t̄+ τ1) � ε1Nλ(r)
| E |
ρn

}∣∣∣∣+
γN2[λ(r)]2

| E |
ε0τ1ρn

t̄+τ1∫
t̄

∣∣∣∣{B4ρ(x̄) : v(·, t) � ε1N
| E |
ρn

}∣∣∣∣ dt.
Choose ε0 such that γεp−1

0 =
1

8
, and ε1 such that γε1(1 +

1

ε0
) =

1

8
,

from the previous we obtain

γ−1ρn �
∣∣∣∣{B4ρ(x̄) : v(·, t̄ + τ1) � ε1Nλ(r)

| E |
ρn

}∣∣∣∣+
+

1

τ1

t̄+τ1∫
t̄

∣∣∣∣{B4ρ(x̄) : v(·, t) � ε1Nλ(r)
| E |
ρn

}∣∣∣∣ dt.
From this, we conclude that at least one of the following two inequalities
holds ∣∣∣∣{B4ρ(x̄) : v(·, t̄+ τ1) � ε1Nλ(r)

| E |
ρn

}∣∣∣∣ � 1

2γ
| B4ρ(x̄) |,

t̄+τ1∫
t̄

∣∣∣∣{B4ρ(x̄) : v(·, t) � ε1Nλ(r)
| E |
ρn

}∣∣∣∣ � 1

2γ
τ1 | B4ρ(x̄) | .

From the second one it follows that there exists t1 ∈ (t̄ + 1
4γ τ1, t̄ + τ1)

such that∣∣{B4ρ(x̄) : v(·, t1) � ε1Nλ(r)
| E |
ρn

}∣∣ � 1

4γ − 1
| B4ρ(x̄) |,
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indeed, if not, then

(1− 1

2γ
)τ1 | B4ρ(x̄) |<

t̄+τ1∫
t̄+ 1

4γ
τ1

∣∣∣∣{B4ρ(x̄) : v(·, t) � ε1Nλ(r)
| E |
ρn

}∣∣∣∣ dt �

�
t̄+τ1∫
t̄

∣∣∣∣{B4ρ(x̄) : v(·, t) � ε1Nλ(r)
| E |
ρn

}∣∣∣∣ dt � (1− 1

2γ
)τ1 | B4ρ(x̄) |,

reaching a contradiction. This proves inequality (3.15).
The proof of (3.16) is completely similar, we also use the inequality,

which is a consequence of our choices

Φ+
Q8ρ0,8ρ0 (x̄,t̄)

(
Nλ(r)

| E |
ρn+1
0

)
� γ

ρp0

(
Nλ(r)

| E |
ρn0

)p
,

this completes the proof of the lemma.

4. Expansion of positivity

,Q0 YDXXDR�VP FQ0DH0W R�XX N0 ZE0U �V FQ0 E0dZ0X RQ�GQ �E OV 0TIOV�
E�DV DY IDE�F�\�F] H0EZXF' 8V FQ0 GOE0 DY FQ0 I�+OIXOG0 0\DXZF�DV 0dZOF�DV
FQ�E H0EZXF ROE IHD\0U N] J�50V0U0FFD� ;�OVObbO OVU v0EIH� ^@k`� �V FQ0
XDPOH�FQW�G GOE0 FQ�E FQ0DH0W ROE IHD\0U �V ^@@`'

Theorem 4.1. Let u be a non-negative bounded weak solution to
Eq. (1.1) and let conditions (1.2)–(1.4) be fulfilled. Fix point (x0, t0) ∈
ΩT such that a(x0, t0) = 0, and let for some ρ > 0, for some 0 < N �M
and some δ ∈ (0, 1),

Qρ,θ(y, s) ⊂ Q2ρ,2ρ(x0, t0) ⊂ Q8ρ,8ρ(x0, t0) ⊂ ΩT , θ = δρp
(
Nλ(ρ)

)2−p
.

Assume also that

| {Bρ(y) : u(·, s) � Nλ(ρ)} |� (1− α) | Bρ(y) |, (4.1)

for some α ∈ (0, 1). Then there exist σ0 ∈ (0, 1) and 1 < C̄1 < C̄2

depending only upon the data and α, δ such that either

σ0Nλ(ρ) � ρ, (4.2)

or

u(x, t) � σ0Nλ(ρ), for all (x, t) ∈ B2ρ(y)× (s+ C̄1θ, s+ C̄2θ). (4.3)
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B(��C �C /0��(�* D��

g0 R�XX EZIIDE0 FQOF �V0dZOX�F] (4.2) �E \�DXOF0U� �'0'

C∗Nλ(ρ) � ρ, (4.4)

RQ0H0 C∗ �E O IDE�F�\0 VZWN0H FD N0 GQDE0V XOF0H U0I0VU�VP DV FQ0 qVDRV
UOFO DVX]' 5] DZH OEEZWIF�DVE OVU N] !Φλ$ GDVU�F�DV(

Nλ(ρ)

ρ

)p−2

� ψ+
Qρ,ρ(y,s)

(
Nλ(ρ)

ρ

)
�

� ψ+
Q2ρ,2ρ(x0,t0)

(
Nλ(ρ)

ρ

)
� γ

(
Nλ(ρ)

ρ

)p−2

,

FQ0H0YDH0 �V0dZOX�F] (4.1) OVU +0WWO /'B R�FQ r H0IXOG0U N] ρ� N H0IXOG0U
N] Nλ(ρ)e−τ , τ > 0 �WIX�0E FQOF

{Bρ(y): u(·, s + δ̄0ρ
p(Nλ(ρ)e−τ )2−p�ε0Ne−τ}�

(
1− α2

2

)
Bρ(y), (4.5)

YDH OXX τ > 0 OVU δ̄0 = γ−1δ0� δ0 �E FQ0 VZWN0H U0SV0U �V +0WWO /'B'
9DXXDR�VP ^@e`� R0 �VFHDUZG0 FQ0 GQOVP0 DY \OH�ONX0E OVU FQ0 V0R ZV�

qVDRV YZVGF�DV2

x = y + zρ, t = s+ δ̄0ρ
p(Nλ(ρ)e−τ )2−p, h(z, τ) =

eτ

Nλ(ρ)
u(x, t)'

8V0dZOX�F] (4.5) FHOVEYDHWE �VFD h OE

| {B1 : h � ε0} |�
(
1− α2

2

)
| B1 |, B1 := B1(0), (4.6)

YDH OXX τ > 0' 4�VG0 h > 0� FQ0 YDHWOX U�h0H0VF�OF�DV P�\0E

hτ = h+ (p − 2)δ̄0ρ
p

(
eτ

Nλ(ρ)

)p−1

ut = U�\Ā(x, t,∇h) + h, (4.7)

RQ0H0 Ā EOF�ES0E FQ0 �V0dZOX�F�0E

Ā(x, t,∇h)∇h � (p − 2)δ̄0K1

(
| ∇h |p +ā(z, τ) | ∇h |q

)
,

| Ā(x, t,∇h) |� (p − 2)δ̄0K2

(
| ∇h |p−1 +ā(z, τ) | ∇h |q−1

)
,

(4.8)

RQ0H0 ā(z, τ) =

(
Nλ(ρ)

eτρ

)q−p
a(y + zρ, s+ δ̄0ρ

p(Nλ(ρ)e−τ )2−p) .
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Lemma 4.1. For every ν there exists s∗ > 1 depending only on the data,
α, δ̄0 and ν such that ∣∣∣{Q∗ : h � ε0

2s∗

}∣∣∣ � ν | Q∗ |, (4.9)

where Q∗ := B1 ×
((

2s∗

ε0

)p−2

, 2

(
2s∗

ε0

)p−2)
.

Proof. Using Lemma 2.1 with k = ks+1, l = ks, ks =
ε0
2s

, due to (4.6) we

obtain for every 1 � s � s∗ − 1

(ks − ks+1) | As+1(τ) |� γα2

∫
As(τ)\As+1(τ)

| ∇h | dz, As(τ) := {B1 : h � ks},

for all τ > 0. Integrating this inequality with respect to τ∈(k2−ps∗ , 2k2−ps∗ )
and using the Hölder inequality, we have

(ks−ks+1)
p

p−1 | As+1 |
p

p−1� γ(α)

⎛⎝∫∫
As

| ∇h |p
⎞⎠

1
p−1

| As \As+1 |, (4.10)

where As :=
2k2−p

s∗∫
k2−p
s∗

As(τ)dτ. To estimate the first term on the right-hand

side of (4.10) we use Lemma 2.2 with k = ks, ζ ∈ C∞
0 (Q̄∗), Q̄∗ = B2 ×

(12k
2−p
s∗ , 4k2−ps∗ ), 0 � ζ � 1, ζ = 1 in Q∗, | ∇ζ |� 2, | ζτ |� 2kp−2

s∗ . Due to
(4.8) we have∫∫

As

| ∇h |p dxdτ � γ

∫∫
Q̄∗

(h− ks)
2
− | ζτ | dxdτ+

+ γ

∫∫
Q̄∗

(h− ks)
p
− | ∇ζ |p dxdτ + γ

∫∫
Q̄∗

ā(z, τ)(h − ks)
q
− | ∇ζ |q dxdτ �

� γkps

(
1 + kq−ps max

Q̄∗
ā(z, τ)

)
| Q∗ | .

If C∗ � e
4( 2

s∗
ε0

)p−2

, then by (4.1) δ̄0ρ
p(Nλ(ρ)e−τ )2−p � ρ, and therefore

by condition (Φλ)

kq−ps max
Q̄∗

ā(z, τ) �
(
Mε0λ(ρ)

ρ

)q−p
max

Q2ρ,2ρ(x0,t0)
a(x, t) �
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� A

(
Mε0λ(ρ)

ρ

)q−p
μ(2ρ)(2ρ)q−p � γλ(ρ)q−pμ(ρ) = γ,

so ∫∫
As

| ∇h |p dxdτ � γkps | Q∗ | . (4.11)

Combining estimates (4.10) and (4.11), we obtain

| As+1 |
p

p−1�| Q∗ |
1

p−1 γ | As \ As+1 | .

Summing up this inequality for 1 � s � s∗ − 1, we conclude that

| As∗ |� γ(s∗ − 1)−
p−1
p | Q∗ |,

choosing s∗ from the condition γ(s∗−1)−
p−1
p � ν we arrive at the required

(4.9), which completes the proof of the lemma.

lE�VP FQ0 YOGF FQOF kq−ps∗ max
Q̄∗

ā(z, τ) � γ� N] +0WWO /'_ YHDW (4.9)

R0 DNFO�V FQOF

h(x, τ) � ε0
2s∗+1

, (x, τ) ∈ B 1
2
×
(
5

4

(
2s∗

ε0

)p−2

,
7

4

(
2s∗

ε0

)p−2)
.

,Q�E �V0dZOX�F] GOV N0 H0RH�FF0V �V F0HWE DY YZVGF�DV u OE YDXXDRE

u(x, t) � ε0e
−2( 2

s∗
ε0

)p−2

2−s∗−1Nλ(ρ),

YDH OXX (x, t) ∈ B ρ
2
(y)×

(
s+ δ̄0e

5
4
( 2

s∗
ε0

)p−2

ρp
(
Nλ(ρ)

)2−p
, s+ δ̄0e

7
4
( 2

s∗
ε0

)p−2

ρp(
Nλ(ρ)

)2−p)
.

,Q�E IHD\0E ,Q0DH0W _'@ R�FQ C̄1 = δ̄0e
5
4
( 2

s∗
ε0

)p−2

OVU C̄2 = δ̄0e
7
4
( 2

s∗
ε0

)p−2

'

5. Harnack’s inequality, proof of Theorem 1.2

9�T (x0, t0) ∈ ΩT EZGQ FQOF a(x0, t0) = 0 OVU YDH τ ∈ (0, 1) GDVEFHZGF
FQ0 G]X�VU0H Qτ := Bρ(x0)× (t0 − (τρ)p

(
u0λ1(ρ)

)2−p
, t0)� u0 := u(x0, t0)'

9DXXDR�VP tH]XD\ OVU 4OYDVD\� R0 GDVE�U0H FQ0 0dZOF�DV

Mτ = Nτ , Mτ := sup
Qτ

u, Nτ :=
1

2
u0(1− τ)−n

λ1(ρ)

λ1
(
(1− τ)ρ

) ,
λ1(ρ) = λ(ρ)[μ(ρ)]−n.
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+0F τ0 N0 FQ0 WOT�WOX HDDF DY FQ0 OND\0 0dZOF�DV OVU u(y, s) = Nτ0 ' +0F

r =
1− τ0

2
ρ OVU E0F θ =

r2

ψ+
Q4r,4r(y,s)

(
Nτ0

r

) � E�VG0

ψ+
Q4r,4r(y,s)

(
Nτ0

r

)
�
(
Nτ0

r

)p−2

�
(
u0λ1(ρ)

)p−2
,

R0 QO\0 OV �VGXZE�DV Qr,θ(y, s) ⊂ Q 1+τ0
2

� ED N] (1.13) FQ0H0 QDXUE

sup
Qr,θ(y,s)

u � 2nu0(1− τ0)
−n λ1(ρ)

λ1
(
1−τ0
2 ρ)

= 2nNτ0

λ1(2r)

λ1(r)
� 2n+b1Nτ0 .

9ZHFQ0H R0 R�XX OEEZW0 FQOF �V0dZOX�F] (1.15) �E \�DXOF0U� �'0'

u0 � C
ρ

λ1(ρ)
, (5.1)

R�FQ EDW0 C > 0 FD N0 U0F0HW�V0U XOF0H U0I0VU�VP DVX] DV FQ0 UOFO'
7XO�W 1' ,Q0H0 0T�EFE VZWN0H ν > 0 U0I0VU�VP DVX] DV FQ0 UOFO EZGQ

FQOF ∣∣∣∣{Q−
r,θ(y, s) : u � Nτ0

2

}∣∣∣∣ � ν[μ(r)]−n | Q−
r,θ(y, s) | .

8VU00U� �Y VDF� R0 OIIX] +0WWO /'_ YDH FQ0 YZVGF�DV 2n+b1Nτ0 − u R�FQ
FQ0 GQD�G0E

N = (2n+b1 − 1

2
)Nτ0 , ξ0 =

2n+b1 − 3
4

2n+b1 − 1
2

, ν = γ−1(1− ξ0)
2+nq,

GDVU�F�DV (5.1) �WIX�0E FQOF θ � r� FQ0H0YDH0 R0 GDVGXZU0 FQOF u(y, s) �
3
4Nτ0 � H0OGQ�VP O GDVFHOU�GF�DV� RQ�GQ IHD\0E FQ0 GXO�W'

7XO�W 2' ,Q0H0 0T�EFE F�W0 X0\0X s̄ ∈ (s − (1 − ν

2
[μ(r)]−n)θ, s) EZGQ

FQOF ∣∣∣∣{Br(y) : u(·, s̄) � Nτ0

2
λ(r)

}∣∣∣∣ � ν[μ(r)]−n

2− ν[μ(r)]−n
| Br(y) | . (5.2)

8Y VDF OVU �Y �V0dZOX�F] (5.2) �E \�DXOF0U YDH OXX t ∈ (s−(1− ν

2
[μ(r)]−n)θ, s)�

FQ0V N] 7XO�W 1 R0 QO\0

(1− ν[μ(r)]−n) | Q−
r,θ(y, s) |<

∣∣∣∣{Q−
r,(1− ν

2
[μ(r)]−n)θ

(y, s) : u�Nτ0

2
λ(r)

}∣∣∣∣�
�
∣∣∣∣{Q−

r,θ(y, s): u � Nτ0

2

}∣∣∣∣ � (1− ν[μ(r)]−n) | Q−
r,θ(y, s) |,
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OVU H0OGQ O GDVFHOU�GF�DV' ,Q�E IHD\0E �V0dZOX�F] (5.2)'
9�HEF R0 OEEZW0 FQOF

max
Q4r,4r(y,s̄)

a(x, t) � 4Aμ(4r)(4r)q−p

OVU GDVEFHZGF FQ0 EDXZF�DV v(x, t) = vr, 1
2
Nτ0

(x, t, y, s̄) R�FQ

N =
Nτ0

2
OVU E = E(s̄) :=

{
Br(y) : u(·, s̄) �

Nτ0

2
λ(r)

}
DY FQ0 IHDNX0W (3.2)f(3.4) �V Q1 = Q+

8ρ,8τ1
(y, s̄) RQ0H0 τ1 = ρp ×

×
(
Nτ0

2
λ(r)

| E(s̄) |
ρn

)2−p
' 8V0dZOX�F] (3.15) DY +0WWO B'/ ]�0XUE

∣∣∣∣{B4ρ(y) : v(·, t1) � ε1Nτ0λ(r)
| E(s̄) |
ρn

}∣∣∣∣ � (1− α1)
∣∣B4ρ(y)

∣∣,
YDH EDW0 F�W0 X0\0X t1 ∈ (s̄+δ1τ1, s̄+τ1) OVU FQ0 VZWN0HE ε1, α1, δ1 ∈ (0, 1)
U0I0VU0U DVX] DV FQ0 UOFO'

5] (5.2) |E(s̄)| � ν

2
[μ(r)]−n|Br(y)|� FQ0H0YDH0� E�VG0 u � v DV FQ0

IOHONDX�G NDZVUOH] DY Q1� N] FQ0 WDVDFDV�G�F] GDVU�F�DV (1.14) R0 DNFO�V∣∣∣∣{B4ρ(y) : u(·, t1) � ε1
ν

2
Nτ0λ(r)[μ(r)]

−n
(
r

ρ

)n}∣∣∣∣ �
�
∣∣∣∣{B4ρ(y) : u(·, t1) � ε1Nτ0λ(r)

| E(s̄) |
ρn

}∣∣∣∣ �
�
∣∣∣∣{B4ρ(y) : v(·, t1) � ε1Nτ0λ(r)

| E(s̄) |
ρn

}∣∣∣∣ � (1− α1)
∣∣B4ρ(y)

∣∣, (5.3)

YDH EDW0 F�W0 X0\0X t1 ∈ (s̄+ δ1τ1, s̄ + τ1)'

9HDW (5.3) N] ,Q0DH0W _'@ R�FQ N = ε1
ν

2
Nτ0 [μ(r)]

−n
(
r

ρ

)n
R0 QO\0

u(x, t) � N1 := σ0ε1
ν

2
Nτ0λ(r)[μ(r)]

−n
(
r

ρ

)n
, x ∈ B2ρ(y),

YDH OXX t ∈ (t1 + C̄1ρ
pN2−p

1 , t1 + C̄2ρ
pN2−p

1 )� IHD\�U0U FQOF σ0N1 � ρ'
4�VG0 Bρ(x0) ⊂ B2ρ(y)� H0GOXX�VP FQ0 U0SV�F�DV DY Nτ0 � N1 OVU r� ZE�VP
(1.13) OVU ZE�VP FQ0 YOGF FQOF λ1(ρ) = λ(ρ)[μ(ρ)]−n� YHDW FQ�E R0 DNFO�V

u(x, t) � σ0
2n+2

ε1νu0λ1(ρ), x ∈ Bρ(x0), (5.4)
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YDH OXX t∈(t1+ C̄1ρ
pN2−p

1 , t1+ C̄2ρ
pN2−p

1 )� IHD\�U0U FQOF
σ0
2n+2

ε1νu0λ1(ρ)�
ρ� RQ�GQ QDXUE N] (5.1) �Y C �E GQDE0V FD EOF�EY] C � 2n+2σ−1

0 ε−1
1 ν−1'

5] DZH GQD�G0E t1 � s̄+δ1τ1 � s−θ � t0−ρp(u0λ1(ρ))2−p−θ OVU t1 �

s̄ + τ1 � s + τ1 � t0 + τ1, WDH0D\0H� τ1 = ρp
(
Nτ0

2
λ(r)

| E(s̄) |
ρn

)2−p
�

ρp
(
ν
Nτ0

2
λ(r)

(
r

ρ

)n)2−p
= ρp

(
ν

2n+2
u0λ1(ρ)

)2−p
, θ � rpN2−p

τ0 � rp ×

×
(

u0
2n+1

λ1(ρ)

λ1(r)

(
ρ

r

)n)2−p
� ρp

(
1

2n+1
u0λ1(ρ)

)2−p
.

,Q0H0YDH0� E0FF�VP c = C̄1(σ0ε1ν2
−n−2)2−p +

( ν

2n+2

)2−p
OVU c1 =

C̄2(σ0ε1ν2
−n−2)2−p−1−2(n+2)(p−2)� R0 DNFO�V FQOF �V0dZOX�F] (5.4) QDXUE

YDH t0 + cρp(u0λ1(ρ))
2−p � t � c1ρ

p(u0λ1(ρ))
2−p� IHD\�U0U FQOF (5.1) �E

\OX�U OVU C � 2n+2σ−1
0 ε−1

1 ν−1� RQ�GQ IHD\0E ,Q0DH0W @'/ �V FQ0 GOE0
max

Q4r,4r(y,s̄)
a(x, t) � 4Aμ(4r)(4r)q−p'

mDR X0F max
Q4r,4r(y,s̄)

a(x, t) � 4Aμ(4r)(4r)q−p � FQ0V FQ0H0 0T�EFE ρ̄ ∈

(r, ρ) EZGQ FQOF max
Q4ρ̄,4ρ̄(y,s̄)

a(x, t) � 4Aμ(4ρ̄)(4ρ̄)q−p OVU max
Q8ρ̄,8ρ̄(y,s̄)

a(x, t)�

4Aμ(8ρ̄)(8ρ̄)q−p� OVU X0F ρ0 N0 FQ0 WOT�WOX VZWN0H EOF�EY]�VP FQ0 OND\0
GDVU�F�DV' 7DVE�U0H FQ0 EDXZF�DV w(x, t) = wr, 1

2
Nτ0

(x, t, y, s̄) R�FQ N =
1
2Nτ0 � E = E(s̄) DY FQ0 IHDNX0W (3.6)�(3.8) �V Q2 = Q+

8ρ0,8τ2
(y, s̄)�

τ2=ρ
p
0

(
Nτ0

2
λ(r)

| E(s̄) |
ρn0

)2−p
, E = E(s̄):={Br(y) : u(·, s̄) � 1

2Nτ0λ(r)}.

8V0dZOX�F] (3.16) DY +0WWO B'/ �WIX�0E∣∣∣∣{B4ρ0(y) : w(·, t1) � ε1Nτ0λ(r)
| E(s̄) |
ρn

}∣∣∣∣ � (1− α1) | B4ρ0(y) |,

YDH EDW0 F�W0 X0\0X t1 ∈ (s̄+δ2τ2, s̄+τ2) OVU FQ0 VZWN0HE ε1, α1, δ1 ∈ (0, 1)
U0I0VU DVX] DV FQ0 UOFO'

4�W�XOHX] FD (5.3) N] FQ0 YOGF FQOF u � w DV FQ0 IOHONDX�G NDZVUOH]
DY Q2 R0 QO\0∣∣∣∣{B4ρ0(y) : u(·, t1) � ε1

ν

2
Nτ0λ(r)[μ(r)]

−n
(
r

ρ0

)n}∣∣∣∣ �
�
∣∣∣∣{B4ρ0(y) : u(·, t1) � ε1Nτ0λ(r)

| E(s̄) |
ρn0

}∣∣∣∣ �
�
∣∣∣∣{B4ρ0(y) : w(·, t1)�ε1Nτ0λ(r)

| E(s̄) |
ρn0

}∣∣∣∣�(1− α1) | B4ρ0(y) |,

(5.5)

YDH EDW0 F�W0 X0\0X t1 ∈ (s̄ + δ2τ2, s̄ + τ2)� RQ�GQ N] ,Q0DH0W _'@ R�FQ
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N = ε1
ν
2Nτ0 [μ(r)]

−n
(
r

ρ0

)n
�WIX�0E

u(x, t) � N̄1 := σ0ε1
ν

2
Nτ0λ(r)[μ(r)]

−n
(
r

ρ0

)n
, x ∈ B2ρ0(y), (5.6)

YDH OXX t ∈ (t1+ C̄1ρ
p
0N̄

2−p
1 , t1+ C̄2ρ

p
0N̄

2−p
1 )� IHD\�U0U FQOF σ0N̄1 � ρ0' g0

VDF0 FQOF FQ�E �V0dZOX�F] QDXUE �Y C � 2n+1σ−1
0 ε−1

1 ν−1.
7DVEFHZGF FQ0 EDXZF�DV v = v2ρ0,N̄1

(x, t, y, t2) R�FQ N = σ0ε1
ν
2Nτ0

[μ(r)]−n
(
r

ρ0

)n
OVU E = B2ρ0(y) DY FQ0 IHDNX0W (3.2)�(3.4) �V Q̄1 =

Q+
8ρ,8τ̄1

(y, t2)� t2 = t1 + C̄1ρ
p
0N̄

2−p
1 OVU τ̄1 = ρp(N̄1(

2ρ0
ρ )n)2−p' 8V0dZOX�F]

(3.15) �WIX�0E∣∣∣∣{B4ρ(y) : v(·, t3) � ε1N̄1

(
2ρ0
ρ

)n}∣∣∣∣ � (1− α1) | B4ρ(y) |,

YDH EDW0 F�W0 X0\0X t3 ∈ (t2 + δ1τ̄1, t2 + τ̄1) R�FQ EDW0 ε1, δ1, α1 ∈ (0, 1)
U0I0VU�VP DVX] ZIDV FQ0 UOFO'

9HDW FQ�E� GDWIX0F0X] E�W�XOH FD (5.3)� (5.4)� N] FQ0 YOGF FQOF u � v
DV FQ0 IOHONDX�G NDZVUOH] DY Q̄1 OVU ZE�VP ,Q0DH0W _'@ R0 OHH�\0 OF

u(x, t) � N2 := σ0ε1N̄1

(
2ρ0
ρ

)n
, x ∈ B2ρ(y),

YDH OXX t ∈ (t3 + C̄1ρ
pN2−p

2 , t3 + C̄2ρ
pN2−p

2 )� IHD\�U0U FQOF σ0N2 � ρ'
4�VG0 Bρ(x0) ⊂ B2ρ(y)� H0GOXX�VP FQ0 U0SV�F�DV DY N0, N̄1 OVU r� YHDW FQ�E�
R0 DNFO�V

u(x, t) � σ20
2n+2

ε21νu0λ1(ρ), x ∈ Bρ(x0), (5.7)

YDH OXX t ∈ (t3+ C̄1ρ
pN2−p

2 , t3+ C̄2ρ
pN2−p

2 )� IHD\�U0U FQOF σ20
2n+2 ε

2
1νu0λ1(ρ)

� ρ� RQ�GQ QDXUE N] (5.1) �Y C �E GQDE0V FD EOF�EY] C � 2n+2σ−2
0 ε−2

1 ν−1'
5] DZH GQD�G0E

t3 � s̄+ τ2 + τ̄1 + C̄1ρ
p
0N

2−p
1 � t0 + ρp0

(
Nτ0

2
λ(r)

|E(s̄)|
ρn0

)2−p
+

+ ρp
(
σ0ε1

ν

2
Nτ0λ1(r)

(
r

ρ0

)n)2−p
+ C̄1ρ

p
0

(
σ0ε1

ν

2
Nτ0λ1(r)

(
2r

ρ

)n)2−p
�

�t0+ ρp(u0λ1(ρ))
2−p

[
2(n+2)(p−2) +

(
σ0ε1

ν

2n+2

)2−p
+ C̄1

(
σ0ε1

ν

2

)2−p]
OVU t3 � t0 − ρp(u0λ1(ρ))

2−p − θ � t0 − ρp(u0λ1(ρ))
2−p(1 + 2(n+1)(p−2)).
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,Q0H0YDH0� E0FF�VP c = 2(n+2)(p−2) + (σ0ε1
ν

2n+2 )
2−p + C̄1(σ0ε1

ν
2 )

2−p +
C̄1(σ

2
0ε

2
1

ν
2n+2 )

2−p OVU c1 = C̄2(σ
2
0ε

2
1

ν
2n+2 )

2−p − 1− 2(n+2)(p−2)� R0 DNFO�V
FQOF �V0dZOX�F] (5.7) QDXUE YDH OXX t0 + cρp(u0λ1(ρ))

2−p � t � t0 + c1ρ
p ×

× (u0λ1(ρ))
2−p� IHD\�U0U FQOF (5.1) �E \OX�U OVU C � 2n+2σ−2

0 ε−2
1 ν−1'

,Q�E GDWIX0F0E FQ0 IHDDY DY ,Q0DH0W @'/'
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tions to generalized parabolic p-Laplacian equations II: singular case, Electron.
J. Differential Equations, 2015 (288), 1–24.

[28] Kolodij, I. M. (1970). On boundedness of generalized solutions of elliptic differ-
ential equations, Vestnik Moskov. Gos. Univ., 1970 (5), 44–52.

[29] Kolodij, I. M. (1971). On boundedness of generalized solutions of parabolic dif-
ferential equations. Vestnik Moskov. Gos. Univ., 1971 (5), 25–31.

[30] Landis, E. M. (1963). Some questions in the qualitative theory of second-order
elliptic equations (case of several independent variables), Uspehi Mat. Nauk,
109 (18), no. 1, 3–62 [in Russian].

[31] Landis, E. M. (1998). Second Order Equations of Elliptic and Parabolic Type.
Translations of Mathematical Monographs, vol. 171, American Math. Soc., Prov-
idence, RI.

[32] Lieberman, G. M. (1991). The natural generalization of the natural conditions of
Ladyzhenskaya and Ural’tseva for elliptic equations, Comm. Partial Differential
Equations, 16 (2–3), 311–361.

[33] Liskevich, V., Skrypnik, I. I. (2008). Isolated singularities of solutions to quasi-
linear elliptic equations, Potential Analysis, 28 (1), 1–16.

[34] Marcellini, P. (1989). Regularity of minimizers of integrals of the calculus of
variations with non standard growth conditions, Arch. Rational Mech. Anal.,
105 (3), 267–284.

[35] Marcellini, P. (1991). Regularity and existence of solutions of elliptic equations
with p, q-growth conditions, J. Differential Equations, 90 (1), 1–30.

[36] Maz’ya, V. G. (1967). Behavior near the boundary, of solutions of the Dirichlet
problem for a second-order elliptic equation in divergent form, Math. Notes of
Ac. of Sciences of USSR, 2, 610–617.

[37] Savchenko, M. O., Skrypnik, I. I., Yevgenieva, Ye. A. (in press). Continuity and
Harnack inequalities for local minimizers of non uniformly elliptic functionals
with generalized Orlicz growth under the non-logarithmic conditions, Nonlinear
analysis.

[38] Shan, M. A., Skrypnik, I. I., Voitovych, M. V. (2021). Harnack’s inequality for
quasilinear elliptic equations with generalized Orlicz growth, Electr. J. Diff. Equ,
27, 1–16.

[39] Shan, M. A. (2017). Removable isolated singularities for solutions of anisotropic
porous medium equation, Annali di Matematica Pure ed Applicata, 196, 1913–
1926.

[40] Shishkov, A. E., Yevgenieva, Ye. A. (2019). Localized blow-up regimes for quasi-
linear doubly degenerate parabolic equations, Math. Notes, 106 (4), 639–650.

[41] Skrypnik, I. I. (2022). Harnack’s inequality for singular parabolic equations with
generalized Orlicz growth under the non-logarithmic Zhikov’s condition, J. Evol.
Equ., 22, 45.



154 Harnack’s inequality for degenerate double phase...

[42] Skrypnik, I. I., Voitovych, M. V. (2021). B1 classes of De Giorgi-Ladyzhenskaya-
Ural’tseva and their applications to elliptic and parabolic equations with gener-
alized Orlicz growth conditions, Nonlinear Anal., 202, 112–135.

[43] Skrypnik, I. I., Voitovych, M. V. (2022). On the continuity of solutions of quasi-
linear parabolic equations with generalized Orlicz growth under non-logarithmic
conditions, Annali Mat. Pure Appl., 201, 1381–1416.

[44] Skrypnik, I. I., Voitovych, M. V. (2021). B1 classes of De Giorgi-Ladyzhenskaya-
Ural’tseva and their applications to elliptic and parabolic equations with gener-
alized Orlicz growth conditions, Nonlinear Anal., 202, 112–135.

[45] Skrypnik, I. I., Yevgenieva, Ye. A. (2022). Harnack inequality for solutions of
the p(x)-Laplace equation under the precise non-logarithmic Zhikov’s conditions,
arXiv.org/abs/2208.01970v1 [math.AP].

[46] Surnachev, M. D. (2018). On Harnack’s inequality for p(x)-Laplacian, Keldysh
Institute Preprints, 10.20948/prepr-2018-69, 1–32.

[47] Surnachev, M. D. (2021). On the weak Harnack inequality for the parabolic p(x)-
Laplacian, Asymptotic Anal., 1, 1–39.

[48] Wang, Y. (2013). Intrinsic Harnack inequalities for parabolic equations with vari-
able exponents, Nonlinear Anal., 83, 12–30.

[49] Winkert, P., Zacher, R. (2016). Global a priori bounds for weak solutions to
quasilinear parabolic equations with nonstandard growth, Nonlinear Anal., 145,
1–23.

[50] Xu, M., Chen, Y. (2006). Hölder continuity of weak solutions for parabolic equa-
tions with nonstandard growth conditions, Acta Math. Sin., 22 (3), 793–806.
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[52] Yao, F. (2015). Hölder regularity for the general parabolic p(x, t)-Laplacian equa-
tions, NoDEA Nonlinear Differential Equations Appl., 22 (1), 105–119.

[53] Yevgenieva, Ye. A. (2019). Propagation of singularities for large solutions of quasi-
linear parabolic equations, J. Math. Phys. Anal. Geom., 15 (1), 131–144.

[54] Zhang, C., Zhou, S., Xue, X. (2014). Global gradient estimates for the parabolic
p(x, t)-Laplacian equation, Nonlinear Anal., 105, 86–101.

[55] Zhikov, V. V. (1983). Questions of convergence, duality and averaging for func-
tionals of the calculus of variations, Izv. Akad. Nauk SSSR Ser. Mat., 47 (5),
961–998.

[56] Zhikov, V. V. (1986). Averaging of functionals of the calculus of variations and
elasticity theory, Izv. Akad. Nauk SSSR Ser. Mat., 50 (4), 675–710, 877.

[57] Zhikov, V. V. (1995). On Lavrentiev’s phenomenon, Russian J. Math. Phys.,
3 (2), 249–269.

[58] Zhikov, V. V. (1998). On some variational problems, Russian J. Math. Phys.,
5 (1), 105–116.

[59] Zhikov, V. V. (2004). On the density of smooth functions in Sobolev-Orlicz spaces,
Zap. Nauchn. Sem. S.-Peterburg. Otdel. Mat. Inst. Steklov (POMI), 310, Kraev.
Zadachi Mat. Fiz. i Smezh. Vopr. Teor. Funkts., 35 [34], 67–81, 226; transl. in
(2006). J. Math. Sci., 132 (3), 285–294.



M. Savchenko, I. Skrypnik, Y. Yevgenieva 155

[60] Zhikov, V. V., Kozlov, S. M., Oleinik, O. A. (1994). Homogenization of differential
operators and integral functionals, Springer–Verlag, Berlin.

������� �����������

Mariia Savchenko 8VEF�FZF0 DY MIIX�0U 6OFQ0WOF�GE
OVU 60GQOV�GE DY FQ0 mM4 DY lqHO�V0�
4XO\]OVEq� lqHO�V0
E-Mail: 
�������	��������

Igor Skrypnik 8VEF�FZF0 DY MIIX�0U 6OFQ0WOF�GE
OVU 60GQOV�GE DY FQ0 mM4 DY lqHO�V0�
4XO\]OVEq� lqHO�V0
E-Mail: 	����
���"�	����	�����

Yevgeniia
Yevgenieva

8VEF�FZF0 DY MIIX�0U 6OFQ0WOF�GE
OVU 60GQOV�GE DY FQ0 mM4 DY lqHO�V0�
4XO\]OVEq� lqHO�V0
E-Mail: ������		��������	������	�����




