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Ïðî ñïîòâîðåííÿ äiàìåòðà îáðàçó êðóãàIãîð Â. Ï¹òêîâ, �óñëàí P. Ñàëiìîâ,Ìàðiÿ Â. Ñòå�àí÷óê(Ïðåäñòàâëåíà Â. I. �ÿçàíîâèì)Àíîòàöiÿ. Ó ñòàòòi äîñëiäæóþòüñÿ òàê çâàíi êiëüöåâi Q-ãîìåîìîð-�içìè âiäíîñíî p-ìîäóëÿ ïðè p > 2 íà êîìïëåêñíié ïëîùèíi. Îòðè-ìàíî íèæíþ îöiíêó ñïîòâîðåííÿ äiàìåòðà îáðàçó êðóãà. �îçâ'ÿçàíiåêñòðåìàëüíi çàäà÷i ïðî ìiíiìiçàöiþ �óíêöiîíàëó ñïîòâîðåííÿ äià-ìåòðà îáðàçó êðóãà íà äåÿêèõ êëàñàõ êiëüöåâèõ Q-ãîìåîìîð�içìiââiäíîñíî p-ìîäóëÿ.2010 MSC. 30C65, 30C75.Êëþ÷îâi ñëîâà òà �ðàçè. p-ìîäóëü ñiì'¨ êðèâèõ, êiëüöåâèé Q-ãîìåîìîð�içì âiäíîñíî p-ìîäóëÿ, êîíäåíñàòîð, p-¹ìíiñòü êîíäåíñà-òîðà.1. ÂñòóïÍàãàäà¹ìî äåÿêi îçíà÷åííÿ. Íåõàé çàäàíî ñiì'þ Γ êðèâèõ γ â êîì-ïëåêñíié ïëîùèíi C. Áîðåëåâó �óíêöiþ ρ : C → [0,∞] íàçèâàþòüäîïóñòèìîþ äëÿ Γ, ïèøóòü ρ ∈ admΓ, ÿêùî

∫

γ

ρ(z)|dz| > 1äëÿ êîæíî¨ (ëîêàëüíî ñïðÿìëþâàíî¨) êðèâî¨ γ ∈ Γ.Íåõàé p ∈ (1,∞). Òîäi p-ìîäóëåì ñiì'¨ Γ íàçèâà¹òüñÿ âåëè÷èíà
Mp(Γ) = inf

ρ∈admΓ

∫

C

ρp(z) dxdy .Äëÿ äîâiëüíèõ ìíîæèí E, F, i G â C, ÷åðåç ∆(E,F ;G) ïîçíà÷èìîñiì'þ âñiõ êðèâèõ γ : [a, b] → C, ÿêi ç'¹äíóþòü E i F â G, òîáòî
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220 Ïðî ñïîòâîðåííÿ äiàìåòðà îáðàçó êðóãàÄëÿ z0 ∈ C ïîêëàäåìî
B (z0, r) = {z ∈ C : |z − z0| < r} ,

A(z0, r1, r2) = {z ∈ C : r1 < |z − z0| < r2}òà
Si = S(z0, ri) = {z ∈ C : |z − z0| = ri}, i = 1, 2.Òâåðäæåííÿ 1.1. Íåõàé z0 ∈ C òà ∆(S1, S2;A) � ñiì'ÿ âñiõ êðèâèõ,ÿêi ç'¹äíóþòü êîëà S1 = S(z0, r1) i S2 = S(z0, r2) â êiëüöi A = {z ∈

C : r1 < |z − z0| < r2}. Òîäi ïðè p > 2

Mp(∆(S1, S2;A)) = 2π

(
p− 2

p− 1

)p−1(
r
p−2
p−1

2 − r
p−2
p−1

1

)1−p (1.1)(äèâ, íàïð., ñïiââiäíîøåííÿ (2) ó [1℄).Íåõàé D � îáëàñòü â êîìïëåêñíié ïëîùèíi C òà Q : D → [0,∞] �âèìiðíà çà Ëåáåãîì �óíêöiÿ. Áóäåìî ãîâîðèòè, ùî ãîìåîìîð�içì f :
D → C ¹ êiëüöåâèì Q-ãîìåîìîð�içìîì âiäíîñíî p-ìîäóëÿ â òî÷öi
z0 ∈ D, ÿêùî ñïiââiäíîøåííÿ

Mp(∆(fS1, fS2; fD)) 6

∫

A

Q(z) ηp(|z − z0|) dxdyâèêîíó¹òüñÿ äëÿ áóäü-ÿêîãî êiëüöÿ A = A(z0, r1, r2), 0 < r1 < r2 < d0,
d0 = dist(z0, ∂D), i äëÿ êîæíî¨ âèìiðíî¨ �óíêöi¨ η : (r1, r2) → [0,∞]òàêî¨, ùî

r2∫

r1

η(r)dr = 1.Òåîðiÿ Q-ãîìåîìîð�içìiâ â R
n ïðè p = n äîñëiäæóâàëàñü â ðîáî-òàõ [2�6℄, ïðè 1 < p < n äèâ. [7�15℄ i ïðè p > n äèâ. â [16�20℄. Áiëüøçàãàëüíi êëàñè âiäîáðàæåíü äîñëiäæóâàëèñü â [21�30℄, äèâ. òàêîæ [31℄.Çàóâàæèìî òàêîæ, ùî íåêîí�îðìíèé âèïàäîê (p 6= n) iñòîòíî âiäðiç-íÿ¹òüñÿ âiä êîí�îðìíîãî âèïàäêó (p = n), äèâ. íàïð., [1, 25�27℄.�åçóëüòàòè ñòàòòi ìîæíà çàñòîñóâàòè äî äîñëiäæåííÿ åêñòðåìà-ëüíèõ òà àñèìïòîòè÷íèõ âëàñòèâîñòåé ðîçâ'ÿçêiâ íåëiíiéíèõ ðiâíÿíüÁåëüòðàìi, äèâ. [32�34℄.Íåõàé òî÷êà z0 ∈ C òà r > 0 . Âñþäè äàëi áóäåìî ââàæàòè , ùî

qz0(r) =
1

2πr

∫
S(z0,r)

Q(z)|dz| � ñåðåäí¹ iíòåãðàëüíå çíà÷åííÿ �óíêöi¨ Qïî êîëó S(z0, r) = {z ∈ C : |z − z0| = r}.



I.Â. Ï¹òêîâ, �.P. Ñàëiìîâ, Ì.Â. Ñòå�àí÷óê 221Íèæ÷å íàâåäåíî êðèòåðié íàëåæíîñòi ãîìåîìîð�içìiâ êëàñó êiëü-öåâèõ Q-ãîìåîìîð�içìiâ âiäíîñíî p-ìîäóëÿ ïðè p > 1 íà êîìïëåêñíiéïëîùèíi, äèâ. òåîðåìó 2.3 â [12℄ ïðè n = 2.Òâåðäæåííÿ 1.2. Íåõàé D � îáëàñòü â êîìïëåêñíié ïëîùèíi C iíåõàé Q : D → [0,∞] � âèìiðíà çà Ëåáåãîì �óíêöiÿ, òàêà, ùî ñå-ðåäí¹ iíòåãðàëüíå çíà÷åííÿ qz0(r) ñêií÷åííå äëÿ ì.â. r ∈ (0, d0), d0 =
dist(z0, ∂D). �îìåîìîð�içì f : D → C ¹ êiëüöåâèì Q-ãîìåîìîð�iç-ìîì âiäíîñíî p-ìîäóëÿ ïðè p > 1 â òî÷öi z0 ∈ D òîäi i òiëüêè òîäi,êîëè äëÿ äîâiëüíèõ r1, r2 òàêèõ, ùî 0 < r1 < r2 < d0 âèêîíó¹òüñÿóìîâà

Mp(∆(fS1, fS2; fD)) 6
2π

(
r2∫
r1

dr

r
1
p−1 q

1
p−1
z0

(r)

)p−1 , (1.2)äå S1 = S(z0, r1) i S2 = S(z0, r2).Íèæ÷å íàâåäåìî äåÿêi äîïîìiæíi âiäîìîñòi ïðî p-¹ìíiñòü êîíäåí-ñàòîðà. Çãiäíî ç ðîáîòîþ [35℄, ïàðó E = (A,C), äå A ⊂ C � âiäêðè-òà ìíîæèíà i C � íåïîðîæíÿ êîìïàêòíà ìíîæèíà, ÿêà ìiñòèòüñÿ â
A, íàçèâàþòü êîíäåíñàòîðîì. Êîíäåíñàòîð E íàçèâà¹òüñÿ êiëüöåâèìêîíäåíñàòîðîì, ÿêùî R = A \ C � êiëüöåâà îáëàñòü, òîáòî ÿêùî R� îáëàñòü, äîïîâíåííÿ ÿêî¨ C \R ñêëàäà¹òüñÿ â òî÷íîñòi ç äâîõ êîì-ïîíåíò. Êîíäåíñàòîð E íàçèâà¹òüñÿ îáìåæåíèì êîíäåíñàòîðîì, ÿêùîìíîæèíà A îáìåæåíà. Êàæóòü, ùî êîíäåíñàòîð E = (A,C) ëåæèòü âîáëàñòi D, ÿêùî A ⊂ D. Î÷åâèäíî, ùî ÿêùî f : D → C � íåïåðåðâíå,âiäêðèòå âiäîáðàæåííÿ i E = (A,C) � êîíäåíñàòîð â D, òî (fA, fC)òàêîæ êîíäåíñàòîð â fD. Íàäàëi ïîçíà÷àòèìåìî fE = (fA, fC).Íåõàé E = (A,C) � êîíäåíñàòîð. Ïîçíà÷èìî ÷åðåç C0(A) ìíîæèíóíåïåðåðâíèõ �óíêöié u : A → R

1 ç êîìïàêòíèì íîñi¹ì òà W0(E) =
W0(A,C) � ñiì'þ íåâiä'¹ìíèõ �óíêöié u : A → R

1 òàêèõ, ùî 1) u ∈
C0(A), 2) u(x, y) > 1 äëÿ (x, y) ∈ C i 3) u íàëåæèòü êëàñó ACL. Ïðè
p > 1 âåëè÷èíó

capp E = capp (A,C) = inf
u∈W0(E)

∫

A

|∇u|p dxdy , (1.3)äå
|∇u| =

√(
∂u

∂x

)2

+

(
∂u

∂y

)2

,íàçèâàþòü p-¹ìíiñòþ êîíäåíñàòîðà E.
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capp E = Mp(∆(∂A, ∂C;A \ C)), (1.4)äèâ. òåîðåìó 1 â [36℄.Òâåðäæåííÿ 1.3. Ïðè p > 2 ñïðàâåäëèâà îöiíêà
capp E = capp (A,C) > 2π

p
2

(
p− 2

p− 1

)p−1 (
|A|

p−2
2(p−1) − |C|

p−2
2(p−1)

)1−p(1.5)(äèâ., íàïð. [37℄, íåðiâíiñòü (8.7)).Òóò i íàäàëi |E| îçíà÷à¹ ìiðó Ëåáåãà ìíîæèíè E.Òâåðäæåííÿ 1.4. Íåõàé E � êîìïàêòíà ìíîæèíà â C. Òîäi
|E| 6 1

4
π (diamE)2 .(äèâ., íàïð., [38℄, ï. 9.13.8 òà [39℄, íàñëiäîê 2.10.33).2. Íèæíi îöiíêè äëÿ ïëîùi òà äiàìåòðà îáðàçó êðóãàÓ öüîìó ðîçäiëi íàâåäåíi ëåìè ïðî íèæíi îöiíêè äëÿ ïëîùi òàäiàìåòðà îáðàçó êðóãà.Ëåìà 2.1. Ïðèïóñòèìî, ùî z0 � äåÿêà òî÷êà â C òà Q : C → [0,∞] �âèìiðíà çà Ëåáåãîì �óíêöiÿ òàêà, ùî ñåðåäí¹ iíòåãðàëüíå çíà÷åííÿ

qz0(r) ñêií÷åííå äëÿ ì.â. r > 0. Íåõàé f : C → C � êiëüöåâèé Q-ãîìåîìîð�içì âiäíîñíî p-ìîäóëÿ â òî÷öi z0 ïðè p > 2. Òîäi äëÿ áóäü-ÿêèõ r1, r2 òàêèõ, ùî 0 < r1 < r2 <∞ âèêîíó¹òüñÿ ñïiââiäíîøåííÿ
|fB(z0, r2)|

p−2
2(p−1) > |fB(z0, r1)|

p−2
2(p−1) + λp

r2∫

r1

dt

t
1
p−1 q

1
p−1
z0 (t)

, (2.6)äå λp = π
p−2

2(p−1) p−2
p−1 .Äîâåäåííÿ. Íåõàé 0 < r1 < r2 < ∞ òà A = A(z0, r1, r2). �îçãëÿíåìîêîíäåíñàòîð E = (A,C) â C, äå A = {z ∈ C : |z − z0| < r2} òà C =

{z ∈ C : |z − z0| 6 r1}. Â ñèëó ãîìåîìîð�íîñòi âiäîáðàæåííÿ f , fE =
(fA, fC) � êiëüöåâèé êîíäåíñàòîð â C i çãiäíî (1.4) ìà¹ìî

capp(fE) = capp(fA, fC) = Mp(Γ∗),



I.Â. Ï¹òêîâ, �.P. Ñàëiìîâ, Ì.Â. Ñòå�àí÷óê 223äå Γ∗ = ∆(∂fA, ∂fC; f(A \ C)). Òîäi çà òâåðäæåííÿì 1.2
capp(fA, fC) 6

2π
(
r2∫
r1

dt

t
1
p−1 q

1
p−1
z0

(t)

)p−1 , (2.7)äå qz0(t) = 1
2πt

∫
S(z0,t)

Q(z)|dz| � ñåðåäí¹ iíòåãðàëüíå çíà÷åííÿ ïî êîëó
S(z0, t).Ç iíøîãî áîêó, çà òâåðäæåííÿì 1.3 ìà¹ìî íåðiâíiñòü

capp (fA, fC) > cp

(
|fA|

p−2
2(p−1) − |fC|

p−2
2(p−1)

)1−p
, (2.8)äå cp = 2π

p
2

(
p−2
p−1

)p−1.Êîìáiíóþ÷è íåðiâíîñòi (2.7) i (2.8), îäåðæèìî
2π

p
2

(
p− 2

p− 1

)p−1 (
|fA|

p−2
2(p−1) − |fC|

p−2
2(p−1)

)1−p
6

2π
(
r2∫
r1

dt

t
1
p−1 q

1
p−1
z0

(t)

)p−1 .Îñòàííþ îöiíêó ìîæíà ïåðåïèñàòè ó íàñòóïíîìó âèãëÿäi:
|fA|

p−2
2(p−1) > |fC|

p−2
2(p−1) + π

p−2
2(p−1)

p− 2

p− 1

r2∫

r1

dt

t
1
p−1 q

1
p−1
z0 (t)

,äå A = B(z0, r1), C = B(z0, r2).Òàêèì ÷èíîì, ëåìà 2.1 äîâåäåíà.Çàóâàæåííÿ 2.1. Ïðè âèêîíàííi óìîâ ëåìè 2.1 ìà¹ìî
ε0∫

0

dt

t
1
p−1 q

1
p−1
z0 (t)

<∞äëÿ áóäü-ÿêîãî ε0 > 0.Äiéñíî, âèáèðàþ÷è ó ëåìi 2.1 r1 = ε, r2 = ε0, îòðèìó¹ìî
ε0∫

ε

dt

t
1
p−1 q

1
p−1
z0 (t)

6
1

λp

(
|fB(z0, ε0)|

p−2
2(p−1) − |fB(z0, ε)|

p−2
2(p−1)

)
6

6
1

λp
|fB(z0, ε0)|

p−2
2(p−1) .



224 Ïðî ñïîòâîðåííÿ äiàìåòðà îáðàçó êðóãàÏåðåéøîâøè â îñòàííié íåðiâíîñòi äî ãðàíèöi ïðè ε → 0, ïðèõîäèìîäî îöiíêè
ε0∫

0

dt

t
1
p−1 q

1
p−1
z0 (t)

6
1

λp
|fB(z0, ε0)|

p−2
2(p−1) <∞.Ëåìà 2.2. Ïðèïóñòèìî, ùî z0 � äåÿêà òî÷êà â C òà Q : C → [0,∞] �âèìiðíà çà Ëåáåãîì �óíêöiÿ òàêà, ùî ñåðåäí¹ iíòåãðàëüíå çíà÷åííÿ

qz0(r) ñêií÷åííå äëÿ ì.â. r > 0. Íåõàé f : C → C � êiëüöåâèé Q-ãîìåîìîð�içì âiäíîñíî p-ìîäóëÿ â òî÷öi z0 ïðè p > 2, äå z0 � äåÿêàòî÷êà â C, r0 > 0. Òîäi äëÿ áóäü-ÿêîãî R > r0 âèêîíó¹òüñÿ îöiíêà
|fB(z0, R)| > π

(
p− 2

p− 1

)2(p−1)
p−2




R∫

r0

dt

t
1
p−1 q

1
p−1
z0 (t)




2(p−1)
p−2

, (2.9)äå B(z0, R) = {z ∈ C : |z − z0| < R}.Äîâåäåííÿ. Äiéñíî, ïîêëàäàþ÷è ó ëåìi 2.1 r1 = r0 òà r2 = R, ïðèõî-äèìî äî íåðiâíîñòi
|fB(z0, R)|

p−2
2(p−1) > |fB(z0, r0)|

p−2
2(p−1) + λp

R∫

r0

dt

t
1
p−1 q

1
p−1
z0 (t)

>

> λp

R∫

r0

dt

t
1
p−1 q

1
p−1
z0 (t)

,äå λp = π
p−2

2(p−1) p−2
p−1 .Îñòàííþ îöiíêó ìîæíà ïåðåïèñàòè ó íàñòóïíîìó âèãëÿäi

|fB(z0, R)| > π

(
p− 2

p− 1

) 2(p−1)
p−2




R∫

r0

dt

t
1
p−1 q

1
p−1
z0 (t)




2(p−1)
p−2

.Òàêèì ÷èíîì, ëåìà 2.2 äîâåäåíà.Ëåìà 2.3. Ïðèïóñòèìî, ùî z0 � äåÿêà òî÷êà â C òà Q : C → [0,∞] �âèìiðíà çà Ëåáåãîì �óíêöiÿ òàêà, ùî ñåðåäí¹ iíòåãðàëüíå çíà÷åííÿ
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qz0(r) ñêií÷åííå äëÿ ì.â. r > 0. Íåõàé f : C → C � êiëüöåâèé Q-ãîìåîìîð�içì âiäíîñíî p-ìîäóëÿ â òî÷öi z0 ïðè p > 2, äå z0 � äåÿêàòî÷êà â C, r0 > 0. Òîäi äëÿ áóäü-ÿêîãî R > r0 âèêîíó¹òüñÿ îöiíêà

diam
(
fB(z0, R)

)
> 2

(
p− 2

p− 1

) p−1
p−2




R∫

r0

dt

t
1
p−1 q

1
p−1
z0 (t)




p−1
p−2

, (2.10)äå B(z0, R) = {z ∈ C : |z − z0| < R}.Äîâåäåííÿ. Äiéñíî, çãiäíî ëåìè 2.2 ìà¹ìî îöiíêó
|fB(z0, R)| > π

(
p− 2

p− 1

) 2(p−1)
p−2




R∫

r0

dt

t
1
p−1 q

1
p−1
z0 (t)




2(p−1)
p−2 (2.11)äëÿ âñiõ R > r0 > 0. Â ñèëó ãîìåîìîð�íîñòi âiäîáðàæåííÿ f ìíîæèíà

fB(z0, R) ¹ êîìïàêòîì òà çãiäíî òâåðäæåííÿ 1.4, îòðèìà¹ìî íàñòóïíóíåðiâíiñòü
1

4
π
[
diam

(
fB(z0, R)

)]2
> |fB(z0, R)| > |fB(z0, R)|.Ç îñòàííüî¨ îöiíêè òà (2.11) ìà¹ìî

1

4
π
[
diam

(
fB(z0, R)

)]2
> π

(
p− 2

p− 1

) 2(p−1)
p−2




R∫

r0

dt

t
1
p−1 q

1
p−1
z0 (t)




2(p−1)
p−2

.Çðîáèâøè åëåìåíòàðíi ïåðåòâîðåííÿ â îñòàííié íåðiâíîñòi, ïðèõîäè-ìî äî âèñíîâêó ëåìè 2.3.3. Àñèìïòîòè÷íà ïîâåäiíêà äiàìåòðà îáðàçó êðóãàÒóò íàâåäåíi ðåçóëüòàòè ïðî àñèìïòîòè÷íó ïîâåäiíêó äiàìåòðà îá-ðàçó êðóãà ïðè êiëüöåâèõ Q-ãîìåîìîð�içìàõ âiäíîñíî p-ìîäóëÿ.Òåîðåìà 3.1. Ïðèïóñòèìî, ùî z0 � äåÿêà òî÷êà â C òà Q : C →
[0,∞] � âèìiðíà çà Ëåáåãîì �óíêöiÿ òàêà, ùî ñåðåäí¹ iíòåãðàëüíåçíà÷åííÿ qz0(r) ñêií÷åííå äëÿ ì.â. r > 0. Íåõàé f : C → C � êiëüöåâèé
Q-ãîìåîìîð�içì âiäíîñíî p-ìîäóëÿ â òî÷öi z0 ∈ C ïðè p > 2, äå z0 �äåÿêà òî÷êà â C, r0 > 0. Òîäi âèêîíó¹òüñÿ îöiíêà

lim inf
R→∞

diam
(
fB(z0, R)

)



R∫

r0

dt

t
1
p−1 q

1
p−1
z0 (t)




− p−1
p−2

> 2

(
p− 2

p− 1

)p−1
p−2

,(3.12)
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2πt

∫
S(z0,t)

Q(z) |dz| � ñåðåäí¹ iíòåãðàëüíå çíà÷åííÿ ïî êîëó
S(z0, t).Äîâåäåííÿ. Äiéñíî, ëåãêî áà÷èòè, ùî çà ëåìîþ 2.3 ìà¹ìî îöiíêó

diam
(
fB(z0, R)

)



R∫

r0

dt

t
1
p−1 q

1
p−1
z0 (t)




− p−1
p−2

> 2

(
p− 2

p− 1

) p−1
p−2äëÿ áóäü-ÿêîãî R > r0. Ïåðåéøîâøè â îñòàííié íåðiâíîñòi äî íèæíüî¨ãðàíèöi ïðè R→ ∞, îòðèìà¹ìî îöiíêó (3.12).Íàñëiäîê 3.1. Ïðèïóñòèìî, ùî f : C → C � êiëüöåâèé Q-ãîìåîìîð-�içì âiäíîñíî p-ìîäóëÿ ó òî÷öi z0 ïðè p > 2, äå z0 � äåÿêà òî÷êà â

C. Íåõàé äëÿ äåÿêèõ ÷èñåë r0 > 0, κ = κ(z0) > 0 âèêîíó¹òüñÿ óìîâà
qz0(t) 6 κ tαäëÿ ì.â. t ∈ [r0,+∞). ßêùî α ∈ (0, p − 2), òî

lim inf
R→∞

diam
(
fB(z0, R)

)

R
p−2−α
p−2

> 2κ
1

2−p

(
p− 2

p− 2− α

) p−1
p−2

> 0.ßêùî α = 0, òî
lim inf
R→∞

diam
(
fB(z0, R)

)

R
> 2κ

1
2−p > 0.ßêùî α = p− 2, òî

lim inf
R→∞

diam
(
fB(z0, R)

)

(lnR)
p−1
p−2

> 2κ
1

2−p

(
p− 2

p− 1

) p−1
p−2

> 0,äå B(z0, R) = {z ∈ C : |z − z0| < R}.Íàñëiäîê 3.2. Ïðèïóñòèìî, ùî f : C → C � êiëüöåâèé Q-ãîìåîìîð-�içì âiäíîñíî p-ìîäóëÿ ó òî÷öi z0 ïðè p > 2, äå z0 � äåÿêà òî÷êà â
C. Íåõàé äëÿ äåÿêèõ ÷èñåë r0 > 1, κ = κ(z0) > 0 âèêîíó¹òüñÿ óìîâà

qz0(t) 6 κ tp−2(ln t)αäëÿ ì.â. t ∈ [r0,+∞). ßêùî α ∈ [0, p − 1), òî
lim inf
R→∞

diam
(
fB(z0, R)

)

(lnR)
p−α−1
p−2

> 2κ
1

2−p

(
p− 2

p− α− 1

) p−1
p−2

> 0.
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lim inf
R→∞

diam
(
fB(z0, R)

)

(ln lnR)
p−1
p−2

> 2κ
1

2−p

(
p− 2

p− 1

) p−1
p−2

> 0,äå B(z0, R) = {z ∈ C : |z − z0| < R}.Çàóâàæåííÿ 3.1. Ïðè âèêîíàííi óìîâ íàñëiäêiâ 3.1 àáî 3.2
diam

(
fB(z0, R)

)
→ ∞ ïðè R→ ∞.Äiéñíî, íåõàé, íàïðèêëàä, âèêîíó¹òüñÿ óìîâà íàñëiäêó 3.1 ïðè α ∈

[0, p − 2). Òîäi, âèêîðèñòîâóþ÷è íåðiâíiñòü 2.10, îòðèìà¹ìî
diam

(
fB(z0, R)

)
> 2

(
p− 2

p− 1

) p−1
p−2




R∫

r0

dt

t
1
p−1 q

1
p−1
z0 (t)




p−1
p−2

>

> 2κ−
1
p−2

(
p− 2

p− 1

) p−1
p−2




R∫

r0

dt

t
α+1
p−1




p−1
p−2

= c0

(
R
p−α−2
p−1 − r

p−α−2
p−1

0

) p−1
p−2

,äå c0 = 2
(

p−2
p−α−2

) p−1
p−2

κ
− 1
p−2 .Çâiäêè îäðàçó âèïëèâà¹, ùî diam

(
fB(z0, R)

)
→ ∞ ïðè R→ ∞.4. Åêñòðåìàëüíi çàäà÷iÓ öüîìó ïóíêòi ðîçâ'ÿçàíi åêñòðåìàëüíi çàäà÷i ïðî ìiíiìiçàöiþàñèìïòîòè÷íèõ �óíêöiîíàëiâ ñïîòâîðåííÿ äiàìåòðà îáðàçó êðóãà íàäåÿêèõ êëàñàõ êiëüöåâèõ Q-ãîìåîìîð�içìiâ âiäíîñíî p-ìîäóëÿ.Çà�iêñó¹ìî òî÷êó z0 ∈ C òà ÷èñëà p > 2 , r0 > 0 , α ∈ [0 , p−2) ,

κ > 0. Ïîçíà÷èìî ÷åðåç H1 = H1(z0, r0, p, α, κ) ñiì'þ âñiõ ãîìåîìîð-�içìiâ f : C → C âiäíîñíî p-ìîäóëÿ â òî÷öi z0 ∈ C , äëÿ ÿêèõ çíàé-äåòüñÿ Q = Qf : C → [0,∞] òàêå, ùî f ¹ êiëüöåâèì Q-ãîìåîìîð�içìîìó òî÷öi z0 âiäíîñíî p-ìîäóëÿ, ïðè÷îìó
qz0(t) 6 κ tα (4.13)äëÿ ìàéæå âñiõ t > r0.�îçãëÿíåìî íà êëàñi H1 �óíêöiîíàë

Pν(f) = lim inf
R→∞

diam
(
fB(z0, R)

)

Rν
, ν > 0 .
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p−2 , ñïðàâåäëèâîþ ¹ ðiâíiñòü

min
f∈H1

Pν(f) = 2κ
1

2−p ν
− p−1
p−2 .Êðiì òîãî, ìiíiìóì �óíêöiîíàëó äîñÿãà¹òüñÿ íà ãîìåîìîð�içìi

f1 =

{
c |z − z0|ν z−z0

|z−z0| , z 6= z0,

0, z = z0 ,äå c = κ
1

2−p ν
− p−1
p−2 .Äîâåäåííÿ. Äiéñíî, âèêîðèñòîâóþ÷è íàñëiäîê 3.1 òà óìîâó (4.13),îòðèìó¹ìî îöiíêó

lim inf
R→∞

diam
(
fB(z0, R)

)

R
p−2−α
p−2

> 2κ
1

2−p

(
p− 2

p− 2− α

) p−1
p−2

.Òîäi äëÿ áóäü-ÿêîãî ãîìåîìîð�içìó f ∈ H1 âèêîíó¹òüñÿ íåðiâíiñòü
Pν(f) > 2κ

1
2−p

(
p− 2

p− 2− α

) p−1
p−2

.Ïîáóäó¹ìî ãîìåîìîð�içì f1 ∈ H1 íà ÿêîìó äîñÿãà¹òüñÿ ìiíiìóì �óíê-öiîíàëà Pν . Íåõàé f1 : C → C, äå
f1(z) =




κ

1
2−p

(
p−2

p−2−α

) p−1
p−2 |z − z0|

p−2−α
p−2 z−z0

|z−z0| , z 6= z0

0, z = z0 .Ëåãêî áà÷èòè, ùî ïðè âiäîáðàæåííi f1 êðóã B(z0, R) ïåðåòâîðþ¹òüñÿíà êðóã B(0, R̃) ç ðàäióñîì
R̃ = κ

1
2−p

(
p− 2

p− 2− α

) p−1
p−2

R
p−2−α
p−2 .Òîìó âèêîíó¹òüñÿ ðiâíiñòü

Pν(f1) = lim
R→∞

diam f1

(
B(z0, R)

)

R
p−2−α
p−2

= lim
R→∞

diamB(0, R̃)

R
p−2−α
p−2

= lim
R→∞

2R̃

R
p−2−α
p−2

= 2κ
1

2−p

(
p− 2

p− 2− α

) p−1
p−2

.



I.Â. Ï¹òêîâ, �.P. Ñàëiìîâ, Ì.Â. Ñòå�àí÷óê 229Ïîêàæåìî, ùî âiäîáðàæåííÿ f1 ¹ êiëüöåâèì Q-ãîìåîìîð�içìîìâiäíîñíî p-ìîäóëÿ ç �óíêöi¹þ Q(z) = κ |z−z0|α â òî÷öi z0. Î÷åâèäíî,ùî qz0(t) = κ tα. �îçãëÿíåìî êiëüöå A(z0, r1, r2), 0 < r1 < r2 < ∞.Çàóâàæèìî, ùî âiäîáðàæåííÿ f1 êiëüöå A(z0, r1, r2) ïåðåòâîðþ¹ íàêiëüöå Ã(0, r̃1, r̃2), äå
r̃i = κ

1
2−p

(
p− 2

p− 2− α

) p−1
p−2

r
p−2−α
p−2

i , i = 1, 2. (4.14)Ïîçíà÷èìî ÷åðåç Γ = ∆(S1, S2;A) ñiì'þ âñiõ êðèâèõ, ÿêi ç'¹äíóþòüêîëà S1 = S(z0, r1) òà S2 = S(z0, r2) â êiëüöi A = A(z0, r1, r2). Òîäi çàòâåðäæåííÿì 1.1, p-ìîäóëü ñiì'¨ êðèâèõ f1Γ îá÷èñëþ¹òüñÿ çà �îðìó-ëîþ
Mp(f1Γ) = 2π

(
p− 2

p− 1

)p−1 (
r̃
p−2
p−1

2 − r̃
p−2
p−1

1

)1−p
.Ïiäñòàâëÿþ÷è â ïîïåðåäíþ ðiâíiñòü çíà÷åííÿ r̃1 òà r̃2, âèçíà÷åíi ó�îðìóëi (4.14), îòðèìó¹ìî

Mp(f1Γ) = 2π κ

(
p− 2− α

p− 1

)p−1 (
r
p−2−α
p−1

2 − r
p−2−α
p−1

1

)1−p
.Çàóâàæèìî, ùî îñòàíí¹ ñïiââiäíîøåííÿ ìîæíà çàïèñàòè ó âèãëÿäi

Mp(f1Γ) =
2π

(
r2∫
r1

dt

t
1
p−1 q

1
p−1
z0

(t)

)p−1 ,äå qz0(t) = κ tα.Îòæå, çà òâåðäæåííÿì 1.2, ãîìåîìîð�içì f1 ¹ êiëüöåâèì Q-ãîìåî-ìîð�içìîì âiäíîñíî p-ìîäóëÿ ç �óíêöi¹þ Q(z) = κ |z − z0|α .Çà�iêñó¹ìî z0 ∈ C , p > 2 òà κ > 0 . Äàëi ïîçíà÷èìî ÷åðåç
H2 = H2(z0, p, κ) ñiì'þ âñiõ ãîìåîìîð�içìiâ f : C → C âiäíîñíî
p-ìîäóëÿ â òî÷öi z0 ∈ C , äëÿ ÿêèõ çíàéäåòüñÿ Q = Qf : C → [0,∞]òàêå, ùî f ¹ êiëüöåâèì Q-ãîìåîìîð�içìîì ó òî÷öi z0 âiäíîñíî
p-ìîäóëÿ, ïðè÷îìó

qz0(t) 6 κ tp−2 (4.15)äëÿ ì.â. t ∈ (e,+∞) òà
qz0(t) 6 κpäëÿ ì.â. t ∈ (0, e], äå κp = κ
(
p−1
p−2

)p−1
ep−2.�îçãëÿíåìî íà êëàñi H2 �óíêöiîíàë

Lν(f) = lim inf
R→∞

diam
(
fB(z0, R)

)

(lnR)ν
, ν > 0 .
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p−2 , ñïðàâåäëèâîþ ¹ ðiâíiñòü

min
f∈H2

Lν(f) = 2 ν−νκ
1

2−p .Êðiì òîãî, ìiíiìóì �óíêöiîíàëó äîñÿãà¹òüñÿ íà ãîìåîìîð�içìi
f2 =

{
k0 (ln |z − z0|)

p−1
p−2 z−z0

|z−z0| , |z − z0| > e,

k0e
−1(z − z0), |z − z0| 6 e,äå k0 = κ

1
2−p

(
p−2
p−1

) p−1
p−2

.Äîâåäåííÿ. Äiéñíî, âèêîðèñòîâóþ÷è íàñëiäîê 3.1 òà óìîâó (4.15),îòðèìó¹ìî îöiíêó
lim inf
R→∞

diam
(
fB(z0, R)

)

(lnR)
p−1
p−2

> 2κ
1

2−p

(
p− 2

p− 1

) p−1
p−2

.Íåõàé ν = p−1
p−2 . Òîäi äëÿ áóäü-ÿêîãî ãîìåîìîð�içìó f ∈ H2 âèêî-íó¹òüñÿ íåðiâíiñòü

Lν(f) > 2κ
1

2−p

(
p− 2

p− 1

) p−1
p−2

.Ïîáóäó¹ìî ãîìåîìîð�içì f2 ∈ H2 íà ÿêîìó äîñÿãà¹òüñÿ ìiíiìóì �óíê-öiîíàëà Lν .Íåõàé f2 : C → C, äå
f2(z) =

{
k0 (ln |z − z0|)

p−1
p−2 z−z0

|z−z0| , |z − z0| > e,

k0e
−1(z − z0), |z − z0| 6 e,òà k0 = κ

1
2−p

(
p−2
p−1

) p−1
p−2

.Ëåãêî ïåðåâiðèòè, ùî f2 âiäîáðàæà¹ êðóã B(z0, R) íà êðóã
B(0, R̃), äå

R̃ =

{
k0 (lnR)

p−1
p−2 , R > e,

k0 e
−1R, R 6 e.Ëåãêî áà÷èòè, ùî

lim inf
R→∞

diam f2

(
B(z0, R)

)

(lnR)
p−1
p−2

= lim inf
R→∞

diamB(0, R̃)

(lnR)
p−1
p−2

=
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= lim inf

R→∞
2R̃

(lnR)
p−1
p−2

= 2κ
1

2−p

(
p− 2

p− 1

) p−1
p−2

.Ïîêàæåìî, ùî âiäîáðàæåííÿ f2 ¹ êiëüöåâèì Q-ãîìåîìîð�içìîì âiä-íîñíî p-ìîäóëÿ ç �óíêöi¹þ
Q(z) =




κ |z − z0|p−2, |z − z0| > e,

κ
(
p−2
p−1

)1−p
ep−2, |z − z0| 6 e

(4.16)ó òî÷öi z0. Î÷åâèäíî, ùî
qz0(t) =




κ tp−2, t > e,

κ
(
p−2
p−1

)1−p
ep−2, 0 < t 6 e.

(4.17)Ïîçíà÷èìî ÷åðåç Γ = ∆(S1, S2;A) ñiì'þ âñiõ êðèâèõ, ÿêi ç'¹äíóþòüêîëà S1 = S(z0, r1) òà S2 = S(z0, r2) â êiëüöi A = A(z0, r1, r2). Ïîêà-æåìî, ùî äëÿ âiäîáðàæåííÿ f2 âèêîíó¹òüñÿ ðiâíiñòü
Mp(f2Γ) =

2π
(
r2∫
r1

dt

t
1
p−1 q

1
p−1
z0

(t)

)p−1 , (4.18)äå qz0(t) � ñåðåäí¹ iíòåãðàëüíå çíà÷åííÿ �óíêöi¨ Q ïî êîëó S(z0, t) òàâèçíà÷à¹òüñÿ çà �îðìóëîþ (4.17).Âèïàäîê 1. Íåõàé 0 < r1 < r2 6 e. Çàóâàæèìî, ùî ãîìåîìîð-�içì f2 ïåðåòâîðþ¹ êiëüöå A(z0, r1, r2) íà êiëüöå A(0, r̃1, r̃2), äå r̃i =
k0 e

−1ri, i = 1, 2. Òîäi çà òâåðäæåííÿì 1.1, p-ìîäóëü ñiì'¨ êðèâèõ f2Γîá÷èñëþ¹òüñÿ çà �îðìóëîþ
Mp(f2Γ) = 2π

(
p− 2

p− 1

)p−1

k2−p0 ep−2

(
r
p−2
p−1

2 − r
p−2
p−1

1

)1−p
=

= 2πκ ep−2

(
r
p−2
p−1

2 − r
p−2
p−1

1

)1−p
.Î÷åâèäíî, ùî îñòàííþ ðiâíiñòü ìîæíà ïåðåïèñàòè ó âèãëÿäi (4.18).Âèïàäîê 2. Íåõàé e < r1 < r2 < ∞. Ëåãêî ïåðåâiðèòè, ùî ãîìåî-ìîð�içì f2 âiäîáðàæà¹ êiëüöå A(z0, r1, r2) íà êiëüöå A(0, r̃1, r̃2), äå

r̃i = k0 (ln ri)
p−1
p−2 , i = 1, 2. Òîäi çà òâåðäæåííÿì 1.1, ìà¹ìî ðiâíiñòü

Mp(f2Γ) = 2π

(
p− 2

p− 1

)p−1

k2−p0 (ln r2 − ln r1)
1−p =
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= 2πκ (ln r2 − ln r1)

1−p .Ó öüîìó âèïàäêó òàêîæ ëåãêî áà÷èòè, ùî îñòàíí¹ ñïiââiäíîøåííÿìîæíà çàïèñàòè ó âèãëÿäi (4.18).Âèïàäîê 3. Íåõàé 0 < r1 6 e < r2 < ∞. Î÷åâèäíî, ùî ãîìåî-ìîð�içì f2 ïåðåòâîðþ¹ êiëüöå A(z0, r1, r2) íà êiëüöå A(0, r̃1, r̃2), äå
r̃1 = k0 e

−1r1, r̃2 = k0 (ln r2)
p−1
p−2 òà çà òâåðäæåííÿì 1.1 çíàõîäèìî

Mp(f2Γ) = 2πκ

(
ln r2 − e

− p−2
p−1 r

p−2
p−1

1

)1−p
.Çâiäñè, âèêîðèñòîâóþ÷è àäèòèâíiñòü âèçíà÷åíîãî iíòåãðàëà, ïðè-õîäèìî äî ðiâíîñòi

Mp(f2Γ) = 2πκ

(
ln r2 − e

− p−2
p−1 r

p−2
p−1

1

)1−p

= 2πκ


p− 2

p− 1
e−

p−2
p−1

e∫

r1

dt

tp−1
+

r2∫

e

dt

t




1−p

=
2π

(
r2∫
r1

dt

t
1
p−1 q

1
p−1
z0

(t)

)p−1 .Îòæå, çà òâåðäæåííÿì 1.2, ãîìåîìîð�içì f2 ¹ êiëüöåâèì Q-ãîìåî-ìîð�içìîì âiäíîñíî p-ìîäóëÿ â òî÷öi z0 ç �óíêöi¹þ Q, âèçíà÷åíîþ�îðìóëîþ (4.16).Çà�iêñó¹ìî z0 ∈ C, p > 2, α ∈ [0, p − 1) i κ > 0. Ïîçíà÷èìî ÷åðåç
H3 = H3(z0, p, α, κ) ñiì'þ âñiõ ãîìåîìîð�içìiâ f : C → C âiäíîñíî
p-ìîäóëÿ â òî÷öi z0 ∈ C, äëÿ ÿêèõ çíàéäåòüñÿ Q = Qf : C → [0,∞]òàêå, ùî f ¹ êiëüöåâèì Q-ãîìåîìîð�içìîì ó òî÷öi z0 âiäíîñíî
p-ìîäóëÿ, ïðè÷îìó

qz0(t) 6 κ tp−2(ln t)α (4.19)äëÿ ì.â. t ∈ (e,+∞) òà
qz0(t) 6 κpäëÿ ì.â. t ∈ (0, e], äå κp = κ
(

p−2
p−α−1

)1−p
ep−2.�îçãëÿíåìî íà êëàñi H3 �óíêöiîíàë

Lν(f) = lim inf
R→∞

diam
(
fB(z0, R)

)

(lnR)ν
, ν > 0 .
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p−2 , ñïðàâåäëèâîþ ¹ ðiâíiñòü

min
f∈H3

Lν(f) = 2 ν
− p−1
p−2κ

1
2−p .Êðiì òîãî, ìiíiìóì �óíêöiîíàëó äîñÿãà¹òüñÿ íà ãîìåîìîð�içìi

f3 =

{
k0 (ln |z − z0|)

p−α−1
p−2 z−z0

|z−z0| , |z − z0| > e,

k0e
−1(z − z0), |z − z0| 6 e,äå k0 = κ

1
2−p

(
p−2

p−α−1

) p−1
p−2

.Äîâåäåííÿ. Äiéñíî, âèêîðèñòîâóþ÷è íàñëiäîê 3.2 òà óìîâó (4.19),îòðèìó¹ìî îöiíêó
lim inf
R→∞

diam
(
fB(z0, R)

)

(lnR)
p−α−1
p−2

> 2κ
1

2−p

(
p− 2

p− α− 1

) p−1
p−2

.Íåõàé ν = p−α−1
p−2 . Òîäi äëÿ áóäü-ÿêîãî ãîìåîìîð�içìó f ∈ H3 âèêî-íó¹òüñÿ íåðiâíiñòü

Lν(f) > 2κ
1

2−p

(
p− 2

p− α− 1

) p−1
p−2

.Ïîáóäó¹ìî ãîìåîìîð�içì f3 ∈ H3 íà ÿêîìó äîñÿãà¹òüñÿ ìiíiìóì �óíê-öiîíàëà Lν .Íåõàé f3 : C → C, äå
f3(z) =

{
k0 (ln |z − z0|)

p−α−1
p−2 z−z0

|z−z0| , |z − z0| > e,

k0e
−1(z − z0), |z − z0| 6 e,òà k0 = κ

1
2−p

(
p−2

p−α−1

) p−1
p−2

.Ëåãêî ïåðåâiðèòè, ùî f3 âiäîáðàæà¹ êðóã B(z0, R) íà êðóã
B(0, R̃), äå

R̃ =

{
k0 (lnR)

p−α−1
p−2 , R > e,

k0 e
−1R, R 6 e.Ëåãêî áà÷èòè, ùî

lim inf
R→∞

diam f3

(
B(z0, R)

)

(lnR)
p−α−1
p−2

= lim inf
R→∞

diamB(0, R̃)

(lnR)
p−α−1
p−2

=
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= lim inf

R→∞
2R̃

(lnR)
p−α−1
p−2

= 2κ
1

2−p

(
p− 2

p− α− 1

) p−1
p−2

.Ïîêàæåìî, ùî âiäîáðàæåííÿ f3 ¹ êiëüöåâèì Q-ãîìåîìîð�içìîì âiä-íîñíî p-ìîäóëÿ ç �óíêöi¹þ
Q(z) =




κ |z − z0|p−2(ln |z − z0|)α, |z − z0| > e,

κ
(

p−2
p−α−1

)1−p
ep−2, |z − z0| 6 e

(4.20)ó òî÷öi z0. Î÷åâèäíî, ùî
qz0(t) =




κ tp−2(ln t)α, t > e,

κ
(

p−2
p−α−1

)1−p
ep−2, 0 < t 6 e.

(4.21)Ïîçíà÷èìî ÷åðåç Γ = ∆(S1, S2;A) ñiì'þ âñiõ êðèâèõ, ÿêi ç'¹äíóþòüêîëà S1 = S(z0, r1) òà S2 = S(z0, r2) â êiëüöi A = A(z0, r1, r2).Ïîêàæåìî, ùî äëÿ âiäîáðàæåííÿ f3 âèêîíó¹òüñÿ ðiâíiñòü
Mp(f3Γ) =

2π
(
r2∫
r1

dt

t
1
p−1 q

1
p−1
z0

(t)

)p−1 , (4.22)äå qz0(t) � ñåðåäí¹ iíòåãðàëüíå çíà÷åííÿ �óíêöi¨ Q ïî êîëó S(z0, t) òàâèçíà÷à¹òüñÿ çà �îðìóëîþ (4.21).Âèïàäîê 1. Íåõàé 0 < r1 < r2 6 e. Çàóâàæèìî, ùî ãîìåîìîð-�içì f3 ïåðåòâîðþ¹ êiëüöå A(z0, r1, r2) íà êiëüöå A(0, r̃1, r̃2), äå r̃i =
k0 e

−1ri, i = 1, 2. Òîäi çà òâåðäæåííÿì 1.1, p-ìîäóëü ñiì'¨ êðèâèõ f3Γîá÷èñëþ¹òüñÿ çà �îðìóëîþ
Mp(f3Γ) = 2π

(
p− 2

p− 1

)p−1

k2−p0 ep−2

(
r
p−2
p−1

2 − r
p−2
p−1

1

)1−p
=

= 2πκ

(
p− α− 1

p− 1

)p−1

ep−2

(
r
p−2
p−1

2 − r
p−2
p−1

1

)1−p
.Î÷åâèäíî, ùî îñòàííþ ðiâíiñòü ìîæíà ïåðåïèñàòè ó âèãëÿäi (4.22).Âèïàäîê 2. Íåõàé e < r1 < r2 < ∞. Ëåãêî ïåðåâiðèòè, ùî ãîìåî-ìîð�içì f3 âiäîáðàæà¹ êiëüöå A(z0, r1, r2) íà êiëüöå A(0, r̃1, r̃2), äå

r̃i = k0 (ln ri)
p−α−1
p−2 , i = 1, 2. Òîäi çà òâåðäæåííÿì 1.1, ìà¹ìî ðiâíiñòü

Mp(f3Γ) = 2π κ

(
p− 1

p− α− 1

)1−p (
(ln r2)

p−α−1
p−1 − (ln r1)

p−α−1
p−1

)1−p
.



I.Â. Ï¹òêîâ, �.P. Ñàëiìîâ, Ì.Â. Ñòå�àí÷óê 235Ó öüîìó âèïàäêó òàêîæ ëåãêî áà÷èòè, ùî îñòàíí¹ ñïiââiäíîøåííÿìîæíà çàïèñàòè ó âèãëÿäi (4.22).Âèïàäîê 3. Íåõàé 0 < r1 6 e < r2 < ∞. Î÷åâèäíî, ùî ãîìåî-ìîð�içì f3 ïåðåòâîðþ¹ êiëüöå A(z0, r1, r2) íà êiëüöå A(0, r̃1, r̃2), äå
r̃1 = k0 e

−1r1, r̃2 = k0 (ln r2)
p−α−1
p−2 òà çà òâåðäæåííÿì 1.1 çíàõîäèìî

Mp(f3Γ) = 2πκ

(
p− 1

p− α− 1

)1−p(
(ln r2)

p−α−1
p−1 − e

p−2
1−p r

p−2
p−1

1

)1−p
.Çâiäñè, âèêîðèñòîâóþ÷è àäèòèâíiñòü âèçíà÷åíîãî iíòåãðàëà, ïðè-õîäèìî äî ðiâíîñòi

Mp(f3Γ) = 2πκ

(
p− 1

p− α− 1

)1−p(
(ln r2)

p−α−1
p−1 − e

p−2
1−p r

p−2
p−1

1

)1−p

= 2πκ


 p− 2

p− α− 1
e
p−2
1−p

e∫

r1

t
1

1−p dt+

r2∫

e

(ln t)
α

1−p
dt

t




1−p

=

=
2π

(
r2∫
r1

dt

t
1
p−1 q

1
p−1
z0

(t)

)p−1 .Îòæå, çà òâåðäæåííÿì 1.2, ãîìåîìîð�içì f3 ¹ êiëüöåâèì Q-ãîìåî-ìîð�içìîì âiäíîñíî p-ìîäóëÿ â òî÷öi z0 ç �óíêöi¹þ Q âèçíà÷åíîþ�îðìóëîþ (4.20).Çà�iêñó¹ìî òî÷êó z0 ∈ C òà ÷èñëà p > 2, κ > 0 . Äàëi ïîçíà÷èìî÷åðåç H4 = H4(z0, p, κ) ñiì'þ âñiõ ãîìåîìîð�içìiâ f : C → C âiäíîñíî
p-ìîäóëÿ â òî÷öi z0 ∈ C, äëÿ ÿêèõ çíàéäåòüñÿ Q = Qf : C → [0,∞]òàêå, ùî f ¹ êiëüöåâèì Q-ãîìåîìîð�içìîì ó òî÷öi z0 âiäíîñíî
p-ìîäóëÿ, ïðè÷îìó

qz0(t) 6 κ tp−2(ln t)p−1 (4.23)äëÿ ì.â. t ∈ (ee,+∞) òà
qz0(t) 6 κpäëÿ ì.â. t ∈ (0, ee], äå κp = κ
(
p−2
p−1

)1−p
ee(p−2).�îçãëÿíåìî íà êëàñi H4 �óíêöiîíàë

Lν(f) = lim inf
R→∞

diam
(
fB(z0, R)

)

(ln lnR)ν
, ν > 0 .
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p−2 , ñïðàâåäëèâîþ ¹ ðiâíiñòü

min
f∈H4

Lν(f) = 2 ν−νκ
1

2−p .Êðiì òîãî, ìiíiìóì �óíêöiîíàëó äîñÿãà¹òüñÿ íà ãîìåîìîð�içìi
f4 =

{
k0 (ln ln |z − z0|)

p−1
p−2 z−z0

|z−z0| , |z − z0| > ee,

k0e
−e(z − z0), |z − z0| 6 ee,äå k0 = κ

1
2−p

(
p−2
p−1

) p−1
p−2

.Äîâåäåííÿ. Äiéñíî, âèêîðèñòîâóþ÷è íàñëiäîê 3.2 òà óìîâó (4.23), îò-ðèìó¹ìî îöiíêó
lim inf
R→∞

diam
(
fB(z0, R)

)

(ln lnR)
p−1
p−2

> 2κ
1

2−p

(
p− 2

p− 1

) p−1
p−2

.Íåõàé ν = p−1
p−2 . Òîäi äëÿ áóäü-ÿêîãî ãîìåîìîð�içìó f ∈ H4 âèêî-íó¹òüñÿ íåðiâíiñòü

Lν(f) > 2κ
1

2−p

(
p− 2

p− 1

) p−1
p−2

.Ïîáóäó¹ìî ãîìåîìîð�içì f4 ∈ H4 íà ÿêîìó äîñÿãà¹òüñÿ ìiíiìóì �óíê-öiîíàëà Lν .Íåõàé f4 : C → C, äå
f4(z) =

{
k0 (ln ln |z − z0|)

p−1
p−2 z−z0

|z−z0| , |z − z0| > ee,

k0e
−e(z − z0), |z − z0| 6 ee,òà k0 = κ

1
2−p

(
p−2
p−1

) p−1
p−2

.Ëåãêî ïåðåâiðèòè, ùî f4 âiäîáðàæà¹ êðóã B(z0, R) íà êðóã
B(0, R̃), äå

R̃ =

{
k0 (ln lnR)

p−1
p−2 , R > ee,

k0 e
−eR, R 6 ee.Ëåãêî áà÷èòè, ùî

lim inf
R→∞

diam f4

(
B(z0, R)

)

(ln lnR)
p−1
p−2

= lim inf
R→∞

diamB(0, R̃)

(ln lnR)
p−1
p−2

=
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= lim inf

R→∞
2R̃

(ln lnR)
p−1
p−2

= 2κ
1

2−p

(
p− 2

p− 1

) p−1
p−2

.Ïîêàæåìî, ùî âiäîáðàæåííÿ f4 ¹ êiëüöåâèì Q-ãîìåîìîð�içìîì âiä-íîñíî p-ìîäóëÿ ç �óíêöi¹þ
Q(z) =




κ |z − z0|p−2(ln |z − z0|)p−1, |z − z0| > ee,

κ
(
p−2
p−1

)1−p
ee(p−2), |z − z0| 6 ee

(4.24)ó òî÷öi z0. Î÷åâèäíî, ùî
qz0(t) =




κ tp−2(ln t)p−1, t > ee,

κ
(
p−2
p−1

)1−p
ee(p−2), 0 < t 6 ee.

(4.25)Ïîçíà÷èìî ÷åðåç Γ = ∆(S1, S2;A) ñiì'þ âñiõ êðèâèõ, ÿêi ç'¹äíóþòüêîëà S1 = S(z0, r1) òà S2 = S(z0, r2) â êiëüöi A = A(z0, r1, r2). Ïîêà-æåìî, ùî äëÿ âiäîáðàæåííÿ f4 âèêîíó¹òüñÿ ðiâíiñòü
Mp(f4Γ) =

2π
(
r2∫
r1

dt

t
1
p−1 q

1
p−1
z0

(t)

)p−1 , (4.26)äå qz0(t) � ñåðåäí¹ iíòåãðàëüíå çíà÷åííÿ �óíêöi¨ Q ïî êîëó S(z0, t) òàâèçíà÷à¹òüñÿ çà �îðìóëîþ (4.25).Âèïàäîê 1. Íåõàé 0 < r1 < r2 6 ee. Çàóâàæèìî, ùî ãîìåîìîð-�içì f4 ïåðåòâîðþ¹ êiëüöå A(z0, r1, r2) íà êiëüöå A(0, r̃1, r̃2), äå r̃i =
k0 e

−eri, i = 1, 2. Òîäi çà òâåðäæåííÿì 1.1, p-ìîäóëü ñiì'¨ êðèâèõ f4Γîá÷èñëþ¹òüñÿ çà �îðìóëîþ
Mp(f4Γ) = 2πκ ee(p−2)

(
r
p−2
p−1

2 − r
p−2
p−1

1

)1−p
.Î÷åâèäíî, ùî îñòàííþ ðiâíiñòü ìîæíà ïåðåïèñàòè ó âèãëÿäi (4.26).Âèïàäîê 2. Íåõàé ee < r1 < r2 < ∞. Ëåãêî ïåðåâiðèòè, ùî ãîìåî-ìîð�içì f4 âiäîáðàæà¹ êiëüöå A(z0, r1, r2) íà êiëüöå A(0, r̃1, r̃2), äå

r̃i = k0 (ln ln ri)
p−1
p−2 , i = 1, 2. Òîäi çà òâåðäæåííÿì 1.1, ìà¹ìî ðiâíiñòü
Mp(f4Γ) = 2π κ (ln ln r2 − ln ln r1)

1−p .Ó öüîìó âèïàäêó òàêîæ ëåãêî áà÷èòè, ùî îñòàíí¹ ñïiââiäíîøåííÿìîæíà çàïèñàòè ó âèãëÿäi (4.26).



238 Ïðî ñïîòâîðåííÿ äiàìåòðà îáðàçó êðóãàÂèïàäîê 3. Íåõàé 0 < r1 6 ee < r2 < ∞. Î÷åâèäíî, ùî ãîìåî-ìîð�içì f4 ïåðåòâîðþ¹ êiëüöå A(z0, r1, r2) íà êiëüöå A(0, r̃1, r̃2), äå
r̃1 = k0 e

−er1, r̃2 = k0 (ln ln r2)
p−1
p−2 òà çà òâåðäæåííÿì 1.1 çíàõîäèìî

Mp(f4Γ) = 2πκ

(
ln ln r2 − e

e(p−2)
1−p r

p−2
p−1

1

)1−p
.Çâiäñè, âèêîðèñòîâóþ÷è àäèòèâíiñòü âèçíà÷åíîãî iíòåãðàëà, ïðè-õîäèìî äî ðiâíîñòi

Mp(f4Γ) = 2πκ

(
ln ln r2 − e

e(p−2)
1−p r

p−2
p−1

1

)1−p
=

= 2πκ


p− 2

p− 1
e
e(p−2)
1−p

ee∫

r1

t
1

1−p dt+

r2∫

ee

dt

t ln t




1−p

=
2π

(
r2∫
r1

dt

t
1
p−1 q

1
p−1
z0

(t)
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