N. MARCHUK

N. MARCHUK

PACS 98.62.Sb
©2012

GENERALIZED EXTERIOR ALGEBRAS

Steklov Mathematical Institute of the RAS
(8, Gubkin Str., Moscow 119991, Russia; e-mail: nmarchuk@mi. ras. ru; nmarchuk2005@ yandez )

Exterior algebras and differential forms are widely used in many
fields of modern mathematics and theoretical physics. In this work,
we define a notion of N-metric exterior algebra, which depends
on N matrices of structure constants. The usual exterior algebra
(Grassmann algebra) can be considered as a 0-metric exterior alge-
bra. The Clifford algebra can be considered as a 1-metric exterior
algebra. N-metric exterior algebras for N > 2 can be considered as
generalizations of the Grassmann and Clifford algebras. Special-
ists consider models of gravity that are based on a mathematical
formalism with two metric tensors. We hope that the 2-metric
exterior algebra considered in this work can be useful for the de-
velopment of this model in gravitation theory and, especially, in
the description of fermions in the presence of a gravity field.

1. Clifford Algebras with a Nondiagonal Matrix
of Structure Constants

Let £ be the 2”-dimensional vector space over a field F
(of real or complex numbers) with basis elements

i _i1i2 1...n
e,e,e Py y

1<i<n, 1<y <2< n,..., (].)
enumerated by ordered multiindices of length from 0 to
n. Let us also consider a real symmetric nondegenerate
matrix g € Mat(n, R) with elements g%/ = g’¢.

For elements of the vector space £, we define the multi-
plication (Clifford multiplication) by the following rules:

1) (aU)V =U(aV)=a(UV) for VU,V € £,a € F.
2) (U4+VW=UW+VW, WU+V)=WU+WV
for VU, V,W € £.

(UVYW =U(VW) for VU, V,W € €.
eU=Ue="U for VU € €.

elel +elet =2gYefori,j=1,...,n.

e .. et =l for 1 <y <--- < ip < n.

S U W
==

Note that rules 1)—4) are the standard axioms of an
associative algebra with identity element e.

Using these 6 rules, we can calculate products of any
basis elements (1). In fact, to find the product e ... e
with unordered indices, we should rearrange factors in it
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using rule 5), taking into account that, from the product
e'e’ in the case i > j we get two summands: one that
contains e’e’ and another one that contains 2g'/e. As
a result, the product e’ ...e% can be transformed with
the aid of rules 1)-5) into a sum of products of elements
e! with ordered indices

et et =qelt.. . elr + Be™ .. .e™ 4 ...,

where I; < -+ <[y, my < -+ < mg,...; o,f,... are
scalars. Now, in accordance with rule 6), we obtain

ell -..6““ — aell...lp +Bem1...mq + e

i.e., we get a linear combination of elements of basis (1)
on the right-hand side. Finally, to calculate the product
of any two elements of basis (1), we must write

gl ingliedr — ght | glheit  olr

and use the previous reasoning.
Example. Let us calculate the product

6136234 — 6163626364 — 61(—6263 + 2g236)6364 —

— —g33616264 4 2g23616364 — —g336124 4 2g236134.

Denote, by E*, the vector space that spanned on the
basis elements e!,. .., e™ with one index (we use notation
E* because, in many applications, the space E* is the
dual space to some initial pseudo-Euclidean space E). In
the sequel, we see that the 2" dimensional vector space
& can be considered as the exterior algebra of the space
E*.

The vector space £ over a field F with the defined oper-
ation of multiplication is called (real or complex, depend-
ing on F) the Clifford algebra with the matrix of struc-
ture constants g = ||g¥/|| and is denoted by C/(E*,g).
The basis elements with one index el,...,e" are called
generators of the Clifford algebra C{(E*, g), and the basis
(1) is called the Clifford basis of the algebra C¢(E*, g).

If the matrix ||g%|| is diagonal, moreover with r pieces
of 1 and g pieces of —1 on the diagonal, then the corre-
sponding Clifford algebra is denoted by C(r, s) (by C¢(n)
for s = 0).
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One of the most important properties of Clifford al-
gebras is the following: if an element U € C/(E*,g)
is a linear combination of generators U = wuje’, then
U? = (g"usu;)e, i.e. the square of this element is a

scalar (proportional to the identity element e).

2. An Exterior Multiplication of Elements of a
Clifford Algebra C(E*,g)

For elements of a Clifford algebra C/(E*, g), we define the
operation of exterior multiplication, which is denoted by
the symbol A. For the products of generators, we put

e AR AL Ne* =eliteiz | el (2)

where the square brackets denote the operation of alter-
nation of indices.

In particular, relation (2) yields the main identity of
the Grassmann algebra

eNel = —el Ne'.
Ezxzample.
i1 iz 1 i1 12 i3 11 i1 io 1112
el ANe :§(ee —e2e) =e'te? — g%, (3)

It can be checked that formula (2) is equivalent to the
formula

(2]

[MIE-]

) ) ) . —1)r . )
e AL N =¢e"t .. e —l—Z ( r’) Q (e ...e™), (4)
r=1 '
where
Qe ..et) = 3 (ClEEigieh
1<p<q<k
L€t .. ela .. e, (5)

The symbol “over the factor e'» means that this factor
in the product is omitted, Q" is the operation ) applied
r times, and [£] is the integer part of the number k/2.

Formula (4) can be taken as the definition of exte-
rior multiplication of Clifford algebra elements instead
of formula (2).

Using formula (4), we may express Clifford products of
generators e’ in terms of exterior products of generators.
Namely,

[5]

) . ) ) 1 ) )
e ...e™ =e"A...Ne +ZHQT(6“ A...Ne™), (6)
r=1
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where

Qe A...Ne™) = Z (1)1 P Lgiriagit A
1<p<g<k

L ANER AL A€ AL Ne, (7)

Ezxzample. From formula (6), in particular, we get

e = e Ne* + g%, (8)

eileigeig — eil A eiz A eig + giziseh _ gi1i36i2 + gilizeis
’
Formula (6) gives us a possibility to express elements
of the Clifford basis (1) in terms of linear combinations
of the following elements, which form a new basis of the
Clifford algebra (Grassmann basis):

e,el e Ne? . el AL nE,

1<i1<n, 1<i1<t2<n,.... (9)
Conversely, formula (4) gives us a possibility to express
elements of the Grassmann basis (9) in terms of linear
combinations of elements of the Clifford basis (1).

Now we can find the result of exterior multiplication
eil...ip /\ejl...jq (10)
of any elements of the Clifford basis. This can be done
it three steps.

G1. Let us express basis elements e ejt~Ja in
terms of elements of the Grassmann basis (9) and sub-
stitute the corresponding expressions into (10).

G2. Further, we calculate the exterior product of el-
ements of the Grassmann basis. We get a result in the
form of a sum of basis elements (9).

G3. Using formulas (4), we write down the result in
terms of the Clifford basis (1).

Ezxample.

e ne? = (e' AeP +glle) A (2 Aed + gPe) =
— g%l N ed + gl¥e? A b + gl3gPe =
— g%(e" — g'%e) + g13(e2® — g%3e) + g'¥gPe =

23,13 13,23 13

+g'%e® — g g%,

=g
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On the same way, we may find the result of Clifford
multiplication of any elements of the Grassmann basis

(e A...Ae®) (el A... AeTe),

i <o <ldpy g1 <o < Jge (11)
This also can be done in three steps.

C1. Let us express Grassmann basis elements e’ A. . .A
e'r, e/ \...Aele in terms of elements of the Clifford basis
(1) using formulas (4) and substitute the corresponding
expressions into (11).

C2. Further we calculate the Clifford product of ele-
ments of the Clifford basis. We get a result in the form
of a sum of basis elements (1).

C3. Using formulas (6), we write down the result in
terms of the Grassmann basis (9).

Ezxample. 1t is easy to check that

(e* Ned)(e? Aed) = —g33el Ne? + gPel NeP—

g% A ed 4 (913923 _ g12g33)e.

Therefore, we arrive at the 2”-dimensional vector space
over a field F (real or complex numbers) with two opera-
tions of multiplication (Clifford multiplication and exte-
rior multiplication) and with two bases (1) and (9). For
both operations of multiplication, the associativity and
distributivity axioms are satisfied. The basis element e
is the identity element for both operations.

If the matrix of structure constants g = ||g¥|| is di-
agonal, then each of formulas (4) and (6) gives us the
relations
et e =et AL A€tk 1 < -ee < g (12)
This means that bases (1) and (9) coincide. In this sim-
ple case, the described construction of a 2"-dimensional
vector space with two operations of multiplication (exte-
rior and Clifford) was considered by many authors (the
first was H. Grassmann in 1877 [2]; see also [3]).

3. Exterior Polymetric Algebras

The Clifford algebra C{(E*, g), considered with the only
operation of exterior multiplication A and with the
Grassmann basis (9), is an exterior algebra and denoted
by A(E*). In previous section, we start from the Clif-
ford algebra C/(E*, g) and arrive at the exterior algebra
A(E*). In this section, we move in the opposite direc-
tion — from the exterior algebra A(E*) to the Clifford
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algebra C/(E*, g). On this way, we arrive at a new class
of mathematical objects — exterior polymetric algebras.

— Let E* be an n-dimensional vector space with the ba-
sis el,...,e", and let A(E*) be the exterior algebra of
the vector space E* with the operation of exterior mul-
tiplication A : A(E*) x A(E*) — A(E*) and with the
Grassmann basis (9).

— The exterior multiplication satisfies the condition
et Nel = —el Nel. The exterior algebra A(E*) is an
associative algebra with identity element e. The dimen-
sion of the exterior algebra is equal to 2™.

Let us take a symmetric nondegenerate matrix g =
llg"|| € Mat(n,R). With the aid of this matrix and
using formulas (6), we define new basis (1) of the algebra
A(E*). This basis (Clifford basis) gives us a possibility to
define Clifford multiplication for elements of the exterior
algebra using rules 1)-6) (see page 422) and rules C1-C3
(see page 424).

So we again arrive at the algebra C{(E*,g) with
two operations of multiplication — exterior and Clifford.
However, the fact that now we start from the exterior al-
gebra gives us a possibility to generalize the considered
construction. Namely, we may consider algebras that
have several matrices of structure constants g1,..., gn-

In other words, let E* be an n-dimensional vector
space, and let A(E*) be the exterior algebra of the space
E* with operation of exterior multiplication (the dimen-
sion of the vector space A(E*) is equal to 2") and with
basis (9). Let also we have N symmetric nondegenerate
matrices gi,...,gny € Mat(n,R). We denote elements
of these matrices by gzi), iwj=1,...,n,k=1,...,N.
With the aid of the matrices gy, ..., gn, we define N op-

k
erations of multiplication V: A(E*) x A(E*) — A(E*),
k

k=1,...,N. Every operation V is an operation of the
Clifford multiplication of elements of the exterior algebra
that is defined with the aid of the matrix g; and with
the use of rules 1)-6) (see page 422) and rules C1-C3
(see page 424).

The resulting unital associative algebra (with the ex-

terior multiplication A and with Clifford multiplications
1 N
V,...,V) is called the ezxterior polymetric algebra or N -

metric algebra and denoted by A(E*, g1,...,gn). The 0-
metric algebra coincide with the exterior algebra A(E*),
and the 1-metric algebra coincide with the Clifford alge-
bra C{(E*,g). The N-metric algebras A(E*, ¢g1,...,9N)
for N > 2 can be considered as a generalization of the
exterior algebra and the Clifford algebra.
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In the considered construction of the exterior poly-
metric algebra, the Grassmann basis (9) plays a primary
role, and the Clifford bases play a secondary role.

A notion of the rank of an element of the exterior
polymetric algebra corresponds to the Grassmann basis.
Namely, an element U € A(E*, g1, ...,gn) of the form

_ I 1 Jk
U= g Ujy..p€t N Ne
J1<.<Jk

is called an element of rank k. The set of elements of
rank k is the subset Ay (E*, g1,...,gn) of the dimension
Ck. We also define notions of even and odd elements of
a polymetric algebra and

A(E*agla-"agN) = ea;cl:OAk(E*agl’---agN) =

= Agven(E*,91,...,9N) ® Aoad(E", g1,...,9N).

The dimensions of subspaces Agven(E*,g1,---,9N),
Aoada(E*, g1,.-.,9n) are equal to 2"~ L1. The set of even
elements Agyen(E™, g1,...,9n) is the subalgebra of the
exterior N-metric algebra.

The operations of conjugation of elements of a poly-
metric algebra also correspond to the Grassmann basis.
In particular, the operation of pseudo-Hermitian conju-
gation t: A(E*,91,...,9n) = A(E*,g1,...,9N) can be
defined by the following rules:

o (e =ea=1,...,n;
o (UAV) =ViIAUY

o (U+ V) =UtH+VH

o (AU} =AU

U,V e A(E*,¢1,...,9N), A € F.

Consider some applications of the polymetric exterior
algebra. In addition to Einstein’s General Theory of Rel-
ativity, there are several alternative models of gravity. In
particular, specialists consider models that are based on
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a mathematical formalism with two metric tensors. We
hope that the 2-metric exterior algebra considered in this
work can be useful for the development of these models
in gravitation theory and, especially, for the description
of fermions in the presence of a gravity field.

This work is partly supported by the grant NSh-
2928.2012.1 and by the Mathematical Division of the
Russian Academy of Sciences (the program “Modern
problems of theoretical mathematics”).
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V3AT'AJIbHEHI 30BHIITHI AJITEBPI

H.I'. Mapuwyx
Pezmowme

VY cTaTTi BBEAEHO MOHATTH MOJIMETPUIHOI (N-MeTpPHdYHOI) 30BHI-
wHBOI ayrebpu, sika 3aJeKuTh Bijg N-MaTpPHIb CTPYKTYPHHUX KOH-
craHT. 3BH4aliHa 30BHimHA ajirebpa (anrebpa I'paccmana) posris-
naerbea K 0-MeTpudHa 30BHimHg aarebpa. Anrebpa Kiaiddopaa
pO3riIAfaEThCs K l-MerpuyHa 30BHImHA ajrebpa. [N-merpuusi
30BHImMHI aare6pu npu N > 1 po3riaagarThCad SK y3arajJbHEHHH
anrebpu I'paccmana i anrebpu Kaidbdopga. Oguum i3 migxoxis mo
Teopii rpasitaiii € MOZesb, AKa 3aCHOBAHA HA ABOX METPUYHUX
TeH30pax. ABTOp CIIOiBA€TLCs, IO 3AIIPOIIOHOBAHA B I CTATTI
2-MeTpUYHA 30BHIMIHSA aarebpa 6ymse KOPUCHOIO 1 PO3BUTKY BKa-
3aHOi Mozei Teopii rpasiTarii Ta 30KpemMa g omucy ¢depMioHiB
y IPHCYTHOCTI rpaBiTarfiifHOro moJs.
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