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THE EFFECT OF HIGHER-ORDER

MESONIC INTERACTIONS ON THE CHIRAL PHASE
TRANSITION AND THE CRITICAL TEMPERATURE

In the present work, higher-order mesonic interactions are included in the linear sigma model
at a finite temperature. The effective potential is minimized in the calculations of the sigma
and pion effective masses. The field equations have been solved in the mean-field approzi-
mation, by using the extended iteration method at a finite temperature. The order of chiral
phase transition, the effective sigma and pion masses, and the effective mesonic potential are
investigated as functions of the temperature. We find that the chiral phase transition satisfies
the Goldstone theorem below the critical temperature point, when the minimization condition
is satisfied in the chiral limit. The value of the critical temperature is reduced as compared
with that of the original model in agreement with lattice QCD results. The modified model is

compared to with models in other works.
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1. Introduction

The QCD phase transition is of great interest because
of its possible occurrence in the early Universe. The
QCD phase transition is also of interest due to its rele-
vance to the heavy-ion collision experiments at RHIC
and LHC. The lattice QCD calculation [1] indicates
that the restoration of the chiral symmetry occurs at
a temperature of the order of 150 MeV, which is the
temperature to be tested in these experiments.

The appropriate framework for studying the chiral
phase transitions is the finite-temperature field the-
ory. Within this framework, the finite-temperature
effective potential is an important and often used the-
oretical tool. The use of such techniques goes back to
the 1970s when Kirzhnits and Linde [2, 3] first pro-
posed that broken symmetries at zero temperature
could be restored at finite temperatures. There are
two main methods of studying the chiral phase transi-
tion, namely, lattice QCD methods and effective field
theories. Lattice QCD can tell us many things about
the phase transition, but it cannot be used to study
the phase transition dynamics [4]. Hence, there is a
need for models that have no such restriction. One of
the effective models to describe baryon properties is
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the linear sigma model, which was suggested by Gell-
Mann and Levy [5] for nucleons interacting via the
sigma (o) and pion () exchanges. The linear sigma
model clarifies how the structure of a nucleon respects
the constraints imposed by chiral symmetry. The
spontaneous and explicit chiral symmetry breakings
require the existence of the pion mass. The model
and its extensions provide a good description of the
hadron properties at zero temperature, as explained
in Refs. [6-10]. At a finite temperature, the model
provides a good description of the phase transition, by
using the Hartree approximation [11-14] within the
Cornwall-Jackiw—Tomboulis (CJT) formalism [15].
In recent years, higher-order multiquark interac-
tions have played an important role in studying the
chiral phase transition and the critical temperature
in chiral quark models. The Nambu-Jona-Lasinio
(NJL) model has been extended to six-quark interac-
tions. The effect of these interactions on the phase
transition has been investigated in Refs. [16, 17].
Kashiwa et al. [18] extended the NJL model to eight-
quark interactions and studied the effect of these in-
teractions on the critical temperature point and the
phase transition. In the same way, Deb and Bhat-
tacharyya [19] investigated eight-quark interactions in
the Polyakov—Nambu—-Jona-Lasinio model, when the
chemical potential is included. Higher-order mesonic
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interactions are investigated to provide a description
of nucleon properties at a finite temperature in the
linear sigma model [20]. In addition, Abu-Shady and
Mansour [21] considered the effect of the quantization
of fields at a finite temperature in the linear sigma
model on the behavior of nucleon properties.

The aim of this work is to study the effect of higher-
order mesonic interactions on the meson masses,
the order of chiral phase transition, and the criti-
cal temperature in the linear sigma model at a finite
temperature.

This paper is organized as follows: the linear sigma
model with the effective mesonic potential at a finite
temperature is presented in Section 2. Next, the nu-
merical calculations and the discussion of results are
given in Section 3. Finally, the summary and the
conclusion are presented in Section 4.

2. Chiral Quark Sigma
Model with the Effective Potential

2.1. Chiral quark sigma model
with the effective normal mesonic potential

The interactions of quarks via o- and m-meson can be
described at a finite temperature as in Ref. [22]. The
Lagrangian density is

L(r) =i20,"¥ + % (8,000 + 8, m.0%m) +
+ 9% (0 +iysT.m) ¥ — Ufﬂ (o,m,T), (1)

where
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In Eq. (2), UlT(O) (0,m) is the usual meson-meson
interaction potential at the zero-temperature, where
¥, o, and 7 are the quark, sigma, and pion fields,
respectively. The effective Ut (o, 7,T) is derived in
details in Ref. [23] and references therein at the chiral
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limit. We extended it to the explicit chiral symmetry
as in Ref. [22]. In the mean-field approximation, the
meson fields are treated as time-independent classical
fields. This means that we replace the powers and the
products of meson fields by their corresponding pow-
ers and products of their expectation values. The
meson-meson interactions in Eq. (3) lead to the hid-
den chiral SU(2) x SU(2) symmetry with o (r) taking
on the vacuum expectation value

(0) = fr (4)

where fr = 93 MeV is the pion decay constant. The
final term in Eq. (3) is included to break the chiral
symmetry explicitly. This leads to a partial conserva-
tion of the axial-vector isospin current (PCAC). The
parameters A2 and v? can be expressed in terms of f,
and the masses of mesons, as follows:

2 2

2 _ m, —m;
2 2 m,27
v wa—ﬁ- (6)

2.2. The effective mesonic potential
with higher-order mesonic interactions

In this subsection, we give the effective potential with
higher-order mesonic interactions in the linear sigma
model as in Ref. [20]. The temperature-dependent ef-
fective potential in the one-loop approximation takes
the form

2T
U (o, n,T) = U2T(O) (o, m)+ 71'90 +
mfr - m?r 2 2\ 2
+<724f,2 ) (c? + 7)) T?+
m2 — m?2 v?2
o T T2 2 2 _ 7 .
+(724f,% ) (U' +7 5 (7)
Here, the meson potential U2T ©) at the zero temper-

ature takes the same form as in [20]:

UT(O) L A2 2 22 2\ 2 2
5 (oym) == —A((0? +7%)? — Bv?)" —m2 fro.

4
(8)

Here, the potential satisfies the chiral symmetry as
m, — 0 and has eight-point interactions correspond-
ing to the four parameters A\%,22, 4, and B. Apply-

. S - au, ¥
ing the minimizing conditions { = =0,
o=fx,m=0
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and PCAC, we get

0=fr,m=0

_ m2 — 3m2
4fp (mZ —m2)’

A

and

2 2 2 2
B=f2 (1 _ 2m (mg +m7) +m”)>.

10
(m2 — 3m2)? (10)

By introducing the dimensionless quantities z2 =

}r—z and y? = ;—2, the effective potential can be
rewritten as

7 2T4
U5 (y,2,T) = U (g, 0 o1
(M= 72 ((y£,)2 + (2£)?) +
24f7% y ™ T ki

m2 — m?2 v2
(o 71' T2 - 2 - 2 _ X 11
+ (M) 7 (07 + n - 5 (1)
The finite-temperature vacuum can be defined by
minimizing the effective potential as

oUst (o, 7,T)

oo =0

o=0o(T),m=0

(12)

Equation (12) represents the condition necessary to
satisfy the spontaneous breaking of chiral symme-
try, thereby satisfying the Goldstone theorem, where
0o(T) = f=(1 + 6(T)). We can rewrite Eq. (12) in
dimensionless variables as follows:

oUst (o, 7,T)
0o

o=0o(T),m=0

_ 1 9Us%(y,=,T)
fx oy

Using Eq. (11) and Eq. (13), we obtain

=0. (13)

y=yo,2=0

1
24 NSyl — 2ABN* vy + §A2T2y0 +m2 =0. (14)

Here, yo = 1+ 6(T). In the chiral limit (m, = 0), Eq.
(14) takes the form

1, 1, T2

6
— — — — =0. 1
1% 4y0+6f,2r 0 (15)
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The square of the sigma mass is obtained as the sec-
ond derivative of the effective potential as in Refs.
[23, 24]:

_ 9?Us% (o, m)

2
Mg (T) - =
do? o=0o(T),m=0
_ 1 0°Us"(y,2)
L

1
m2(T) = 14A N fSy8 —6ABN?V? f2y2 + g,\2T2. (16)

In the chiral limit,

7 3 172
m3(T) = m? (Zyg - Zyg + EF) (17)
Similarly,
m? (T) = o?Ust (o, 7, T) _
" or? o=0o(T), =0

1 °Us"(y,z,T)
= FT ) (18)

™ y=y0,z=0

™

1
m2(T) = 24 N f5y8 — 2ABN?V? f2y2 + 5,\2T2. (19)
In the chiral limit,
1 1 T?
2 — 2 6 2
my(T) = mg (Z?Jo — Y%t @>,
Substituting Eq. (15) into Eqs.(17) and (20), we ob-

tain the following sigma and pion masses in the chiral
limit:

md(1) =m? (5 (1480 = 3 (1450, (21
and

m2(T) = 0.

(20)

(22)

In view of Egs. (21) and (22), we note that the sigma
mass is finite, and the pion mass is zero. Therefore,
the Goldstone theorem is satisfied at low tempera-
tures. This method is used in Ref. [23]. By substi-
tuting yo = 1 4+ §(T') into Eq. (14), we obtain

5(T) = —2AN fE+2ABNVA f2— I NT? +m2
© 144 XfS — 6ABA2v2f2 + 2T

(23)

3. Discussion of the Results

In this work, we concentrate only on the thermal ef-
fects and ignore quantum corrections. It is important
to examine the linear sigma model in the presence of
higher-order mesonic interactions. The higher-order
mesonic potential was suggested in Ref. [20] as a
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Fig. 1. Sigma mq(T) and pion mx(T) masses as functions
of the temperature 7' for two models in the chiral limit. The
Goldstone theorem is not satisfied
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Fig. 2. Sigma mo(T') and pion mx(T') masses are plotted as
functions of the temperature 7' for the higher-order mesonic
model in the chiral limit (m» = 0). The Goldstone theorem is
satisfied

good means of describing the nucleon properties at
non-zero temperatures. So we need to examine the
effect of higher-order mesonic interactions on the me-
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son properties, phase transition, and critical temper-
ature at non-zero temperatures. We obtained the gap
equations (Egs. (16) and (19)) by minimizing the ef-
fective mesonic potential US™ (o, 7, T). This method
is used in the previous works such as Refs. [23, 24].
For numerical computation, we used the model pa-
rameters at the zero temperature as the initial condi-
tions; namely, we took m, = 140 MeV, m, = 500 —
— 700 MeV, and f, = 93 MeV.

We investigate the effect of the higher-order
mesonic contributions on the sigma and pion masses,
the order of phase transition, and the effective po-
tential. In addition, the effect of the sigma mass
as a free parameter is investigated. In Figs. 1 and
2, we show the calculated sigma and pion masses in
the chiral limit (m, = 0). In Fig. 1, the sigma and
pion masses are plotted as functions of the temper-
ature when the minimization condition in Eq. (15)
has not been applied to the sigma and pion masses
(Egs. (16) and (19)). We note that the sigma mass
decreases with increasing temperature, and the pion
mass increases with the temperature. The two masses
cross at the critical temperature, where the restora-
tion of chiral symmetry is appeared. We note that
the Goldstone theorem is not satisfied in this case.
This behavior is in agreement with the findings of
other authors [11, 14], who found that the pion is
massive below the critical temperature, when the
Hartree approximation is applied. In Fig. 2, the effec-
tive sigma and pion masses are plotted as functions
of the temperature in the chiral limit. The sigma
and pion masses satisfy the minimization condition
in Eq. (15), which leads to a zero pion mass be-
low the critical temperature and to a sigma mass,
which decreases with increasing temperature. There-
fore, the Goldstone theorem is satisfied. We conclude
that the minimization condition of the spontaneous
breaking symmetry is necessary to satisfy the Gold-
stone theorem at lower temperatures. This conclu-
sion agrees with the findings of Nemoto et al. [24],
who showed that the Goldstone theorem is satisfied
when the condition in Eq. (15) is applied, where
the pion mass is defined as the curvature of an ef-
fective potential. Hong et al. [23] showed also that
the Goldstone theorem is satisfied when the spon-
taneous breaking of a symmetry of the system is
conserved.

In Fig. 3, the sigma and pion masses are plot-
ted as functions of the temperature in the presence
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Fig. 3. Sigma mo(T) and pion m.(T) masses are plotted
as functions of the temperature T in the above models in the
presence of the explicit symmetry-breaking term. At temper-
ature T" = = 0, the pions appear with the observed masses
(m~ = 140 MeV)

of the explicit symmetry-breaking term m, # 0. At
the zero temperature, the sigma and pion masses ap-
pear with their experimental masses m, = 600 MeV
and m, = 140 MeV. We note that the inclusion of
higher-order mesonic interactions leads to a reduc-
tion in the critical temperature from 226 MeV to
150 MeV. In Figs. 4 and 5, we investigate the effect
of the sigma mass on the critical point temperature.
In Fig. 4, we note that the critical point tempera-
ture is independent of the sigma mass in the chi-
ral limit. The opposite is observed in Fig. 5, where
we note that the increase in the sigma mass reduces
the value of critical point temperature. Increasing
the sigma mass from m, = 500 to 700 MeV corre-
sponds to decreasing the critical temperature from
T. = 161 MeV to T, = 127 MeV. The present crit-
ical value T, = 151 at m, = 600 MeV. In com-
parison, the Wuppertal-Budapest group [26] found
that the transition temperature for the chiral restora-
tion of w,d quarks equals 7, = 151 MeV. There-
fore, the present result of T, is a good agreement
with lattice QCD results. In addition, we found
that the Nambu-Jona-Lasinio [18] model, when ex-
tended to include higher-orders of the sigma field
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Fig. 4. Sigma mo(T) and pion m,(T) masses are ploted

as functions of the temperature in the chiral limit using
the higher-order sigma model for different values of sigma
masses. At the temperature T' = 0, the pions appear mass-
less (mx = 0). The Goldstone theorem is satisfied
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Fig. 5. Sigma mq(T) and pion m(T) masses are plotted
as functions of the temperature in the presence of the explicit
symmetry-breaking term. At the temperature 7' = 0, the pions
appear with the observed masses (m». = 140 MeV)
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Fig. 6. The phase transition ® = (o2 + 7r2)1/2 is plotted as
a function of the temperature in the normal and higher-order
sigma models in the chiral limit
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Fig. 7. The effective mesonic potential Us¥ (o, 7, T) is plot-
ted as a function of the phase transition at the fixed value of
temperature 7' = 200 MeV

(0*), leads to a reduction in the critical point tem-
perature to T, = 180 MeV. Therefore, the present
result is in agreement with the Nambu—Jona—-Lasinio
model.

930

In Fig. 6, we examine the effect of a finite
temperature on the chiral phase transition & =
= (0% + 7%)'/2. It is clear that the quantity @ plays
the role of the order parameter of the phase tran-
sition. In a previous work [22], we investigated the
order of the phase transition and found that it is
equal to 2. We note that the inclusion of the higher-
order mesonic interactions in the normal sigma model
converts the phase transition from a second-order
phase transition to a crossover. The interpretation
of the transition becoming a crossover is given in Ref.
[11], which states that the phase transition vanishes
at very high values of temperature. Kashiwa et al.
[18] showed that the inclusion of a vector interac-
tion w? makes the phase transition smoother, but the
higher-order interaction o* makes the phase transi-
tion sharper in the NJL model. In addition, they
found that the w? interaction tends to change the
phase transition from a first-order one to a crossover.
Moreover, the phase transition is converted from a
first-order transition to a crossover by including the
term 0% + w? in the NJL model. The Wuppertal-
Budapest group [26] found that the phase transition
is a crossover. Therefore, the result in Fig. 6 gives
similar results that the phase transition changes from
a second-order phase transition to a crossover. In
Fig. 7, the higher-order mesonic effective potential is
plotted as a function of the phase transition. We note
that the effective mesonic potential increases with
the phase transition. The potential has no minima
at ® # 0, which can be interpreted as a crossover
[27]. Therefore, we can interpret the phase transition
as a crossover in agreement with the result obtained
in Fig. 6.

In Refs. [11, 14, 24], the authors ignored the ef-
fect of the fermion sector in the linear sigma model
at a finite temperature. In this work, we consider
this sector and its effect on the effective potential.
So the effective potential is plotted in the normal po-
tential and the higher-order potential which are de-
fined by Eq. (2) and Eq. (7), respectively. By com-
parison of the two contours in Figs. 8 and 9, we
note that the values of effective potential are reduced
in comparison with the normal potential by about
53% at the higher values of temperature. This in-
dicates that the higher-order mesonic contributions
and the quark mass play an important role at higher
values of temperature. This means that increasing
the mesonic contributions in the normal sigma model
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leads to the increase of the coupling between the me-
son fields. In addition, the increase of the quark mass
leads to an increase of the coupling constant between
quark and meson fields. Therefore, this leads to the
strong decrease in the higher-order potential which
has an effect on the behavior of the nucleon mass at
finite temperatures and then the deconfinement phase
transition [20].

4. Comparison with Other Works

It is interesting to compare the present results with
the results of other groups. Here, we compare our
results with the results of the Nambu—Jona-Lasinio
model with its extension and with QCD lattice cal-
culations [26]. The chiral phase transition was stud-
ied with the use of the NJL model with a Polyakov
loop in Refs. [28, 29]. Hansen et al. [28] studied
the properties of the scalar and pseudoscalar mesons
at finite temperatures and the chemical potential, by
using the PNJL model, and the role of pions as Gold-
stone bosons. This means that the Goldstone theo-
rem is satisfied in their calculations. In the present
work, we find that the Goldstone theorem is satis-
fied in the chiral limit. So the present results are
in good agreement with Ref. [28]. Deb et al. [29]
investigated the phase diagram and the location of
the critical end point (CEP), where the CEP is the
point that separates the crossover from the first-order
phase transition within the NJL and PNJL models.
They found that the CEP point is shifted to a lower
chemical potential and a higher temperature in the
presence of eight-quark interactions. In the present
work, we do not include the chemical potential, hence
the CEP point is not calculated in our model. Os-
ipov et al. [17] investigated eight-quark interactions
in the framework of the NJL model and the Hooft
Lagrangian. They found that the critical point tem-
perature is reduced to a lower value when eight-quark
interactions are included. Therefore, the present re-
sult is in agreement with their result. We find that the
critical point temperature is shifted to a lower value
when eight-mesonic interactions are included. Also,
Hiller et al. [30] found that the critical temperature is
shifted to a lower value when six-quark interactions
are considered in the chiral phase transition. Akoi
et al. [26] performed lattice calculations and found
that the phase transition is a crossover in the ab-
sence of a chemical potential. We find that the phase

ISSN 0372-400X. Yxp. ¢is. orcypu. 2013. T. 58, Nl 10
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transition is a crossover when higher-order mesonic
interactions are included. In Ref. [23], the authors
investigated the Goldstone theorem below the criti-
cal temperature in the linear sigma model in the chi-
ral limit. They found that the Goldstone theorem
is satisfied, which is in agreement with the present
results.

5. Summary and Conclusion

The chiral phase transition, the sigma and pion
masses, and the effective mesonic potential have been
examined in the framework of the extended linear
sigma model, in which higher-order mesonic inter-
actions are taken into account. We calculated the
sigma and pion masses by minimizing the poten-
tial. This technique has been used in previous stud-
ies such as Ref. [22]. We find that the critical
temperature is reduced to lower values of the tem-
perature when the higher-order mesonic interactions
are included in the linear sigma model, leading a
good agreement with lattice QCD [26]. We find
that the Goldstone theorem is satisfied in the chi-
ral limit at low temperatures. A comparison with
the other calculations and lattice QCD calculations
is presented. The effective sigma and pion masses
are investigated in the chiral limit and in the pres-
ence of an explicit symmetry-breaking term. More-
over, we find that the second order phase transition
becomes a crossover in the chiral limit, which agrees
with lattice QCD [26]. Hence, we conclude that the
higher-order mesonic interactions play an important
role in a change of the meson properties at finite
temperatures.
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M. Aby-11ladi, X.M. Mancyp

BILJINB ME3OHHHUX B3A€MO/IIA
BUCOKUX IIOPAOKIB HA KIPAJIbHUM ®A30BUN
INEPEXI/] I KPUTUYHY TEMIIEPATYPY

PezwowMme

VY paniii po60oTi Me30HHI B3a€MOZil BHCOKHUX IIOPSJIKIB BpPaXo-
BAHO B JIiHINHINA curMa-Mozesni npu Kinnesiit remneparypi. Ilpu
064HnCIeHHI MaC CUrMa-JaCTHHKH i mioHa epeKTUBHUM ITOTEHI-
aJ MiHiMi3yeTbca. PiBHAHHA nonsg BupimreHi B HAOJIUXKEHHI ce-
PeAHBOrO IOJISt PO3LIMPEHUM METOLOM iTeparjiii mpu KiHuesii
remmneparypi. Ilopanok kipansHOro ¢dasoBoro mepexozny, ede-
KTUBHI MaCH CUIMa-9aCTHUHKY i mioHa i epekTHBHUN Me30HHUIT
MOTEHI[iaJ AOCHiKeHI aK GYHKIIl TeMmneparypu. 3HalIeHO,
mo KipajabHuil (a3oBuil mepexin 3aJ0BOJbHAE TeopeMy loan-
CTOYHA, HHYK4Y€ KPUTHYHOI TOYKH, KOJU yMOBY MiHimizaril Bu-
KOHAHO B KipaJbHiil rpanuni. BeauynHa KpUTHYHOI TeMIIepaTy-
PH MEHIIIE OPIBHSIHO 3 BUXIJHOI MOZEJUIIO y 3rOAi 3 pe3ysbTa-
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Tamu rpatrkoBoi KX/I. IIpoBegeso nopiBHaHHA MOAU(IKOBAHOL
MOZeJIi 3 MOAeIAMHU iHmuX pobiT.

M. Aby-I1lladu, X.M. Mancyp

BJINSHUE ME30OHHBIX B3AUMOJIENCTBUN
BBICOKHX IIOPSIJIKOB HA KUPAJIbBHBIN ®A30BBINI
IIEPEXOJ] I KPUTUYECKYIO TEMIIEPATYPY

Pesmowme

B pgauHO# paboTe ME30HHBIE B3aUMOLEHCTBUS BBICOKUX HOPSI/I-
KOB Y4T€HBI B JITHEHHOM CUIr'Ma MO/IeJIH IIDH KOHEeYHO TeMIlepa-
Type. IIpy BBIYKUCIEHHH MacC CUI'Ma-4aCTULBI U MHOHA ddde-

ISSN 0372-400X. Yxp. ¢is. orcypu. 2013. T. 58, Nl 10

KTUBHBIH ITOTEHINAJ MUHUMH3UDPYETCA. Y PABHEHUdA IIOJIS De-
II€HbI B HpI/I6JII/I)KeHI/II/I CpeaHEero I1oJid paCimyupPeHHbIM METOL0M
uTeparuii Opu KOHEYHOH TeMmmeparype. IIopsfoK KUpaJbHO-
ro ¢a3o0Boro nepexona, 3p@eKTuBHBIE MACCHl CUrMa-IACTHUIBI
u nuoHa u 3PPEeKTUBHBIN ME30HHBIM IIOTEHIMAJ HCCIEN0Ba-
HBI KaK (yHKIuM TeMreparypbl. HalineHo, 4To KupaJIbHBIH
(da30BbIi nIEpEX0L yamoBiieTBOpsier Teopeme [osacroyHa Huxke
KPUTUYIECKOM TOYKH, KOTZIa YyCJIOBHE MUHUMMU3AIMY BHIIIOJIHEHO
B KMPaJBbHOM mpezieie. BemuunHa KpUTUYECKOH TeMIepaTypbl
MEHBIIIE 10 CPDABHEHUIO C UCXOLHOM MOJENbI0 B COIVIACHH C pe-
3ynpraTamu pemerounoii KX/I. IIpoBegeHo cpaBHEHHE MOIU-
(ULIMPOBAHHON MOZEIN C MOAENAMU APYrux pabor.
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