Quantum Mechanics of a Spin 1 Particle
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QUANTUM MECHANICS

OF A SPIN 1 PARTICLE IN THE MAGNETIC
MONOPOLE POTENTIAL, IN SPACES

OF EUCLID AND LOBACHEVSKY:
NON-RELATIVISTIC APPROXIMATION

A spin-1 particle is treated in the presence of a Dirac magnetic monopole in the non-relativistic
approzimation. After the separation of variables, the problem is reduced to the system of three
interrelated equations, which can be disconnected with the use of a special linear transformation
making the mizing matriz diagonal. As a result, there arise three separate differential equations
which contain the roots of a cubic algebraic equation as parameters. The algorithm permits
the extension to the case where external spherically symmetric fields are present. The cases
of the Coulomb and oscillator potentials are treated in detail. The approach is generalized to
the case of the Lobachevsky hyperbolic space. The exact solutions of the radial equation are
constructed in terms of hypergeometric functions and Heun functions.

Keywords: magnetic monopole, the Duffin-Kemmer—Petiau equation, non-relativistic ap-

proximation, space of constant curvature, Coulomb field, oscillator potential.

1. Introduction

Spin significantly influences the behavior of quantum-
mechanical particles in the field of a Dirac monopole
(in particular, see [1] and references therein). In the
literature, the cases of scalar and spin-1/2 parti-
cles are mainly treated. We turn to a spin-1 par-
ticle described by the usual 10-component Duffin—
Kemmer—Petiau (DKP) equation in the presence
of the Dirac monopole potential. Then we add the
Coulomb and oscillator potentials, as well as a curved
background of the hyperbolic Lobachevsky geome-
try. Since the radial systems turn out to be very
complex, we use the non-relativistic approximation
for them, so that the problems can be solved ex-
actly. The extension to a non-Euclidean geometry is
performed, and the case of Lobachevsky space is spec-
ified in detail.
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2. Separation of the Variables

A spin-1 particle in the Dirac monopole potential is
treated on the base of the tetrad formalism [2]

[m‘)at +i <ﬂ36r + I /321'32)) +

-
ik m ®(z) =0 (1)
r 6,0 r)=V,

where the angular operator 257 4 is given by [2]

5 10y + (1512 — k) cosf
sin 0 ’ (2)

Sh =P 0+ 5
k = eg/hc,

and the explicit expressions for three projections of
the total angular momentum are

ko CosP ,. 19 _
J=L+ pr) (zJ K),
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sin g[)( g2 _

J¥ =1+ =% k), J¥=Is.

They are of Schrodinger’s type [2]. Therefore, the
10-component wave function with quantum numbers
(e, 4, m) is constructed as

Pejm(z) = e [ fi(r) Dy, far) Dr—1, f3(r) Dy
fa(r) Dgy1, f5(r) Di—1, fe(r) Di, fr(r) Dy,

fe(r) Dr—1, fo(r) Di, fio(r) Drs1l; (3)

D, stands for Wigner functions D_m -(9,0,0). The
parameter k = eg/hc is quantlzed according to
Dirac [3]:

|k|=0,1/2, 1, 3/2, 2, 5/2, ... (4)
With the use of the recurrent relations [4]

0p Dy_1 = a Dy_3 — ¢ Dy,

k—1)cos@
(sin0 ) Dy_1 = -aDyg_2 —cDy,

09 Dy, = (¢ Dx—1 — d Dp41),

—m — kcosf (5)
Y Dy = —¢ Dy —d Dy,
sin @

69 Dk+1 = (d Dk —_ b Dk+2),

— (k+1)cosé
sin @

—-m —

Dyy1 = —dDy —bDyyo,

where

a=3VGTR-DG k1),

b:—\/]— ~1)(7+k+2),

(6)
c=5¢(j+k)(j—k+1),
d= VG- RGHED,

we obtain ten radial equations

((;i )fz—lﬁf:s Mfs =0,
l(% >f4+lﬁf3—Mf10—0
icfo i (o ) o+ i - arga =,
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Z'€f7—i<; >f10—lﬂf9—Mf4—0
T
—tefa + Qfl Mfs =0,
—i€efs + ﬁfl Mf; =0,
(cjr >f6—£(0f5+df7) Mf, =0,
iefe + Q( cfs + dfio) — M f3 =0,
Z%(C]‘é — df4) — Mfg = 0,
—i6f3 — %fl — Mf(; =0. (7)

For the quantum number j, only the following values
are allowed:

k=+1/2,
k=+1,+3/2, ...,

J=lk LR+

, (8)
i=lk|-1,]k]|...

The states with j =| k | —1 must be treated sepa-
rately.

For instance, let k =
initial substitution is

+1 and 5 = 0. Then the

2O (t,r) = (0, f2, 0,0, f5,0,0, f5, 0,0 (9)
and we obtain three radial equations

L€ 1 d
f5__ZMf2a fS__M <d7‘ >f27

2
M2> F, =0.

(10
hlr) =), (G-

Such a state is the same as that in the spin-1/2 case.
The case j =0, k = —1 is treated similarly:

Q(O)(ta T) = e_iet(o’ Oa Oa f4a Oa 0, f7a 07 07 f10)a

and so on.

Let us consider the case j =| k | —1 with half-
integer k: k = £3/2,+2,.... First, let k be positive.
Then we must start with the substitution

k>3/2,

3 = e [0, fDi_1,0,0, fsDi_1,0,0fsDy_1,0,0].
(11)
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With th f th t relations [4 (d ¢
i e use of the recurrent relations [4] _ (dr > fo— z£f3 M fs,
k=1 V2
ao D, = TDk—2’ iT(Cf2_df4) :Man
—m — (k—1)cosf _ k-1 [(d 1 2\/_d
g DTV e G+ 5) o B =0t 1

we obtain (the factor e % is omitted)

and then translate the equations to the more sym-

—ifs Dyp_s metric notation
0
+fs D (f2; f3, fa) — (21, B2, ®3),
E—1 8 (fs, fo, f1) — (E1, E2, E3).
it 0 =iy —— ,
g 2 0 Thus, we arrive at
0
0 (d 1 (d 1 V2e
—fo Dy Z(%-f- )[ (dr+ ><I>l_lsh7“<1>2‘|+
0
—fs Dy_s Y2 [ f( B, — dd;)| +ieME;, — M3, =0,
0 Yshr "7
—1 d 1 2
e e () )+
ﬂ2za¢+( k)cosﬂq)oz k—1 0 p z\/_d
sin 6 2 0 T +d z( +—><I>3 +
0 dr hr shr
0 +ieME, — M2®, =0,
-H'fzoDn—z

; d+ 1
dr shr

d 2\/_d
(dr * W) s+ shr ]

and then we get Zg 4®(®) = 0. Therefore, the radial

system for fa, f5, fs will coincide with (10). The case \/_d \/_( &, — d®3)| +ieMEs — M?®;3 =0,
J = |k| — 1 for negative k can be treated similarly: “shr |shr
V2¢ d 2 V2
< -3/2 — |- (== Ey, — —(cE; +dE3)| —
k<-3/2, shr (dr+shr> 2 = gy (1 dEs)
@(0) = e_iEt(O, 0, 0, f4 Dk+1, 0, 0, —i€M<I>1 - M El = O,
d[ (d 2 V2 ]
f1 Di41, 0, 0, fi0 Dit1)- (12) —— |- (= Ey — ——(cE, + dE3)| —
dr dr+shr > shr (cBy + dE)
(0) = ) .
Again, we have the identity ¥y @' = 0. —ieM®y — M2E, = 0,
3. Non-Relativistic Approximation V2d -_ (i N 2 >E2 3 ﬁ(cEl +dEy) | -
To proceed with the radial system, let us pass to the SDT i dr  shr sh 7
non-relativistic approximation (we will use the well- ;¢ M®; — M?E; = 0. (14)
elaborated technique exposed in [5]). First, we ex-
clude the non-dynamical components Big ¥; and small ¢; components are introduced by
the linear combinations
L2 g ety + i) = Mf
ar Tyl ¢Js + dr L U, =®; +iE;, ¢; =®; —iE;. (15)
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Then we regroup Egs. (14) in pairs and separate
the rest energy by the formal change e = (M + E).
So, we get

d 1 d 1 V2e
i+ —) | =i (= 3 —iY%s,
+Z(dr+shr>l ’(dr+shr> ' Sy
\/_c V2
shr sh
+i(M + E)ME, — M*> &, =0,
V2c d 2 V2
shr ‘(5+E>E2‘shr
—i(M + E)M®, — M?E; =0,
V2i (d 1 V2
shr | € _Z(%—Fshr>q)l_zshrq)2 *

d z\/_d
d|i — )@
* (l(dr+ ) 3—}_shr 2)
+i(M + E)ME, — M?®, =0,
d d 2 2
—— [— (—+ )Ez—shi(cEl—kdEg)

(C@l d <I>3)

(CEl + dEg)

dr dr shr
—i(M + E)YM®&, — M?E, =0,

(d 1 (d z\/_d
"(5+a>l’(5+shr>% Shr ]
fd f

shr hr(q)l d%;)
+(M + E)MEs — M*®; =0,

Vv2d d 2 V2
shr ‘(Wfshr) By~ 3 (eFy + dB)| -
—i(M + E)YM&; — M?E5 = 0.

From whence, we derive the system of radial equa-
tions in the Pauli approximation:

d? 2 d 24/2¢ 4¢?
2EM ) ¥ — ——¥y — — U, =0
(d’l‘2 + - r d + ) 1 7'2 2 7'2 1 )

2 2 d2 1
(d_+ 2d +2EM> T, — u\p

2 2™
dr? dr r (16)
21/2 21/2
- ;{C\Izl - :gd% =0,
2 24d 2v/2d 442
(W+—d—+2EM>\I’ 3 ——‘113—0
1076

4. Solving the Radial Equations
With the notation

2 24 -
L. (dr2 + —d—+2EM) =A,

[\

the problem takes the form

Py (r)
AV(r) = A¥(r), ¥ =|Ty(r)|,
Us(r
3(r) an
2¢2 V2¢ 0
V2c (2 +d?+1) V2d|
0 V2d 24>

The non-relativistic wave function is given by
| ¥1(r)Dr—y
e jm(T) =" | Uy(r)D, |
U3 (r)Drt1

By a special similarity transformation, we can re-
duce the problem to the diagonal form

¥,
ST = |0,
Vs
T 4 0 0|]¥ (18)
Alet|=|0 4, o||w]
v |0 0 As||w

and can construct three independent solutions explic-
itly:

T 0 0
O ) ‘III2 ? 0 ) (19)
0 0 A

and after that turn back to initial basis

o 0 0
¥,=5|0| =S¥, ¥3=5|0]
0 0 A

The diagonal elements Ay, A,, and A3 are solutions
of the cubic equation

(02 +d2 - 1) 42d? + A [—402d2 -2 (02 + d2)2} +

+A [(P+d+1)+2(P+d°)] - A% =0.

ISSN 0372-400X. YVxp. ¢is. orcypn. 2013. T. 58, & 11
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With the notation
2 _ j(G+1) - k?

A +d 5 =M >0,
4c2d2:j2_k2(j+1)2_k2:N20

2 2
Eq. (20) reads
A3+ rA?2+5A+t=0, r=—(3M +1),
s=(N+2M?), t=—(M—1)N. =

The identity
NarrX2+sd+t=A=-A)A=A)A—=A3) =0
yields
r=—(A4; + Az + A3) =
—3M+1=A4, +As + A3 > 0,
s=A1As + A1 A3 + Ax A3 —
= N +2M? = A1 Ay + A1 As + Ay Az > 0,
t=—A1AA3 = (M — 1)N = A; Ay A3 > 0.

(22)

Let us specify some first numerical solutions
Al, Ag, and A3:

k=+4+1/2 j=3/2 j=5/2 j=7/2 j=9/2

031 179 428 777
173 424 775 12.25
421 772 1223 17.73
k=+1 j=2 j=3 j=4 j=5
0.68 262 559 957
245 548 949  14.49
536 9.40 1442 20.43
k=+3/2 j=5/2 j=7/2 j=9/2 j=11/2
1.09 349 694  11.40
317 671  11.23 16.73
6.49  11.05 16.59 23.12
k=42 j=3 j=4 j=5 j=6
1.53 438 830  13.25
380 7.94 1296 18.97
757  12.68 18.74 25.78

The roots are real and positive. These roots can
be described analytically as well. To this end, let us
change the variable

.
B=a+l.
"3
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(23)

So, we get the reduced cubic equation

3s — 12 2r3 s
B*+pB+q= = == e
+pB+qg=0, p 5 > 9=37 37t
(24)
Further, we obtain
. 3 1
p=—(ji+1)-k*+2) <0,
4 3
(25)

1 2
=—(2jG+1) + = .
q <3J(J+ )+27> <0

As is known, the discriminant

pyY | (aY
p=(5)+(3)
3) T3
determines the nature of three roots of the cubic equa-

tion. When D < 0, all roots are real. The quantity
D is given by

iG+1) -k k1)’
D= |~~~ _ -
( 3 Tty

(9D, i>2

6 o) - (26)

The sign of D can be established explicitly, if one uses
the following substitutions:

j=k+n, (k>0 n=123,..,

D = —%k5n — %k‘lrf — %k‘ln - %k3n3—
—%ksnz - ;—gk:2n4 — %kzn3 — gknE' — gkm4—
—5i4km - ﬁnz — ;—i 3 — 1—72k:2n2 — %kzn—
—gkﬁ — %kn2 — ék‘l — %n‘l—
_1i8n3_171—28 G—ﬁks—%nﬁ—%n5<0;
j=-k+n, (k<0) n=123,..,

D= %k% - %k‘lrﬂ - %k"n + %k%%
+i—;k3n2 - ;—Zk%‘* - %k%ﬁ + gkn5+
—i—gkm‘1 + 5i4k:n - ﬁnz + ;—ik3n - 1—72]4:2712—
—%kzn + 5]{:713 + %kn2 — ék‘l - %n‘l—
_%8”3 - 171—28k6 + ﬁ]ﬁ - 21—7116 - %ns <0.

1077
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According to the conventional method, we can con-
struct the expressions for roots as follows:

? g
p= 277 COS(ZS_—Z?
B —2p1/3cos§:2 —gcosg,
2 2
B —2p1/3cos[¢+?ﬂ-] =2 —gcos(g—f—?ﬂ-),
4 / 2
B _2p1/3COS [g-}-?ﬂ-] =2 —gcos (g_?ﬂ-),
where
p jG+1) -k k2 1
p P R, YW AN e Sl
3 \/ 3 TRty
_ | P _ j(i+1) — &k ﬁkz I
P=N "7 ™ 3 TR¥ ty) o
2 LiG+1)+ &
cosgp= U2 ___GIG+D+35)

P (it kg2, 1V
(“f Tt 5)

5. Particle in the Coulomb
Field in the Presence of a Magnetic Charge

Let us consider the Coulomb attractive force

> 2d a L(L+1) B
(dr tog M (B ?)‘T)f(r)_o’

L(L+1) = 24 = {24;, 24, 245), (27)
11

= 44/

L=—3+4/7+24

or

¢ =vV_2MEr, —L_EZME:B>0,

@ 24 _Le+y | By @

dz?  zdx x2 T e

Using the substitution f = zle *F(z), (at positive
L) for the variable z = 2z, we get the hypergeometric
equation

d*F dF B

which gives the energy spectrum

1 o® M
= - =0,,2,..., E=—- —.
a n’ n 0’ b ) ) 2 (n+ L+ 1)2
Ultimately, we have three series of energy levels:
1 M
Ei=—- a (29)

2 (n+ Li(4,k) +1)2°

1078

6. Particle in the Oscillator Potential
in the Presence of a Magnetic Charge

Let us consider the oscillator potential

2 24 kr?\  L(L+1)
(2 (s ) L)

2
(30)
In the variable z = vV Mk r?:
d? 3 d 1 E L(L+1
434 1 BVM EEAD) py 2o,
dz? 2z dz 2\/_,@ 422

L(L +1) = 24 = {24,,24,,2As},

1 1
L=—Z+44/>424>0
sty 7 T24>0,

with the substitution f(z) = z% */2 F(z); at a =
=+L/2, we get the confluent hypergeometric equa-
tion
sz dF 3 L EVM
+(L+3/2— -4+ —-—-———| F=0.
vz LA 2 <4+2 2\/E>

The quantization rule gives the energy spectrum

1 [k (3
E—§ M(§+L+2n>

We have three series of energy levels

1 [k (3 .

. 1 1 .
Li(j,k) = 3 + 1 +24;(4,k).

A= —n,

(31)

7. Separation of Variables in the Lobachevsky
Space in the Presence of a Mlagnetic Monopole

In spherical coordinates and tetrads
dS? = *dt* — dr® — sh’r (d6® + sh®0d¢?)

6?0) = (1’07()’0)7 6?3) = (0,1,0,0),
o 1 32
€)= (070, ®’0>’ (32)
a 1
‘@ = (1’0’0’ sh rsin0> ’
the DKP equation looks as
[Zﬂ O +1 (ﬂsa + — (ﬂl 3L+ ﬂ2]’32)) +
1
i 0 + (ij'? — k) cos 6
o¢—lﬂ39+ﬂ2 7 ,
= eg/hc.
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Quantum Mechanics of a Spin 1 Particle

Then the radial equations are

- (;,, sl?r) f6—£(cf5+df7) Mf, =0,
iefy +i (j +—> f8+zﬂf9—Mf2 —0,

N (34)
iefo+ (—cfs +dfio) — M f3 =0,
zeﬁ—z(j >f1o— Qfg Mfy =0,

r
—Zefz + Qfl Mf5 =0,
—i6f3 — _fl — Mf@ = 0,
—iefs +y \/_ f1 Mf; =0,
(35)
d
— (dr shr) fa- Qﬁ Mfs =0,
i%(eh — df4) — Mfg = 0,
(;+ >f4+“/_df3—Mf10—0
r
The quantum number j takes the values
k::izl/2, .7:|k|a |k|+17---;
k=+1, +£3/2,..., j=1k|-1, |[k,....

Let K = +1 and j = 0. Then
é(O)(t’T) = eiiEt (Oa f27 07 0; f5a 07 07 f87 0; 0))

and we get three radial equations

d? 2 d 1—chr
- 4 - = - — M? —
(dr2 + shr dr + sh2 ) f2=0, (36)
7 d L€
fs——— (dr >f2, f5——le2-

By a special substitution, we simplify the problem to

d2
P, (d—2+e —M2) F, =0,

1+ chr

= 2shr

(37)

which coincides with the equation arising in the flat
space. The case j = 0, k = —1 looks much the same.

ISSN 0372-400X. YVxp. ¢is. otcypu. 2013. T. 58, & 11

8. Non-Relativistic
Approximation in the Lobachevsky Space

The general procedure is much the same as in the flat
space. The radial equations in the Pauli limit look as

follows:
d? 4c? 1+ chr

+2EM — Fy = V2cF,,

<d 2 sh2r) ! sh?r 2

2 27, 2
d_+2EM_M>F2:

2 2
d Sh T (38)
1+chr
=27 (ﬁcFl + P+ \/ing),
sh®r
d? 44> 1+ chr
2EM — F3 = dv 2dF:
(d 2t sh2r> T V2.

Unfortunately, this system turns out to be very dif-
ficult for solving, since the method used in the flat
space cannot be applied here. However, we can solve
exactly the case of the minimal value of j =| k| —1in
the presence of the additional Coulomb or oscillator
potentials.

9. Minimal Value of j,
Coulomb and Oscillator Potentials

The case of the minimal j in the presence of the
monopole and Coulomb fields is described by the
equation

d2
(W + (E +
In the variable = 1 — e~2", with substitution F; =
= z%(1 — z)?f(z), at positive

14++v1—-4a2 1
=—5 b=t

- M2) F, =0. (39)

(8]
)

—(6 + Oé)2 + M2,

we get the hypergeometric equation

z(l—z)f" +[2a — (2a +2b+ 1)z] f'—
_ P (S-2) - MEY . _
[(a+b) +(2 5 1 f=0.
The quantization rule a = —n provides us with the
energy spectrum
1 a? + 1/2
27,2 ’
\/1 +a /1/ (40)
1++/1—4a2
2
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In usual units, it reads

2 2
mc h
E= \/ 1- a? +v?). 41
V1+a?/v? m?2c?R? ( ) (41)
The solutions constructed are good only when the
restriction given below holds
2 .2 p2
m-c*R
1/2 S T — az.
So, the number of bound states is finite.
Now, for the states with minimal j, let us take the
oscillator potential into account:

d? Kthr
(£ o (- K99 £, o

The solutions are found in terms of the hypergeomet-
ric function

K (1} 1 (., 1
E—NVM+(ﬁﬁ‘5M(N+Z)

3
N=2 —.
n+2

In usual units, we have

k h? h 1
—h(N = +—— - —— [N+ 2)].
¢ ( m AR ImR? ( * 4))
To obtain the solutions tending to zero at infinity, we
must impose the following restriction:

3 1 4km
2 =< =4/1 R4, 45
ntg <\t 0 (45)
The number of discrete energy levels is finite and
governed by the curvature radius.

(42)

(43)

(44)

10. Spin-1 Particle
in the Absence of a Monopole

In the absence of a monopole, the identity d = ¢ =
2/7(j +1) holds, and the task becomes simpler:

d? 1+chr 4¢?
— +2EM ) F; — V2 Fy — Fi1 =0
(dr2 + ) 1 V2 sh?r 2 sh?r ! ’

d? 1+chr 4¢?
(ﬁ + 2EM> F3 — \/EC Sh27~ Fy — 3 F3 = 0,

2 2 ( ) (46)
d 4c l1+chr
— +2EM) F; — F; — Fy,—
(dT2 > 27 shr 2 sh?r 2
_\/ic(l j chr)F1 3 V2c(1 —2i- chr)F3 _o.
sh®r shr
1080

One can diagonalize the space reflection operator

P=(-1)", B =0, F=-F;
. (47)
P=(-1y, Fy=+h,

so that the system is divided into two ones (142):

(% +2EM — s:fi) F, = 0; (48)
and

Alg]=|a 1|7 v=ev (49)
V_Vhere sh’r  (d®  j(+1)

A=Tvar (W_W”EM)’

In the case of the subsystem of two equations, let
us diagonalize the mixing matrix

F=SF', AF =S'ASF,
. 50)
_ | S11 S12 A _|7+1 0 1 (
S_‘Sm S22 |’ AF_‘ 0 —j‘F'
So, we have two similar equations
d? jG+1) 1l+chr, .
— +2EM — — 1)) F; =0
(dr2 * sh? r sh? 7 G+1) F (51’)
d? j(G+1) 1l+chr >
— +2EM — + i) Fy =0
(dT2 sh?r shZp 02

The above three equations are of the same type. In
the variable y = (ch 7 + 1)/2, they read

d? 1\ d
—1)— —Z) = +2ME-
@@ Uﬁ+@ 9@+

iG+1) 2 )
— + F =0, 52
dyly—-1) 2(y-1) 52
where p = 0, p = —j — 1, p = +j. Their solu-

tions have been constructed in terms of hypergeomet-
ric functions )
Y= 2a + o)

F =y*(1-y)"F(a, 8,7 9), 5
a=a+b+i1vV2ME, B=a+b—iV2ME,

i+l g
2’ 2’

(53)
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. J+2 ' Jj+1
/‘l’ .7 ’ 2 ’ 2 )
: J , Jj+1
= b:— b:——
b=ty 2 5

The value y = 1 corresponds to the point » = 0.
So, to get the solutions finite at 7 = 0, we must take
b > 0. The asymptotic behavior at infinity is given by

T(Y)I(8 — ) (_ _)EM
T(y—a)l(B) \ 4

T(7)L(a - B) (_e_’")“vw

(v - A)l(a) '

4
Therefore, we have constructed real standing wave
solutions regular at r = 0.

fly) = +

+ (54)

11. Spin-1 Particle in the Coulomb Potential

In the presence of an external Coulomb field, the
equations in the Lobachevsky space take the form

)- ) R0 )

<£+2M(E+ -

dr? tanhr sh?r
d? « Jji7+1)
— +2M (E — —
(dr2 + ( + tanh r) sh? r
1 h
-G e y) =0, (56)
sh®r
d? « Jji7+1)
— +2M (E —
(dr2 + ( + tanh r) sh2r +
l1+chr
— _— j)F,=0. 57
i) B 67

The first equation (55) is much simpler than two
others. It is solved in terms of hypergeometric func-
tions and gives the energy levels (in usual units)

. o W (j+1+n)

“2+1+n? mR 2

e=—-m (58)

Two other equations can be reduced to those for
the Heun function (ODE with four singular points).
Applying only the first of the two conditions for poly-
nomial solutions (so, we do not construct polynomi-
als), we have arrived at else two series of energy levels.
Let us specify some details. In these cases, we can use
the variable z = th 7. Respectively, the equations will

read
d? 2z d+8M o 1422 1
dz2  1-2%2dz T2z (1—22)2

ISSN 0372-400X. YVxp. ¢is. otcypu. 2013. T. 58, & 11

jG+1) 203 +1) _

SEE S| o (59)
d? 22 d 1+ 22 1
ﬁ_1—z25+8M(E+a 22 )(1—,22)2_
JjG+1) 2j — 0
- +—Z2(1__Z2) F; = 0; (60)

the singular points are z = 0, 00, +1; two of them are
physicalr =0, 2 =0; r = 00, z = +1.
In Eq. (60), let us use the simplifying substitutions

Rl =-HE o san—nBc1- 208,
z2 -1
Then
dfi [2A4 2B 2C 1 dfy
d2? [T_E_—l—z dz
N A(A—l)—z(§'+1)(j+2)+
(2B—-1)2+8M (E +a)
4(z—1)?
(2C-12+8M(E—-a) —-2A(B-C)+4Ma
4(z+1)2 z *
4B(2A+C)+3+4j—-8M(E+ )
+ 1(z-1) *
—4C(2A+B)-3-4j+8M(E—-a)| ,
+ 4(z+1) fi=0
(61)

At
A=—(j+1),j+2 B= %:i:\/—ZM(E-i-a),
C = % +/—2M(E — a),

Eq. (61) becomes simpler

d? fy [2,4 2B 20]@

dz? z 11—z —-1-2z2] dz
+[—2A(B—C)+4Ma_
z

4B(2A+C)+3+4j—-8M(E+ )

- +
4(1-2)

—4C(2A+B)-3-4j+8M(E—-a)] , _

+ i+ 1) fi=0
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It can be recognized as the general Heun equation for
HeunG(p7 q’ a’ b’ c’ d’ Z)’

&2Y (2) [c d

_atb-c—d+1]dY(z)
dz?

p—2z dz
abp — q ]
p(p—1)(z —p)

z 1—2z

q
+-=+
[ pz (p—1)(1-2)
with the parameters
g=4Ma—-2A(B-C), c¢=2A4,

1
a:—§+A+B+C+

%\/(2,4— 1)24+(2B-1)2+(2C—-1)2+8(2ME—j—1),

bz—%+A+B+C—

—%\/(2A— 1)24+(2B—-1)2+(2C -1)2+8(2ME—j—1).

(62)
Note the identity

%\/(ZA—1)2+(2B—1)2+(2C—1)2+8(2ME—j—1):
1

Respectively, the parameters a, b read

a=(—j—1)+A+B+C, b=j+A+B+C.

We will use the quantization condition in the form
(at this, we do not arrive at polynomials) b = —n. It
turns out that the choice

1
A=j+2, B:§+\/—2M(E+a),
1
C=35- —2M(E — ).
a=2—

(63)

—(=vV-2ME —2Ma + /-2ME +2Ma),
b=2j+3—

~(=V—2ME - 2Ma + vV-2ME + 2Ma)

is appropriate. The quantization rule takes the form

—vV—2ME —2Ma ++v-2ME + 2Ma =
=2j+3+n,
1082

which yields the formula for energy levels
_ Ma? _(j—{—?)/Q—{—n/Q)2
2(7 +3/2+n/2)? 2M '
In a similar manner, Eq. (60) provides us with the
energy levels

(64)

Y(2)=0, 5o Ma? (j +1/2 4 n/2)?

2 + 1/2 +n/2)° o ()

Thus, we have found three series of energy levels:
(58), (64), and (65). The presence of n' and n'/2
is due to the use of different variables in solving the
respective differential equations, z = th § and z =
=1 — e~ 2" are connected by the quadratic relations:

2th r 2z
r = — r = -—-:
1+thr’ 1+ 22’
4z(1+ 22) 4(z+271)

(14222 +422 44 (242D
12. Spin-1 Particle in an Oscillator Field

In the presence of the oscillator potential, we get three
radial equations

2 2 s
(d—+2M( _ Kth T)—](J+1)>F1:O,

dr? 2 sh?r
(oo ) i
—%(j + 1)> F| =0, (66)
(& +ou (p-K077) 02D,

%j) Fy=0.

The first one is solved in hypergeometric functions,
and two others are solved in Heun functions. In this

way, we have found three series of energy levels:
k h? h 5 1
e=h (N m PR 2mR? (N * Z))’
k h? h
—hlny 2L
€=h ( m + 4m2R* 2mR?
k h? h 5 1
e=h (N m PR 2mR? (N * Z))’
N=2n"+j+1

N | o

N=2n+j+
1
N? 4+ -
)
N=2n"+j+2,
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13. Conclusions

Spin-1 particles are treated in the presence of a mag-
netic monopole in the non-relativistic approximation.
After the separation of variables, the problem is re-
duced to a system of three coupled equations, which
can be disconnected with the use of a special linear
transformation making the mixing matrix diagonal.
As a result, there arise three separated differential
equations, which contain the roots of a cubic alge-
braic equation as parameters. This consideration is
extended to the case with the presence of external
spherically symmetric fields, in particular, Coulomb
and oscillator ones. We have found the energy spec-
trum and the exact solutions in terms of hypergeo-
metric functions. In the same manner, a spin-1 parti-
cle is treated against the Lobachevsky geometry back-
ground in the non-relativistic approximation. After
the separation of variables, the problem is reduced
to a system of second-order differential coupled equa-
tions, which cannot be disconnected in the presence of
a monopole. However, in the absence of a monopole,
the equations have been solved exactly, for instance,
in the presence of the Coulomb and oscillator poten-
tials. The energy spectra have been found and the
solutions are constructed in terms of the hypergeo-
metric and Heun functions.
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O.M. Oscirox, O.B. Beko,
K.B. Kasmepuyx, B.B. Kuceav, B.M. Pedvkoe

KBAHTOBA YACTUHKA

3I CIIIHOM 1 B ITOJII MATHITHOTI'O 3APAOY
B ITIPOCTOPAX EBKJIIZTA I JIOBAYEBCBKOTI'O:
HEPEJIATUBICTCBHKE HABJIN2KEHHA

PezwowMme

Yacrueka 3i cminoM 1 KoCmiaKyeTbesa 3a HASBHOCTI MAarHiTHO-
ro moHonons Jlipaka B HepenaTuBicTCbKOMY HabsuxxkenHi. I[Ti-
CJIs PO3JiJIeHHs 3MIHHUX 3313498 3BOLUTHCS 0 CUCTEMHU TPHOX
B3a€MOIIOB’I3aHUX PiBHAHb, AKi MOXKHA PO3IIEINUTH, BUKOPH-
CTOBYIOYH CIIeLjaJibHe JiHilfHe IIepeTBOPEHHH, siKe IIPUBOIUTH
3MIIIYI0Yy MaTPHIO A0 AiarOHAJBHOrO BHUrisAmy. B pesyibra-
Ti BUHHKAIOTh TPH OKpeMi audepeHniaabHi PIBHAHHA OPYyro-
ro mopsfKy, fKi B poJii mapaMerpiB MicTATh KOpeHi KyOidHOo-
ro ajrebpaidyHoro piBHaHH:A. J[0JaTKOBO BpaxXOBaHO 30BHIIIHL
cepruyaHO-CHMETPHUYHI €JIEKTPHUYHI II0JIs, JETAJBHO PO3IJIAHY T
BUI3JKU KYJIOHIBCHKOI'O i OCLMJIITOPHOIO HOTEHIHAIIB. 3313498
y3arajbHeHa Ha BUIAJOK rinmepb6osigHoro mpocropy Jlobaues-
CBKOr0; TOYHI PO3B’A3KH PaJiajbHOrO PIBHAHHS OyAyHOTHCH B
rinepreomerpuyHux GyHKIigX i dyskniax 'oiixa.

E.M. Oscurox, O.B. Betko,
K.B. Kasmepuyx, B.B. Kuceav, B.M. Pedvkoe

KBAHTOBAS YACTUIIA

CO CIIMHOM 1 B ITOJIE MATHUTHOTI'O 3APAIA

B ITIPOCTPAHCTBAX EBKJINJA 1 JIOBAHEBCKOTI'O:
HEPEJIATUBUCTCKOE IIPUBJIN>KEHNE

Pesmowme

Yacruna co cuuHOM 1 HccieayeTcss B IPUCYTCTBUH MAarHHUTHO-
ro MoHomnoJsa Jlupaka B HEPEIATHBUCTCKOM npubsrmxkennu. ITo-
cjie Pa3/iesieHusl IIePeMEeHHBIX 3a/1a9a CBOAUTCH K CHCTEME TPEX
B3aMMOCBSI3aHHBIX YPABHEHUMN, KOTOPHIE MOXKHO DACLEIUTH C
HCIIOJIB30BaHUEM CIIEIUAJIBHOIO JIMHEHHOrO0 Npeo6pa30oBaHmsd,
IPUBOAAINEr0 CMEIIMBAIOIIYI0 MATPHUIly K JHUArOHAJbHOMY BH-
ny. B pe3ynbprare BO3HHMKAIOT TPH OTHAEJbHBIX AuddepeHnn-
AJIBHBIX YPAaBHEHUA BTOPOro IIOPAAKa, KOTOPbIE B Ka4deCTBE
apaMeTpPOB COZEPXKAT KOPHU KyOMYecKOoro ajrebpamdeckoro
ypaBHeHusA. JIOIOJHUTENBHO YyYTEHBI BHEIIHHE CQepUuIecKu-
CHUMMETPHUYHBIE JIEKTPUYIECKHNE II0JIA, JETAJBbHO PACCMOTPEHBI
CIIy9ay KYJIOHOBCKOI'O ¥ OCLIHJLIISSTOPHOrO IOTEHIMAJIOB. 3aJ1a-
4a 00001meHa Ha CiIy4ail runepboIn9ecKoro npocTpancTsa, J1o-
6a4eBCKOro; TOYHEIE PEIIeHNs] PAIUAILHOr0 YPABHEHUS CTPOs-
TCS B TMIIEPreOMeTPHYecKuX (PYHKIuAX u PyHKnusax [oiHa.
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