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The fusion reaction for systems involving halo nuclei are investigated by two- and multicou-
pled channel calculations for the systems 8B+58Ni, 11Be+209Bi, and 15C+232Th. The effect of
coupling between the breakup channel and the elastic channel have been considered using the
Continuum Discretized Coupled Channels (CDCC) method in full quantum and semiclassical
approaches. The calculation of the fusion cross-section 𝜎fus (mb), fusion barrier distribution
𝐷fus (mb/MeV) and fusion probability 𝑃fus reproduces the measured data for the systems
under study quite well above and below the Coulomb barrier 𝑉𝐵. In the case of two-channel
coupling both in semiclassical and quantum mechanical approaches, the measured data above
the Coulomb barrier 𝑉𝐵 are overestimated.
K e yw o r d s: one halo nuclei, weakly bound nuclei, breakup channel.

1. Introduction

The heavy-ion fusion is of essential significance in
astro-physics also in the production of very heavy
nuclei. Through the arrival of minor beams of nuclei
reach in neutrons and protons, it is essential to eval-
uate the inclusive fusion of nuclear types as a duty of
shelling energy specifically near the Coulomb barrier
[1]. Minor beams are quickly creating a new domain of
researches of the structure and reactions of unstable
nuclei, specially of neutron-rich nuclei [2]. A number
of new features of the structures have been discovered
like the presence of a neutron halo near the neutron
stable-line and the representative of low-energy sum-
mits in some nuclei, then, named soft dipole style, in
the dynamism function of various many transitions
[2, 3]. Many of the neutron- and proton-rich nuclei
reveal halo formations, with a built-in close core with
one or more weakly bound nuclei filling faraway or-
bits [4].
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The expanded investigation of the influence of brea-
kup reactions is desired in order to create a trust-
worthy assess of the cross-section of fusion, due to a
halo nucleus is assumed to be readily crashed [2]. The
lengthy tail in the nuclear matter density is consid-
ered the astonishing advantage which is characterized
by loosely bound halo nuclei. The prospect is maxi-
mum, when the nucleus is excited to continuum states
in comparison with the stable nuclei. Furthermore,
if the other reaction methods are used, the possi-
ble coupling is stronger [5, 6]. When unstable nuclear
beams will be more available at many laboratories,
it will be possible to study the fusion mechanism of
nuclei with important characteristics. The halo nu-
clei are weakly bound and have low separation ener-
gies, but the distributions of the nuclear density are
largely extended and confine the momentum distribu-
tion [6]. The optical potential is the main element in
fusion, and its role is fundamental in breakup calcu-
lations [5]. The halo itself characterizes an improve-
ment at around the Coulomb barrier, and the split-
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up handicaps the fusion; the influence is considered
more significant at the upper Coulomb barrier. Of
course, we should remember that 6He is a Borromean
two-neutron halo, but 11Be is a one-neutron halo
nucleus. C. Signorini et al. [7, 8] obtained that the
stable,tightly bound 10Be isotope gives a bigger fu-
sion cross-section than that of 11Be at a subbar-
rier. We mention the comparison the 6He and 4He
fusion with 209Bi by J.J Kolata et al. [9], where the
influences of the halo (augmentation) at subbarrier
energies were very obvious. The results on the proton-
rich nuclei 17F fusion to 208Pb was determined in
[10]. The ground state of this nucleus is be a nor-
mal state, but its first excited state is generally 𝑙 = 0
and seems to display halo characteristics [10]. Re-
cently, F.A. Majeed and Y.A Abdul-Hussien [11]
had studied the effect of the breakup channel for
6,8He halo nuclei. Majeed et al. had performed semi-
classical coupled-channels calculations in a heavy-
ion fusion reaction for the systems 40Ar +110Pd and
132Sn +48Ca. They proved that the semiclassical ap-
proach including the coupling between the elastic
channel and the continuum proves to be very suc-
cessful in describing the total fusion reaction cross-
section 𝜎fus and the fusion barrier distribution 𝐷fus
below and above the Coulomb barrier for a medium
and heavy systems [12]. The effect of the breakup
channel on fusion reactions of weakly bound systems
by means of the semiclassical and full quantum me-
chanical approaches has been discussed by F.A. Ma-
jeed [13]. F.A. Majeed et al. performed coupled-chan-
nel calculations using the semiclassical and full quan-
tum mechanical calculations to study the effect of
channel coupling on the calculations of the total fu-
sion reaction cross-section 𝜎fus, the fusion barrier dis-
tribution 𝐷fus, and the fusion probability 𝑃𝑓 for the
light systems 4He+ 233U, 13C+ 48Ti and the medium
system 46Ti+ 46Ti. The effect of the breakup channel
on the fusion reaction of weakly bound systems by
means of a quantum-mechanical approach has been
conducted by F.A. Majeed and F.A Mahdi [14]. They
had concluded that, for halo systems, it is very im-
portant to include the breakup channel in the fusion
reaction calculaitons.

In this study, the effect of the breakup channel
has been conducted for the fusion reactions from
cross-sections, distribution barrier, and probabili-
ties in collisions of weakly bound halo nuclei. Our
calculations are utilized the Continuum Discretized

Coupled-Channel (CDCC) method by the Alder
and Winther (AW) theory to illustrate the coupled
channels which are more complicated. The systems
8B+ 58Ni, 11Be+ 209Bi, and 15C+ 232Th are calcu-
lated by using the CC code for full quantum mechan-
ics to compare with the SCF code in semiclassical
mechanics; these codes were coded and established
by H.D. Marta et al. [15].

2. Theoretical Framework

The theoretical framework of the tunneling phe-
nomenon, like subbarrier energies, with the strong
coupling of channels which is the Alder and Winther
(AW) theory [16–18]. The coupled-channels method
has been widely and efficaciously utilized to illustrate
the fusion steady nuclei at a subbarrier, which shows
augmentation over the single barrier state [1]. The
coupling of channels is taken into account to match
to bound states of the partners. The expansion of
this theory to the fusion of unstable (halo) nuclei,
which includes the coupling with the breakup chan-
nel was achieved is the past by using deuteron pro-
jectiles scattered on various targets in the Contin-
uum Discretized Coupled Channels (CDCC) Method
[19]. Involving the breakup channel within coupling
is consider very difficult, since an infinite set of three
or more nucleons in the continuum state should be
described in the breakup channel. For empirical uti-
lizes, it is required to describe the continuum by a
finite set of states [20, 21]. In the state of nuclei halo
included one neutron, this can be achieved by the
CDCC method. However, the enforcement of this pro-
cess is more complex [18]. The representation of a
coupled channel in fusion reactions, where the fusion
cross-sections can be resulted from the total reaction
cross-sections, looks as [19, 22].

𝜎𝑓 = 𝜎𝑅 − 𝜎𝐷, (1)

where 𝜎𝐷 is the cross-section of the direct reaction,
and 𝜎𝑅 is given by

𝜎𝑅 =
𝑘

𝐸
⟨𝜓(+)

𝑗 | − Im 𝑉 |𝜓(+)
𝑗 ⟩, (2)

where ⟨𝑟|𝜓(+)
𝑗 ⟩ is the wave function that describes the

elastic scattering, and 𝑉 is the full potential [19, 23],

𝑉 (𝑟) = 𝑉𝑁 (𝑟) + 𝑉𝐶(𝑟), (3)
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and

𝜎𝑓 =
𝑘

𝐸

∑︁
𝑘

⟨𝜓(+)
𝑗𝑘 | − Im 𝑉𝑘|𝜓(+)

𝑗𝑘 ⟩, (4)

where 𝑉𝑘; is the optical potential in the channel 𝑘
(single channel), and |𝜓(+)

𝑗𝑘 ⟩ is the wave function of the
exact scattering in the same channel. Equation (4)
has been utilized by many authors to calculate 𝜎𝑓
utilizing programs with coupled channels [16]. Other
models centered on Eq. (4), but with the more sup-
position of infinite absorption, when the barrier is
penetrable, have also been advanced [8]. The models
of the second rank are popularized by fusing the influ-
ence breakup channel (involved in |𝜓(+)

𝑗𝑘 ⟩). To include
the breakup channel coupling influence, in the cross-
section equation, specifically, the nonzero width of the
excited state, it is suitable first to definite the cross-
section as a sum of partial-wave contributions [22,24]

𝜎𝑓 =
𝜋

𝑘2

∞∑︁
𝑙=0

(2𝑙 + 1)(1− 𝑇𝐵
𝑙 )×

× 1

2
[𝑇 𝑓

𝑙 (𝐸𝑙 +𝐺) + 𝑇 𝑓
𝑙 (𝐸𝑙 −𝐺)], (5)

where the +(−) sign shows additive (subtraction) to
(from) the barrier height, and (1−𝑇𝐵

𝑙 ) is the breakup
survival probability given as [24]

1− 𝑇𝐵
𝑙 = exp

[︃
−4F2

0𝜋

𝐸2
𝑙

| 𝑆(1)
𝑙 | 𝐼(1)𝑙 (𝜂, 𝑆)

]︃
, (6)

where 𝑆(1)
𝑙 is the modulus of the elastic 𝑆 matrix in

the breakup channel, F2
0 is a coupling strength fac-

tor, and 𝐼(1)𝑙 (𝜂, 𝑆) is a Coulomb radial integral as the
transmission factor 𝑇 𝑓

𝑙 was approximated by the Hill–
Wheeler formula:

𝑇 𝑓
𝑙 =

{︂
1 + exp

[︂
−2𝜋

~𝜔

[︂
𝑉𝐵 +

~ 𝑙(𝑙 + 1)

2𝜇 𝑅2
𝐵

− 𝐸𝑙

]︂]︂}︂−1

,

(7)

where 𝑉𝐵 , 𝑅𝐵 , and ~𝜔 are the optical potential bar-
rier parameters, giving its height, radius, and curva-
ture, respectively.

The theoretical thought and the empirical inves-
tigation of the state of a distortion nucleus, as the
classical shape of a distorted body oriented in vari-
ous directions in the space is convenient. It is simple

to assessed the presence of a distributions of fusion
barriers [16]; an empirical barrier distribution can be
found from the measured data by the relation;

Disexp(𝐸) =
𝑑2(𝐸𝜎)

𝑑𝐸2
, (8)

where 𝐸 is defined as the incident energy, and 𝜎 is
the measured cross-sections of fusion. This requires
finding a second derivative of the data, which oblige
very intensive restrictions on their accuracy. The cur-
rent review confirms those data that are capable to
happen these accuracy requirements [16, 25].

3. Results and Discussion

In order to consider the breakup channel in the cou-
pling calculations, the fusion reactions for one-proton
and one-neutron halo nuclei are studied by adopt-
ing the CDCC method, to calculate the cross-section
𝜎fus, distribution of barriers 𝐷fus, and probabilities
of barriers fusion 𝑃fus. The diagonal elements of the
matrix of the interaction potential in the CC code
were taken to give the real and imaginary parts of
the Woods–Saxon potential, each deepness, radius,
and diffuseness. This results from the fit to the empir-
ical Coulomb barrier with height 𝑉𝐵 at 𝑅𝐵 to match
the shape of the calculated barrier from the Aküz–
Winther (AW) potential as tabulated in Table.

In all the proceeding figures, the calculations of
the fusion cross-sections 𝜎fus (mb), fusion barrier dis-
tribution 𝐷fus (mb/MeV), and probability of fusion
barrier penetration 𝑃fus are represented by solid and
dashed (red and blue) curves, using the multichan-
nel coupling for the semiclassical and full quantum
mechanical results, respectively. The solid (green and
purple) curves represent the calculations using two-
channel coupling only for the calculations of the fu-
sion cross-section 𝜎fus for the semiclassical and full
quantum mechanical approaches, respectively. The
codes used in the present work have coded names
(𝑆𝐶𝐹 ) for semiclassical calculations and (𝐶𝐶) for
quantum mechanical calculations. The blue arrow on
the 𝑥-axis represents the position of the Coulomb
barrier.

3.1. 8B+58Ni

The calculations of the total fusion cross-section 𝜎fus,
the fusion barrier distribution 𝐷fus, and the fusion
probability 𝑃fus are shown in Fig. 1, panel A, panel
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Fig. 1. Comparison of the excitation function calculations of the cross-sections 𝜎fus (mb), barrier distributions 𝐷fus (mb/MeV),
and probability 𝑃fus in the semiclassical mechanical 𝑆𝐶𝐹 code (red curves) and the full quantum mechanical 𝐶𝐶 code (blue
curves) with the measured data (solid circles) [26] for the 8B+ 58Ni reaction

The parameters of the AW potential with the associated
Coulomb barrier height for the systems 8B+ 58Ni, 11Be+ 209Bi and 15C+ 232Th

Systems 𝑉0 (MeV) 𝑟0 (fm) 𝑎0 (fm) 𝑊𝑖 (MeV) 𝑟𝑖 (fm) 𝑎𝑖 (fm)
𝑉𝐵

(MeV)

8B+ 58Ni 76.2 1.20 0.7 25.4 0.935 0.779 19.50 [Present work] 20 [26]
11Be+ 209Bi 214.4 1.01 0.88 71.5 0.952 0.769 37.50 [Present work] 38 [27]
15C+ 232Th 163.8 1.20 0.60 54.6 0.970 0.758 59.0 [28]

B, and panel C, respectively. The set of Woods–Saxon
parameters used are tabulated in Table. The calcula-
tion for 𝜎fus both for two-channel and single-channel
for both semiclassical and quantum mechanical ap-
proaches in the case of coupling and without coupling
are presented in panel A of Fig. 1. It is clear that
the two-channel approach overestimated the mea-
sured data. The multichannel coupling for both semi-
classical and quantum mechanical is able to repro-
duce the experimental data. In order to find the best
calculations in comparison with the measured data,
the 𝜒2 method has been adopted. The 𝜒2 values ob-
tained are the best and the closet to measured data
in both codes 𝜒2 = 0.00387823, 0.00560114 and 𝜒2 =
= 0.11406700, 0.12125910, which corresponds to the
calculations including no coupling and coupling chan-
nels for SCF below and above the Coulomb bar-
rier (𝑉𝐵), respectively, are in the best agreement
with the experimental data from single and coupling
channel for 𝐶𝐶 calculations at values 𝜒2 = 0.1,
0.11607760 for below and above 𝑉𝐵 . The multichan-
nel coupling in both 𝑆𝐶𝐹 and 𝐶𝐶 codes of the
coupling that included the obtained 𝜒2 values are

𝜒2 = 0.03477085, 0.37931930 and 𝜒2 = 0.00633482,
0.18632040. The value of 𝜒2 = 0.00849025 for the
fusion probability 𝑃fus below the Coulomb barrier,
while, for the fusion barrier distribution𝐷fus, the cou-
pled channel value is better in 𝑆𝐶𝐹 calculations with
𝜒2 = 0.00003272. For calculations obtained above the
Coulomb barrier for 𝐷fus, 𝑃fus to be in the best agree-
ment with data that are 𝜒2 = 0.05917057, 0.09160499
in a single-channel in 𝑆𝐶𝐹 . The 𝑆𝐶𝐹 calculations
are in the best and a good agreement with 𝐶𝐶 cal-
culations of the data for this reaction.

3.2. 11Be+ 209Bi

This reaction appears to include the very necessary
breakup channel with the elastic channel in breakup
processes of 11Be halo nucleus. The coupling multi
carve to the breakup channel is required to enhance
the results around the barrier. The experimental data
for this reaction are taken from [27] and shown
in Fig. 2, panel A for the comparison. The poten-
tial parameters of this reaction are presented in Ta-
ble. The value of the barrier height in the present

948 ISSN 0372-400X. Укр. фiз. журн. 2020. Т. 65, № 11



Investigation of the Calculation of Coupled Channels for Some Halo Systems

Fig. 2. Comparison of the excitation function calculations of the cross-sections 𝜎fus (mb), barrier distributions 𝐷fus (mb/MeV),
and probability 𝑃fus in the semiclassical mechanical 𝑆𝐶𝐹 code (red curves) and the full quantum mechanical 𝐶𝐶 code (blue
curves) with the measured data (solid circles) [27] for 11Be+ 209Bi reaction

Fig. 3. Comparison of the excitation function calculations of the cross-sections 𝜎fus (mb), barrier distributions 𝐷fus (mb/MeV),
and probability 𝑃fus in the semiclassical mechanical 𝑆𝐶𝐹 code (red curves) and the full quantum mechanical 𝐶𝐶 code (blue
curves) with the measured data (solid circles) [28] for 15C+232Th reaction

work is shifted down by 0.5 MeV from the value
20 MeV in Ref. [27]. The best Chi-square value is
𝜒2 = 0.06776251, which corresponds to calculations
with the single channel and coupled channels in best
agreements with the measured data for the cross-
section of total fusion 𝜎fus in 𝐶𝐶 under barrier for
the multi-carve coupling, while 𝜒2 = 0.11111110 in
the two-carve coupling. As for the 𝑆𝐶𝐹 value for the
two-carve coupling, the best 𝜒2 = 0.03700209. Above
the barrier, we found a good agreement with data
at 𝜒2 = 0.02204157 in the 𝑆𝐶𝐹 code. The calcu-
lations of 𝜎fus for the multi-carve coupling are en-
hanced in both semiclassical and quantum mechan-
ical approaces. The results for the barrier distribu-
tion 𝐷fus are presented in panel B, the least value is
𝜒2 = 0.00012620 in one and coupling barrier that is
in the perfectly convention with the empirical data

in 𝐶𝐶 calculations under the Coulomb barrier and
the closer compared with one and coupled channel
cases to 𝑆𝐶𝐹 is 𝜒2 = 0.00013403, respectively. The
calculated fusion probability 𝑃fus is shown in panel
C. The better value is 𝜒2 = 0.03559827, 0.03187320
in the coupled case for 𝑆𝐶𝐹 and 𝐶𝐶 codes above the
barrier.

3.3. 15C+ 232Th

To describe the fusion processes of one-neutron halo
nuclei by analysis of the fusion excitation functions
for the cross-section, distribution, and probability as
shown in Fig. 3, panels A, B, and C. The agree-
ment of the measured cross-section 𝜎fus with the pre-
dicted one with coupledc channels for this reaction
has been achieved in both semiclassical and quantum
treatment. The results of calculations for the multi-
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channel coupling and the coupling of two channels
were compared with the measured data for this reac-
tion taken from Ref. [28]. The Woods–Saxon param-
eters used in the present calculations are displayed
in Table. The best value of theoretical calculations
for 𝜎fus is found at 𝜒2 = 0.00042131 for the semi-
classical approach and at 𝜒2=0.00104671 for the full
quantum mechanical one. The account for many fu-
sion channels significantly improves calculations up
to the barrier, while the calculations with two fu-
sion channels cannot support calculations well. The
values are 𝜒2 = 0.00121761, 0.00171838, and are
𝜒2 = 0.00022444, 0.00013053, in CC and SCF for
𝐷fus and 𝑃fus to excellent agreement with experimen-
tal data above barrier. In CC and SCF codes, all cal-
culations are nearly the empirical data above barrier
for this reaction.

4. Conclusion

The present investigation shows clearly that the two-
channel approach in both semiclassical and quantum
mechanical calculations were unable to describe the
measured data, even when the coupling is included es-
pecially above the Coulomb barrier. The multichan-
nel coupling calculations are in better agreement with
the corresponding experimental data. The fusion bar-
rier distribution and fusion probability have ripple
and unstable behaviour in the coupled channel calcu-
lations. The coupled channel should be considered for
all the calculations, and this in agreement with our
previous work and with other works.
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АНАЛIЗ РОЗРАХУНКIВ ПОВ’ЯЗАНИХ
КАНАЛIВ ДЛЯ ДЕЯКИХ ГАЛО СИСТЕМ

Р е з ю м е

Розглядаються реакцiї синтезу в системах з гало ядрами
8B+58Ni, 11Be+209Bi i 15C+232Th у випадках зв’язку двох i
багатьох каналiв. Ефект зв’язку каналiв розпаду i пружно-
го розсiювання вивчено методом континуально-дискретних
пов’язаних каналiв у повнiстю квантовому i напiвкласично-
му пiдходах. Результати розрахункiв перерiзу синтезу 𝜎fus
(мб), розподiлу бар’єра синтезу 𝐷fus (мб/МеВ) i ймовiрно-
стi синтезу 𝑃fus добре описують експериментальнi данi для
дослiджуваних систем вище i нижче кулонiвського бар’єра
𝑉𝐵 . У разi зв’язку двох каналiв як для напiвкласичного,
так i для квантового пiдходiв результати вище кулонiвсько-
го бар’єра 𝑉𝐵 виявляються переоцiненими.
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