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THERMODYNAMIC QUANTITIES
OF MORSE FLUIDS IN THE SUPERCRITICAL REGIONUDC 536.9, 536.71, 536.4

The critical point parameters for liquid alkali metals (sodium and potassium) are calculated
accounting for the non-Gaussian order parameter fluctuations and the Morse interaction po-
tential. The behavior of the isothermal compressibility, density fluctuations, and thermal ex-
pansion for sodium is studied in the supercritical temperature region. A significant increase in
the isothermal compressibility and the density fluctuations near the critical point indicates a
substantial density sensitivity to tiny pressure fluctuations. The thermal expansion coefficient
for various fixed pressure values shows a typical gas decrease with increasing supercritical
temperature. The Widom line separating the gaseous and liquid structures of the fluid at tem-
peratures above the critical one is represented. Note that our calculations are valid in a small
neighborhood of the critical point, which is problematic for theoretical and experimental studies.
K e yw o r d s: Morse interaction potential, critical point, thermodynamic potential, isothermal
compressibility, density fluctuations, thermal expansion.

1. Introduction

The theoretical and experimental study of the be-
havior of simple and multicomponent liquid systems
in vicinities of their critical points (see, for example,
works [1–9]) remains an actual task.

In the last decades, the interest in supercritical flu-
ids, the study of their unique properties, and their
application in different fields of science and tech-
nology has been growing steadily [6, 7, 10–12]. The
reason for the persistent interest in describing the
nature of phase transitions and critical phenomena
in liquid systems is that near-critical fluids are the
most suitable objects for modeling a class of sys-
tems with many strongly interacting degrees of free-
dom [13, 14]. On the other hand, the supercritical
fluids are increasingly widely used in various tech-
nological processes due to their specific properties
[15]. In this regard, constructing the equation of
state of supercritical fluids becomes a crucial applied
problem.
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The theoretical calculation of the equation of state
by the methods of statistical physics is complicated
by the correct consideration of the interparticle inter-
action, which is complex in structure. In calculations,
we use simplified models. The scope of these models is
limited and established in each specific case. For this
purpose, the internal characteristics of the model are
taken into account, or the model solutions are com-
pared with more accurate solutions or experimental
results.

In this paper, we will perform the microscopic de-
scription and investigation of the fluid critical behav-
ior within the framework of the grand canonical en-
semble. This task is essential, since the presence of
a chemical potential in the grand canonical ensem-
ble leads to an adequate representation of existing
atomic and molecular systems. Only this thermody-
namic parameter is responsible for the exchange of
constituents between different parts of the system and
with the environment. Moreover, it quantitatively de-
scribes the tendency of a thermodynamic system to
establish compositional equilibrium.

The object of the present study is the Morse fluid
in the supercritical region. The previously proposed
approach for the microscopic description of the crit-
ical behavior of Morse liquids based on the cell
fluid model is applied to alkali metals (sodium and
potassium).
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2. Cell Fluid Model
and the Interaction Potential

In this paper, a cell fluid model is used for study-
ing the behavior of a simple fluid in a vicinity of the
liquid–gas critical point. We consider a system of 𝑁
interacting particles in the volume 𝑉 conditionally
divided into 𝑁𝑣 cells (𝑉 = 𝑣𝑁𝑣, 𝑣 = 𝑐3 is the cell
volume, and 𝑐 is the linear size of a cell) [16–18]. In
contrast to a cell gas model (where a cell is assumed
to contain only one particle or be empty) [19, 20], in
our approach, a cell may contain more than one par-
ticle [21, 22]. Besides, the distance between the cells
is introduced instead of the distance between the par-
ticles.

The grand partition function of the cell fluid model
within the framework of the grand canonical ensemble
is as follows [17, 18]:

Ξ=

∞∑︁
𝑁=0

(𝑧)𝑁

𝑁 !

∫︁
𝑉

(𝑑𝑥)𝑁 exp

⎡⎣−𝛽

2

∑︁
l1,l2∈Λ

�̃�𝑙12𝜌l1(𝜂)𝜌l2(𝜂)

⎤⎦.
(1)

Here, 𝑧 = 𝑒𝛽𝜇 is the activity, 𝛽 = 1/(𝑘𝑇 ) is the in-
verse temperature, and 𝜇 is the chemical potential.
The integration with respect to coordinates of all the
particles 𝑥𝑖 = (𝑥

(1)
𝑖 , 𝑥

(2)
𝑖 , 𝑥

(3)
𝑖 ) is noted as

∫︀
𝑉
(𝑑𝑥)𝑁 =

=
∫︀
𝑉
𝑑𝑥1 ···

∫︀
𝑉
𝑑𝑥𝑁 , and 𝜂 = {𝑥1, ..., 𝑥𝑁} is the set of

coordinates. The interaction potential �̃�𝑙12 is a func-
tion of the distance 𝑙12 = |l1− l2| between cells. Each
vector l𝑖 belongs to the set

Λ =
{︁
l = (𝑙1, 𝑙2, 𝑙3)|𝑙𝑖 = 𝑐𝑚𝑖; 𝑚𝑖 = 1, 2, ..., 𝑁𝑎;

𝑖 = 1, 2, 3; 𝑁𝑣 = 𝑁3
𝑎

}︁
, (2)

where 𝑁𝑎 is the number of cells along each axis. The
occupation numbers of cells

𝜌l(𝜂) =
∑︁
𝑥∈𝜂

𝐼Δl(𝑥) (3)

appearing in Eq. (1) are defined by the characteristic
functions (indicators)

𝐼Δl(𝑥) =

{︂
1, if 𝑥 ∈ Δl

0, if 𝑥 /∈ Δl,
(4)

which identify the particles in each cubic cell Δl =
= (−𝑐/2, 𝑐/2]3 ⊂ R3 and their contribution to the in-
teraction of the model. Henceforth, we choose the

Morse potential as the interaction potential �̃�𝑙12 :

�̃�𝑙12 = Ψ𝑙12 − 𝑈𝑙12 ;

Ψ𝑙12 = 𝐷𝑒−2(𝑙12−1)/𝛼𝑅 ,

𝑈𝑙12 = 2𝐷𝑒−(𝑙12−1)/𝛼𝑅 .

(5)

Here, Ψ𝑙12 and 𝑈𝑙12 are the repulsive and attractive
parts of the potential, respectively, and 𝛼𝑅 = 𝛼/𝑅0

(𝛼 is the effective interaction radius). The parameter
𝑅0 corresponds to the minimum of the function �̃�𝑙12 ,
and 𝐷 determines the depth of a potential well. Note
that the 𝑅0-units are used for the length measuring
for convenience. As a result, 𝑅0- and 𝑅3

0-units are
used for the linear size of each cell 𝑐 and volume 𝑣,
respectively.

3. Thermodynamic Potential
of the Model and the Equation of State

The basic idea of the thermodynamic potential cal-
culation near the critical point within the approach
of collective variables (CV) [23, 24] lies in the sep-
arate inclusion of contributions from short-wave and
long-wave modes of order parameter oscillations. The
short-wave modes are characterized by a renormaliza-
tion group (RG) symmetry and described by a non-
Gaussian measure density. They correspond to the
critical regime region observed above and below the
critical temperature 𝑇𝑐. In this case, the RG method
is used. We integrate the grand partition function of
the cell fluid model over the layers of the CV phase
space (see [17]). The corresponding RG transforma-
tion can be related to the Wilson type. Although, like
the Wilson approach, the CV method exploits the RG
ideas, it is based on the use of a non-Gaussian den-
sity of measure. The main feature is the integration of
short-wave oscillation modes, which is generally done
without using perturbation theory. As a result, we
obtained the recurrence relations between the coeffi-
cients of the effective quartic measure densities, their
solutions, and the equation for the critical tempera-
ture [17]. Including the short-wave oscillation modes
leads to a renormalization of the dispersion of the dis-
tribution describing long-wave modes. In the case of
𝑇 > 𝑇𝑐, these long-wave modes correspond to the re-
gion of the limiting Gaussian regime. We consider the
contribution from the long-wave modes of oscillations
to the thermodynamic potential of the cell fluid model
in the way, which is qualitatively different from the
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method of calculating the short-wave part of the ther-
modynamic potential. The calculation of this contri-
bution is based on the use of the Gaussian measure
density as the basis one. Here, we have developed
a direct method of calculation with the results ob-
tained by accounting for the short-wave modes as ini-
tial parameters.

The complete expression for the thermodynamic
potential

Ω = Ω𝑎 +Ω(+)
𝑠 +Ω

(+)
0 (6)

is obtained by summing up the contributions from
short-wave and long-wave modes of order parameter
oscillations. The terms

Ω𝑎 = −𝑘𝑇𝑁𝑣

(︀
𝛾01 + 𝛾02𝜏 + 𝛾03𝜏

2
)︀
+Ω01 (7)

and

Ω(+)
𝑠 = −𝑘𝑇𝑁𝑣𝛾

(+)
𝑠 (ℎ̃2 + ℎ2

𝑐)
𝑑

𝑑+2 (8)

correspond to the analytic and nonanalytic parts of
the thermodynamic potential, respectively. The third
term in Eq. (6), associated with the CV 𝜌0, is defined
as

Ω
(+)
0 = −𝑘𝑇𝑁𝑣

[︁
𝑒
(+)
0 ℎ̃(ℎ̃2 + ℎ2

𝑐)
𝑑−2

2(𝑑+2) −

− 𝑒
(+)
2 (ℎ̃2 + ℎ2

𝑐)
𝑑

𝑑+2

]︁
. (9)

The quantity Ω01 and the coefficients appearing in
Eqs. (7)–(9) can be found in work [17]. The quantity
ℎ̃ is proportional to the renormalized chemical poten-
tial, and the quantity ℎ𝑐 is characterized by the renor-
malized relative temperature, 𝜏 = (𝑇 − 𝑇𝑐)/𝑇𝑐 is the
relative temperature, 𝑑 = 3 is the space dimension.

In the course of describing the behavior of the su-
percritical fluid, we obtained and investigated a non-
linear equation connecting the average density �̄� and
the renormalized chemical potential 𝑀 . The quantity
𝑀 is expressed by the initial chemical potential 𝜇
(hereafter, consider 𝑀 the chemical potential). This
equation can be represented as [17]

𝑏
(+)
3 𝑀1/5 = �̄�− 𝑛𝑔 +𝑀, (10)

where

𝑏
(+)
3 =

(︃
𝑏
(+)
1

𝑏
(+)
2

)︃1/5
𝜎
(+)
00 ,

Fig. 1. Dependence of the chemical potential 𝑀 on the aver-
age density �̄� for various values of the relative temperature 𝜏 .
The arrow points on the correspondence between 𝜏 and curves
of 𝑀 at the transition from down to up in the first quadrant
of the coordinate plane

𝑏
(+)
1 = (𝛽𝑊 (0))

1/2
,

𝑏
(+)
2 =

𝛼

(1 + 𝛼2)1/2
.

(11)

Here, 𝑊 (0) is the Fourier transform of the effective
interaction potential at the zero value of the wave
vector, and 𝑛𝑔 is determined by the coefficients of
the initial expression for the grand partition func-
tion. The coefficient 𝜎(+)

00 is a function of the quantity
𝛼, which is defined as the ratio of the renormalized
chemical potential to the renormalized relative tem-
perature. Equation (10) allows for tracing the chem-
ical potential 𝑀 (𝑀 ≪ 1) as a function of �̄� at dif-
ferent fixed values of the relative temperature 𝜏 (see
Fig. 1). Note that all the graphic material represented
in this paper is for the parameters of the Morse in-
teraction potential taken from [18], which correspond
to the data for sodium [25]. Work [18] also contains
a set of parameters for potassium. In particular, we
have 𝑅0/𝛼 = 2.9544 for sodium and 𝑅0/𝛼 = 3.0564
for potassium.

The expression for the logarithm of the grand par-
tition function (or the thermodynamic potential Ω =
= −𝑘𝑇 ln Ξ) derived in [17] for the cell fluid model at
𝑇 > 𝑇𝑐 makes it possible to obtain the pressure 𝑃
as a function of the temperature 𝑇 and the chemical
potential 𝜇 using the well-known equation

𝑃𝑉 = 𝑘𝑇 ln Ξ. (12)

Having the grand partition function, we can also find
the average number of particles

�̄� =
𝜕 ln Ξ

𝜕𝛽𝜇
. (13)
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Fig. 2. Dependence of the pressure 𝑃 on the average density
�̄� at different fixed temperatures 𝜏 . The critical point (�̄�𝑐 =

= 0.997, 𝑃𝑐 = 0.474) is marked by the symbol ∘

Dimensionless critical temperature 𝑘𝑇𝑐, average
density �̄�𝑐, and pressure 𝑃𝑐, obtained for sodium
(Na) and potassium (K) on the basis of the cell fluid
model (CFM) in the zero mode approximation
(ZMA) [26] (see the first row) and in the 𝜌4 model
approximation (R4MA) [17, 18] (see the second
row). The third and fourth rows of the table
refer to the Monte Carlo simulation results [25]
and experimental data [27], respectively

Research methods
Na K

𝑘𝑇𝑐 �̄�𝑐 𝑃𝑐 𝑘𝑇𝑐 �̄�𝑐 𝑃𝑐

Theory (CFM,ZMA) 5.760 0.997 5.037 0.935
Theory (CFM,R4MA) 4.028 0.997 0.474 3.304 0.935 0.408
Simulations 5.874 1.430 2.159 5.050 1.125 1.651
Experiment 3.713 1.215 0.415 3.690 0.772 0.498

The latter relation allows us to express the chemical
potential in terms of the average number of particles
�̄� or in terms of the average density

�̄� =
�̄�

𝑁𝑣
=

(︂
�̄�

𝑉

)︂
𝑣, (14)

where 𝑣 is the volume of a cubic cell. Combining
Eqs. (12) and (13), we find the pressure 𝑃 as a func-
tion of the temperature 𝑇 and the average density �̄�,
in other words, the equation of state of our model.

The equation of state of the cell fluid model at
𝑇 > 𝑇𝑐 obtained using the simplest non-Gaussian
quartic fluctuation distribution (the 𝜌4 model), takes
the form [17]

𝑃𝑣

𝑘𝑇
= 𝑃 (+)

𝑎 (𝑇 ) + 𝐸𝜇 +

(︃
𝑛− 𝑛𝑔

𝜎
(+)
00

)︃6
×

×

[︃
𝑒
(+)
0

𝛼

(1 + 𝛼2)1/2
+ 𝛾(+)

𝑠 − 𝑒
(+)
2

]︃
. (15)

The quantity 𝑃
(+)
𝑎 (𝑇 ) appearing in Eq. (15) contains

an analytic dependence on the temperature. The co-
efficient 𝛾

(+)
𝑠 characterizes the nonanalytic contribu-

tion to the thermodynamic potential. The quantities
𝑒
(+)
0 , 𝑒(+)

2 , and 𝜎
(+)
00 depend on the roots of a specific

cubic equation. The expressions for all these quan-
tities, as well as for 𝐸𝜇, are given in [17]. Using
Eq. (15), in Fig. 2, we demonstrate the pressure be-
havior as the density increases.

4. Critical Point Parameters of Fluids and
Thermodynamic Coefficients

The proposed analytic approach, developed to de-
scribe the critical behavior of the cell fluid model by
accounting for the non-Gaussian fluctuations of the
order parameter (the 𝜌4 model approximation), is ap-
plied to the Morse potential parameters characteristic
of simple alkali metals (sodium and potassium). The
critical point temperature 𝑘𝑇𝑐 can be calculated us-
ing the equation obtained in our paper [17]. Eqs. (10)
and (15) give expressions for the critical fluid den-
sity �̄�𝑐 and pressure 𝑃𝑐, respectively. Table shows the
numerical estimates of the critical point parameters,
which we obtained for sodium and potassium. The re-
sults of the so-called zero mode approximation (the
mean-field approximation) (see [26]) are in the first
row, and those based on the proposed theory (see
[17, 18] and this paper) are in the second row. For
comparison, Table also contains the results of other
authors.

The zero mode approximation does not account for
the fluctuations of the order parameter. This approxi-
mation is inefficient near the critical point, where fluc-
tuation effects play a significant role. The 𝜌4 model
approximation involves the non-Gaussian order pa-
rameter fluctuations that lead to the emergence of
a RG symmetry. Table allows the evaluation of the
discrepancies between theoretical, experimental, and
Monte Carlo simulation results. As can be seen from
Table, our estimates of the critical point parame-
ters for Na and K in the 𝜌4 model approximation
agree better with the experimental data [27] than
the numerical results [25] obtained by Monte Carlo
simulations. The critical temperatures for Na and K
are overestimated in Monte Carlo calculations. The
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critical pressures for the alkali metals show signif-
icant deviations from theoretical and experimental
values. For Na, the pressure is vastly overestimated,
because the critical temperature is overvalued. It is
observed that, at the experimental critical point of Na
metal, 2485 K, the corresponding pressure predicted
by simulation is a good approximation to the exper-
imental critical pressure. In [25], the authors noted
that the critical properties of Na and K are overes-
timated by their simulations, which means that the
used parameters need to be refined to give a bet-
ter agreement with experimental data. Scaling of the
parameters to correctly predict the literature values,
which are also observed to have a wide scatter, is re-
served for a further study.

Using the equation of state (15), we can calculate
and investigate thermodynamic coefficients (isother-
mal compressibility, density fluctuations, and ther-
mal expansion) in the supercritical temperature re-
gion (𝑇 > 𝑇𝑐).

The subsequent figures illustrate the results of our
numerical calculations obtained for sodium in a vicin-
ity of the critical point. Figure 3 demonstrates the
density dependence of the isothermal compressibility

𝐾𝑇 =
1

𝜂

(︂
𝜕𝜂

𝜕𝑝

)︂
𝑇

=
𝑃𝑐

�̄�

(︂
𝜕𝑃

𝜕�̄�

)︂−1

𝑇

(16)

for fixed temperature values (we used the same values
of 𝜏 to plot the isotherms in Fig. 2). Here, 𝜂 = �̄�/�̄�𝑐,
𝑝 = 𝑃/𝑃𝑐. Proceeding from the extreme values of
the isothermal compressibility 𝐾𝑇 (the dashed line
in Fig. 3), we can construct the Widom line of the
supercritical cell fluid (see Fig. 4). The density fluc-
tuations

𝜁𝑇 = 𝑡

(︂
𝜕𝜂

𝜕𝑝

)︂
𝑇

=
𝑃𝑐(1 + 𝜏)

�̄�𝑐

(︂
𝜕𝑃

𝜕�̄�

)︂−1

𝑇

(17)

and the thermal expansion coefficient

𝛼𝑃 = −1

𝜂

(︂
𝜕𝜂

𝜕𝑡

)︂
𝑃

= − 1

�̄�

(︂
𝜕�̄�

𝜕𝜏

)︂
𝑃

, (18)

calculated in addition to the isothermal compressibil-
ity, are shown in Figs. 5 and 6, respectively. Here,
𝑡 = 𝑇/𝑇𝑐.

The graphs in Figs. 3 and 5 are similar to each
other, since the behavior of 𝐾𝑇 and 𝜁𝑇 is deter-
mined by the same derivative (𝜕𝑃/𝜕�̄�)𝑇 [see Eqs. (16)
and (17)].

Fig. 3. Evolution of the isothermal compressibility with in-
creasing density for various values of the relative temperature

Fig. 4. Pressure at the extreme points of the compressibility
as a function of the temperature

Fig. 5. Density fluctuations for temperatures close to the
critical temperature

It should be noted that our calculations are valid
in a small neighborhood of 𝑇𝑐, where theoretical and
experimental researches are difficult to carry out. The
solutions of recurrence relations (see [17]) allow us to
calculate the size of the critical region. In these solu-
tions, the terms proportional to 𝐸𝑛

3 describe the entry
to the critical regime, and the terms proportional to
𝐸𝑛

2 describe the exit from the critical regime. Here,
𝐸2 and 𝐸3 are the eigenvalues of the RG linear trans-
formation matrix, and 𝑛 is the layer number in the
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Fig. 6. Dependence of the thermal expansion 𝛼𝑃 on the tem-
perature for various fixed values of the pressure 𝑃

CV phase space. We can determine the temperature
range 𝜏 < 𝜏* in which the critical regime emerges
using the solutions of recurrence relations and the
condition for the critical regime existence (the exit
from the critical regime for 𝑛 → 1 does not pre-
vail over the entry to this regime). The temperature
𝜏* equals the magnitude of the smallest root of two
equations obtained from solutions of the recurrence
relations. The quantity 𝜏* determined in this way
is of the order of a few hundredths (𝜏* = 0.04 in
the case of liquid sodium, and 𝜏* = 0.02 for potas-
sium). The region of interest for most applications
of supercritical fluids covers this temperature value
(usually 1 < 𝑇/𝑇𝑐 < 1.1 (or 0 < 𝜏 < 0.1) and
1 < 𝑃/𝑃𝑐 < 2 [28]).

5. Conclusions

The behavior of the fluid system has been studied
within the cell model in the immediate vicinity of the
critical point. The region in a vicinity of the critical
point is of interest (due to the fundamental and ap-
plied aspects) and difficult (due to the essential role
of fluctuation effects) to analyze.

The method developed by us in [17] for Morse
fluids has been applied to describe the phase tran-
sition in simple liquid alkali metals. The calcula-
tions have been performed for the parameters of the
Morse interaction potential, which are related to al-
kali metals (sodium and potassium). We have calcu-
lated the critical point parameters for sodium and
potassium, which are in agreement with the exper-
imental data. The equation of state of the cell fluid
model allowed us to obtain the pressure as a function
of the temperature and density, as well as to study
the behavior of thermodynamic coefficients (isother-

mal compressibility, density fluctuations, and thermal
expansion) for sodium in the supercritical tempera-
ture region.

We see from Fig. 2 that the isotherms acquire a
flat portion in the immediate vicinity of the criti-
cal point, i.e., the slope (𝜕𝑃/𝜕�̄�) goes to zero at
𝑇 −→ 𝑇+

𝑐 . This corresponds to the fact that the
isothermal compressibility (16) and the density fluc-
tuations (17) become very large, when approaching
the critical point (see Figs. 3 and 5). Very large val-
ues of the isothermal compressibility mean that the
sensitivity of the density to very small pressure fluctu-
ations is very large. The extreme values of the isother-
mal compressibility found in the case of sodium are
used to construct the Widom line (see Fig. 4). The
latter is the boundary between the gaseous and liq-
uid structures of the supercritical fluid.

The behavior of the temperature-dependent ther-
mal expansion at a fixed pressure is shown in
Fig. 6. For various fixed pressures, we see a decrease
in the thermal expansion coefficient (18) with in-
creasing supercritical temperature, which is typical of
gases. The thermal expansion coefficient of gases with
increasing temperature approaches the value of the
thermal expansion coefficient of an ideal gas, which
is equal to the reciprocal absolute temperature.

We hope for that our approach to simple fluid sys-
tems may provide useful benchmarks in studying the
critical behavior of multicomponent fluids. The con-
ducted research also provides a certain methodologi-
cal contribution to the theoretical description of crit-
ical phenomena.
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I.В. Пилюк, М.П. Козловський, О.А. Добуш

ТЕРМОДИНАМIЧНI ВЕЛИЧИНИ
ПЛИНIВ МОРЗЕ В НАДКРИТИЧНIЙ ОБЛАСТI

Iз врахуванням негаусових флуктуацiй параметра порядку
та потенцiалу взаємодiї Морзе розраховано параметри кри-
тичної точки для рiдких лужних металiв (натрiю i калiю).
Дослiджено поведiнку iзотермiчної стисливостi, флуктуа-
цiй густини та теплового розширення для натрiю в над-
критичнiй температурнiй областi. Суттєве зростання iзо-
термiчної стисливостi та флуктуацiй густини бiля крити-
чної точки вказує на значну чутливiсть густини до незна-
чних флуктуацiй тиску. Коефiцiєнт теплового розширення
для рiзних фiксованих значень тиску проявляє типове для
газiв зменшення iз зростанням надкритичної температури.
Зображено лiнiю Вiдома, яка роздiляє газоподiбну та рiди-
ноподiбну структури плину при температурах вище крити-
чної. Зазначимо, що нашi розрахунки справедливi у вузь-
кому околi критичної точки, який є проблематичним для
теоретичних та експериментальних дослiджень.

Ключ о в i с л о в а: потенцiал взаємодiї Морзе, критична
точка, термодинамiчний потенцiал, iзотермiчна стисли-
вiсть, флуктуацiї густини, теплове розширення.
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