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CANONICAL ENSEMBLE VS. GRAND
CANONICAL ENSEMBLE IN THE DESCRIPTION
OF MULTICOMPONENT BOSONIC SYSTEMSUDC 539

The thermodynamics of a system of interacting bosonic particles and antiparticles in the pres-
ence of the Bose–Einstein condensate is studied in the framework of a Skyrme-like mean-field
model. It is assumed that the total charge density (isospin density) is conserved at all tempera-
tures. Two cases are explicitly considered: the zero or nonzero isospin charge of the system. A
comparative analysis is carried out using the Canonical Ensemble or the Grand Canonical
Ensemble. It is shown that the Grand Canonical Ensemble is not suitable for describing the
bosonic systems of particles and antiparticles in the presence of a condensate, but an adequate
study can be carried out within the framework of the canonical ensemble, where the chemical
potential is a thermodynamic quantity that depends on the canonical free variable.
K e yw o r d s: relativistic bosonic system of particles and antiparticles, Bose–Einstein conden-
sation.

1. Introduction

The purpose of this work is to report on the results
of studies of the thermodynamic properties of the
bosonic system, in particular, the nature of phase
transitions during the Bose–Einstein condensation
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with conservation of the isospin (charge) density. A
scalar model of the bosonic system that develops a
Bose–Einstein condensate with conservation of the
isospin (charge) was first studied in [1–3]. Various as-
pects of free and interacting systems of relativistic
bosons were discussed further in Refs. [4–9]. To intro-
duce the problem we are going to discuss here, it is ap-
propriate to point out some features in the description
of the condensate phase. To do this, we first briefly
consider the Bose condensation in a non-relativistic
ideal bosonic gas within the Grand Canonical Ensem-
ble. At high temperatures, where the system is fully
in the thermal phase the density of particles 𝑛 is

𝑛 = 𝑔

∫︁
𝑑3𝑘

(2𝜋)3
𝑓BE

(︀
𝐸𝑘, 𝜇

)︀
, (1)
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where 𝑔 is the degeneracy factor, 𝐸𝑘 = 𝑘2/2𝑚, and
the Bose–Einstein distribution function 𝑓BE(𝐸,𝜇)
reads

𝑓BE(𝐸,𝜇) =

[︂
exp

(︂
𝐸 − 𝜇

𝑇

)︂
− 1

]︂−1

. (2)

Here, 𝜇 is the chemical potential with some profile,
which provides the conservation of the particle den-
sity 𝑛. In the phase, when a condensate has been de-
veloped in the system, the total particle density con-
sists of two contributions, the density of condensed
particles 𝑛cond and the density of thermal (kinetic)
particles 𝑛th:

𝑛 = 𝑛cond(𝑇 ) + 𝑛th(𝑇 )

with

𝑛th(𝑇 ) = 𝑔

∫︁
𝑑3𝑘

(2𝜋)3
𝑓BE

(︀
𝐸𝑘, 𝜇

)︀⃒⃒
𝜇=𝐸gs

, (3)

where 𝐸gs = 0 is the energy of the ground state. In
fact, the equality 𝜇 = 0 is a necessary condition for
the formation of a condensate. We consider the ho-
mogeneous bosonic system in thermodynamic equi-
librium. In this case, any thermodynamic state of
the system in the framework of the Grand Canon-
ical Ensemble is determined by two canonical vari-
ables (𝑇, 𝜇). But, such a definition of the thermo-
dynamic state cannot be made in the condensate
phase, since we have one free variable 𝑇 left, and the
chemical potential is fixed by the condition 𝜇 = 0.
Thus, to define the thermodynamic state, we need
one more variable, which can be the total particle
density 𝑛. So, we define the thermodynamic state
by two free variables (𝑇, 𝑛). But, this means that
we describe the bosonic system within the frame-
work of the Canonical Ensemble, while the Grand
Canonical Ensemble is not suitable for the descrip-
tion in the condensed phase. Kerson Huang pointed
out: “we must re-emphasize that the Bose–Einstein
condensation can only occur, when the particle num-
ber is conserved” [10]. On this way the intersec-
tion of the line 𝑛 = const and the critical curve
𝑛th(𝑇 ) determines the corresponding critical temper-
ature 𝑇c = (2𝜋/𝑚)(𝑛/𝑔𝜁(3/2))2/3, which is defined
using the conserved particle density 𝑛 [11]. Hence,
the Grand Canonical Ensemble is not very useful
for describing the ideal gas of bosons in the con-
densate phase. And what about the use of chemi-

cal potential in the thermal phase at high temper-
atures? In fact, one can determine some thermody-
namic state of the system by setting the specific
values of (𝑇, 𝜇). However, to keep the particle den-
sity constant, it is necessary to solve Eq. (1) with
respect to 𝜇 for a given value 𝑛 and for temper-
atures 𝑇 > 𝑇c and get the dependence (profile)
𝜇(𝑇, 𝑛). But, this means that we study the problem
again in the Canonical Ensemble, where the chem-
ical potential is a thermodynamic function depend-
ing on the free variables (𝑇, 𝑛) (simply put, using
the chemical potential as a thermodynamic quantity
does not mean using the grand canonical ensemble,
see Ref. [10]).

A similar situation arises when describing an ideal
relativistic bosonic gas with a constant density of par-
ticles 𝑛. In this case, the expressions for the density
of particles in the high-temperature thermal phase
and in the condensate phase remain the same as be-
fore in the nonrelativistic approach, i.e., Eqs. (1)–(3)
are valid in the relativistic sector. Only for the single-
particle ground state, we have 𝐸gs = 𝑚, since the dis-
persion relation is now relativistic 𝐸𝑘 =

√
𝑚2 + 𝑘2 1.

Thus, it follows from the condition of condensate for-
mation that the chemical potential is equal to the
mass of the particle 𝜇 = 𝑚 in the temperature inter-
val 0 ≤ 𝑇 ≤ 𝑇c, that is, in the condensate phase. On
the other hand, this value of the chemical potential
determines the maximum density of only thermal par-
ticles for a given temperature 𝑇 .

Therefore, it is not possible to determine the ther-
modynamic state of the system in the presence of a
condensate by a pair of variables (𝑇, 𝜇); again, an
additional variable is needed. It can be the total par-
ticle density, then we describe the system by (𝑇, 𝑛)
variables, i.e., within the Canonical Ensemble.

As one can see, in both cases, with the conserved
number of particles, the Grand Canonical Ensemble
cannot describe the bosonic gas in the condensate
phase. This is due to the fact that the chemical po-
tential in this phase is not a free variable. Its value is
fixed by the condition of condensate formation, i.e.,
𝜇 = 𝐸gs.

Next, we are going to prove that the same situation
occurs in a system of interacting relativistic bosons,
when the isospin (charge) is conserved.

1 Here and, below, we adopt the system of units ~ = 𝑐 = 1,
𝑘B = 1.
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2. The Relativistic System
of Boson Particles and Antiparticles

As was stated by Kerson Huang, the real conserva-
tion law deals with the conserved quantity that is
the number of particles minus the number of an-
tiparticles [10]. That is why, any study of the Bose–
Einstein condensation in a relativistic Bose gas must
take antiparticles into account. Such systems of bo-
son particles and antiparticles were first discussed in
[1–3]. Our consideration of the system of interacting
bosonic particles and antiparticles at finite temper-
atures is carried out within the framework of the
thermodynamic mean-field model, which was intro-
duced in [12, 13] and further developed in [14]. The
self-consistent equations for the total particle density
𝑛 and the isospin (charge) density 𝑛𝐼 in this model
are key elements for determining the thermodynamic
state of the system [15, 16]. At high temperatures,
when particles (𝜋− mesons) and antiparticles (𝜋+

mesons) are only in the thermal (kinetic) phase, the
corresponding expressions can be written as follows 2:

𝑛=𝑔

∫︁
𝑑3𝑘

(2𝜋)3
[︀
𝑓BE

(︀
𝐸(𝑘, 𝑛), 𝜇𝐼

)︀
+𝑓BE

(︀
𝐸(𝑘, 𝑛),−𝜇𝐼

)︀]︀
,

(4)

𝑛𝐼 =𝑔

∫︁
𝑑3𝑘

(2𝜋)3
[︀
𝑓BE

(︀
𝐸(𝑘, 𝑛), 𝜇𝐼

)︀
−𝑓BE

(︀
𝐸(𝑘, 𝑛),−𝜇𝐼

)︀]︀
.

(5)

Here, the Bose–Einstein distribution function
𝑓
BE

(︀
𝐸(𝑘, 𝑛), 𝜇𝐼

)︀
, which is defined in (2), contains

a term that describes the interaction in the system
𝑈(𝑛): 𝐸(𝑘, 𝑛) = 𝜔𝑘 + 𝑈(𝑛), 𝜔𝑘 =

√
𝑚2 + 𝑘2. It

is worth to note that, in the case of 𝜇𝐼 = 0, the
number of particles and antiparticles in the system
are equal to each other, and the net charge in the
system (see Eq. (5)) is equal to zero, 𝑛𝐼 = 0. This
case is discussed in detail in [15], where the system
of particles and antiparticles was considered using
the Grand Canonical Ensemble.

Below, we consider the possibility of the Bose–
Einstein condensation in a two-component system,
say, 𝜋− and 𝜋+ mesons, with a non-zero isospin
(charge) density 𝑛𝐼 = 𝑛(−) − 𝑛(+). The necessary

2 We simply conventionally call the particles pi-mesons. Actu-
ally, we consider bosonic particles with a mass of 𝜋-mesons
and zero spin.

condition for the formation of a condensate is deter-
mined by the maximum possible population of ther-
mal states at a certain temperature; for example, for
particles, it is 𝑚 + 𝑈(𝑛) − 𝜇𝐼 = 0. In view of this,
the phase structure of the system can be classified
according to three main scenarios:

a) high temperatures – both components, i.e., par-
ticles and antiparticles, are only in the thermal (ki-
netic) phase: 𝑚 + 𝑈(𝑛) − 𝜇𝐼 > 0 and 𝑚 + 𝑈(𝑛)+
+𝜇𝐼 > 0, respectively.

b) Particles are in the condensate phase 3 and an-
tiparticles are only in the thermal phase: 𝑚+𝑈(𝑛)−
−𝜇𝐼 = 0 and 𝑚+ 𝑈(𝑛) + 𝜇𝐼 > 0, respectively.

c) Both components, particles and antiparticles,
are in the condensate phase (𝑘 = 0): 𝑚+𝑈(𝑛)−𝜇𝐼 =
= 0 and 𝑚+𝑈(𝑛) + 𝜇𝐼 = 0, respectively. These con-
ditions are equivalent to the system of equations{︂
𝜇𝐼 = 0,

𝑈(𝑛) +𝑚 = 0.

(6)
(7)

We assume that the interaction between particles
is described by the Skyrme-like mean field, which de-
pends only on the total particle-number density 𝑛

𝑈(𝑛) = −𝐴𝑛+𝐵 𝑛2, (8)

where 𝐴 and 𝐵 are the positive model parame-
ters. For the given mean field (8), there are two roots
of Eq. (7) with respect to 𝑛:

𝑛1,2 =

√︂
𝑚

𝐵

(︁
𝜅∓

√︀
𝜅2 − 1

)︁
, (9)

where
𝜅 ≡ 𝐴

2
√
𝑚𝐵

. (10)

Then one can parametrize the attraction coefficient
as 𝐴 = 𝜅𝐴c with 𝐴c = 2

√
𝑚𝐵. The parameter 𝜅 de-

termines the phase structure of the system, namely,
the allowed/forbidden particle density domain. There
are no real roots for the values of the parameter 𝜅 <
< 1, and we name this as a “weak” attraction. The
critical value 𝐴c is obtained, when both roots coin-
cide, i.e., 𝜅 = 𝜅c = 1, then 𝐴 = 𝐴c = 2

√
𝑚𝐵. The

3 “Particles, for example, 𝜋−-mesons, are in the condensate
phase” is a short name for a mixture phase, where one part
of the particles is in a condensate with 𝑘 = 0, but another
part of the same particles, i.e., 𝜋−-mesons, is in a thermal
(kinetic) state.
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Left panel: Boson system at the zero charge density 𝑛I = 0 (or 𝜇𝐼 = 0). Particle density vs. temperature at a supercritical
attraction 𝜅 = 1.1. It is shown as a solid blue line consisting of several segments. The vertical segment (solid blue line) indicates
a phase transition of the first order with the creation of the condensate. Dependencies of the particle density on the temperature
at “weak” attraction 𝜅 ≤ 1 are shown as solid black lines in the thermal phase. A dashed red line is the critical curve. Right panel:
Boson system at a finite charge density 𝑛I = 0.1 fm−3. Temperature dependencies of the density of negative 𝑛(−) and positive
𝑛(+) particles are shown as a solid blue line consisting of several segments and a dashed blue line consisting of several segments,
respectively. The vertical segment for both dependencies indicates a phase transition of the first order with the creation of the
condensate. In the condensate phase, 𝜇𝐼 = 0. A dashed red line is the critical curve 𝑛lim(𝑇 ), see Eq. (12)

second interval corresponds to 𝜅 > 1, where Eq. (7)
has two real roots. We associate this interval with
a “strong” attractive interaction. The dependence of
the total density of particles 𝑛 on the parameter 𝜅 for
a system with zero charge 𝑛𝐼 = 0 is shown in the fig-
ure (left panel), which was first obtained in [15] and
shown here for comparison with results calculated for
𝑛𝐼 ̸= 0.

Let us consider several possibilities.
a. Both particles and antiparticles are pre-

sent only in the thermal phase. The behavior of
the particle-antiparticle boson system in the thermal
phase is determined by a set of two transcendental
equations (4), (5) (set (a)), which should be solved
self-consistently with respect to 𝑛 and 𝜇𝐼 for a given
temperature 𝑇 and 𝑛𝐼 . In the present study, we con-
sider bosons with spin zero, i.e., the degeneracy factor
𝑔 = 1 for every boson component. We would like to
point out that, in fact, we consider the many-particle
system in the Canonical Ensemble, where the inde-
pendent canonical variables are 𝑇 and 𝑛𝐼 . In this ap-
proach, the chemical potential 𝜇𝐼 is a thermodynamic
function, which depends on the canonical variables.

b. Particles are in the condensate phase and
antiparticles are only in the thermal phase.
When the particles are in the condensate phase and
antiparticles are still in the thermal phase, Eqs. (4)
and (5) should be generalized to include the con-

densate component of 𝜋− mesons, 𝑛
(−)
cond. It should

be taken into account that the particles (negatively
charged component) can be in a condensed state un-
der the necessary condition

𝑚+ 𝑈(𝑛)− 𝜇𝐼 = 0. (11)

Let us look on the evolution of the particle-
antiparticle system during its cooling from high tem-
peratures, where the two components are both in the
thermal phase. When the temperature decreases from
high values, the density of particles 𝑛(−)(𝑇, 𝑛𝐼) first
reaches the critical curve at the temperature 𝑇

(−)
c ,

where condition (11) is fulfilled, see Figure, right
panel. This condition means that, in place of the ar-
gument (𝐸(𝑘, 𝑛)−𝜇𝐼)/𝑇 of the Bose–Einstein distri-
bution function of charge-dominant component (𝜋−

mesons), we put the argument (𝜔𝑘 − 𝑚)/𝑇 and get
the curve 𝑛lim(𝑇 ), defined as

𝑛lim(𝑇 ) =

∫︁
𝑑3𝑘

(2𝜋)3
𝑓BE

(︀
𝜔𝑘, 𝜇𝐼

)︀⃒⃒⃒
𝜇𝐼=𝑚

, (12)

which coincide with the critical curve 𝑛th(𝑇 ) for the
ideal single-component gas defined in Eq. (3). This
is, indeed, a critical curve for 𝜋− mesons (see the red
dashed curve in the figure, right panel), since, at 𝜇𝐼 =
= 𝑚 and the temperature 𝑇 , the Bose–Einstein dis-
tribution function reaches its maximum value, which
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determines the maximum density of thermal parti-
cles at this particular temperature in the system of
interacting bosons.

So, the crossing point of the curves 𝑛(−)(𝑇, 𝑛𝐼)

and 𝑛lim(𝑇 ) determines the critical temperature 𝑇
(−)
c

for the high-density component of the system. At
𝑇 < 𝑇

(−)
c , the density of thermal 𝜋−-mesons coin-

cides with the critical curve (12), i.e., 𝑛(−)
th = 𝑛lim(𝑇 ).

Thus, the density 𝑛(−) of 𝜋− mesons consists of
two parts, the density of the condensed 𝜋− mesons,
𝑛
(−)
cond, and the density of thermal 𝜋− mesons, 𝑛(−)

th ,
or 𝑛(−) = 𝑛

(−)
cond(𝑇 ) + 𝑛lim(𝑇 ). Therefore, in the tem-

perature interval 𝑇
(+)
c ≤ 𝑇 ≤ 𝑇

(−)
c , we can write

the generalization of the set of Eqs. (4) and (5) (set
(b)) as

𝑛 = 𝑛
(−)
cond(𝑇 ) + 𝑛lim(𝑇 )+

+

∫︁
𝑑3𝑘

(2𝜋)3
𝑓BE

(︀
𝐸(𝑘, 𝑛),−𝜇𝐼

)︀⃒⃒⃒
𝜇𝐼=𝑚+𝑈(𝑛)

, (13)

𝑛𝐼 = 𝑛
(−)
cond(𝑇 ) + 𝑛lim(𝑇 )−

−
∫︁

𝑑3𝑘

(2𝜋)3
𝑓
BE

(︀
𝐸(𝑘, 𝑛),−𝜇𝐼

)︀⃒⃒⃒
𝜇𝐼=𝑚+𝑈(𝑛)

. (14)

Solving this system of equations with respect to 𝑛 and
𝑛
(−)
cond for fixed values of (𝑇, 𝑛𝐼) provides the function

𝑛(+)(𝑇, 𝑛𝐼) in the interval 𝑇 (+)
c ≤ 𝑇 ≤ 𝑇

(−)
c , see the

blue dashed curve in the figure, right panel. Obvi-
ously, only thermal 𝜋+ mesons contribute to the den-
sity 𝑛(+). On the other hand, two fractions of 𝜋−-
mesons contribute to the density 𝑛(−): condensed
particles with the particle-number density 𝑛

(−)
cond(𝑇 ),

and thermal particles with the density 𝑛lim(𝑇 ).
c. The temperature interval, where both par-

ticles and antiparticles are in the condensate
phase. In this case, additionally to condition (11) for
𝜋− mesons, there must be a corresponding condition
for 𝜋+ mesons to ensure that both components of the
gas are in the condensate at the same temperature
𝑇 and chemical potential 𝜇𝐼 . As we have shown, this
requirements lead to Eqs. (6) and (7). With account
for these conditions, Eqs. (13) and (14) should be
modified to include the condensate component 𝑛

(+)
cond

of 𝜋+ mesons assuming that the density of thermal
𝜋+ mesons equals now to 𝑛lim(𝑇 ), i.e., the same way
as the density of thermal 𝜋− mesons. So, when both

components are in the condensate, set (c) of the self-
consistent equations reads

𝑛 = 𝑛
(−)
cond(𝑇 ) + 𝑛

(+)
cond(𝑇 ) + 2𝑛lim(𝑇 ), (15)

𝑛𝐼 = 𝑛
(−)
cond(𝑇 )− 𝑛

(+)
cond(𝑇 ). (16)

Indeed, since 𝜇𝐼 = 0, using, for example, the root
𝑛 = 𝑛2 in the argument of the Bose–Einstein distri-
bution functions in Eqs. (13), (14) leads to 𝑈(𝑛2) =
= −𝑚, which results in the density 𝑛lim(𝑇 ). Thus, we
obtain the system of equations (15), (16). The corre-
sponding particle density of each component 𝜋− or
𝜋+, obtained as a result of splitting the total density,
for example 𝑛2, is equal to 𝑛

(−)
2 = (𝑛2 + 𝑛𝐼)/2 and

𝑛
(+)
2 = (𝑛2 − 𝑛𝐼)/2, respectively.
It turns out that the solutions to cases (b) and

(c) exist in the same temperature interval. We are
speaking now about the temperature interval 0 <

< 𝑇 < 𝑇
(+)
c , see the figure, right panel. In addi-

tion to the self-consistent solutions of equations (b)
for these temperatures, there are two more “conden-
sate” branches of solutions associated with the roots
𝑛1 and 𝑛2 of the equation 𝑈(𝑛) + 𝑚 = 0. Mean-
while, in the competition between two “condensate”
branches, the second branch, created by 𝑛2, is prefer-
able, since the pressure corresponding to these states
is higher. On the other hand, the competition be-
tween solutions (b) and (c) is resolved also in the stan-
dard way according to the Gibbs criterion: the states
that correspond to the larger pressure are predom-
inant in the thermodynamic realization. Using this
rule, we find the temperature 𝑇cd from the equa-
tion 𝑝(𝑏)(𝑇, 𝑛𝐼) = 𝑝(𝑐)(𝑇, 𝑛𝐼), where the pressure
𝑝(𝑏)(𝑇, 𝑛𝐼) corresponds to solutions of the set of equa-
tions (b), and 𝑝(𝑐)(𝑇, 𝑛𝐼) to the set of equations
(c). For the temperatures higher than 𝑇cd, pressure
(c) dominates, i.e., 𝑝(𝑐)(𝑇, 𝑛𝐼) > 𝑝(𝑏)(𝑇, 𝑛𝐼). The-
refore, according to the Gibbs criterion, the tran-
sition to another branch of self-consistent solutions
gives rise to a phase transition of the first order at
the temperature 𝑇cd.

Results of the numerical solution of the sets of
equations (a), (b), and (c) at 𝜅 = 1.1 (𝐵 = 10𝑚𝑣20 ,
𝑚 = 140MeV, 𝑣0 = 0.45 fm3) for the particle-
number densities are depicted in the figure in the
right panel. The density 𝑛(−)(𝑇 ) of 𝜋− mesons de-
picted as a solid blue curve that consists of sev-
eral horizontal segments and one vertical segment,
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which represents a first-order phase transition. The
density 𝑛(+)(𝑇 ) of 𝜋+ mesons is depicted as a dashed
blue line, which also consists of several horizontal
segments and one vertical segment, which also rep-
resents a phase transition of the first order. Meta-
stable and forbidden states belonging to “thermal”
solutions are shown in the figure in both panels as
dashed and dotted segments, resembling the exten-
sions of thermal branches. The right panel of the
figure shows that the system is actually described
with a conserved isospin (charge) density, i.e., for ev-
ery temperature point on the graph, the condition
𝑛(−)(𝑇 ) − 𝑛(+)(𝑇 ) = 0.1 fm−3 is fulfilled. The con-
servation of charge leads to the splitting of roots (9)
shown in the left panel. It looks like: 𝑛1 → 𝑛

(−)
1 , 𝑛

(+)
1

and 𝑛2 → 𝑛
(−)
2 , 𝑛(+)

2 , where the difference is constant,
for example, 𝑛(−)

2 − 𝑛
(+)
2 = 𝑛𝐼 .

In both panels of Figure, in the condensate phase,
both systems are represented by zero chemical po-
tential regardless of whether the particle-antiparticle
system described in the right panel has a finite charge
density, i.e., 𝑛𝐼 = 0.1 fm−3, while the particle-
antiparticle system described in the left panel is char-
acterized by the zero charge density, i.e., 𝑛𝐼 = 0. So,
if one intends to study both systems, one system with
a finite charge density and another one with zero
charge density within the Grand Canonical Ensem-
ble, then the canonical variables should be (𝑇, 𝜇𝐼 =
= 0) when describing the condensate phase in both
systems.

It seems that we come to some contradiction, be-
cause, in the textbooks, it is written that the chemical
potential should reflect the conservation of charge or
conservation of the particle number. This contradic-
tion is resolved by realizing that the Grand Canoni-
cal Ensemble with the canonical variables (𝑇, 𝜇) is
suited for the description of the thermal phase or
for a description of the particles, which are in the
kinetic states, but not in the condensate states. In-
deed, it can be seen in the figure on the right panel
in the temperature interval that corresponds to the
condensate phase, that is, between points 2 and 3
on the graph, that, for every temperature from this
interval, the density of thermal 𝜋− mesons is equal
to the density of thermal 𝜋+ mesons, both equal to
𝑛lim(𝑇 ) defined in (12). In other words, these two
densities of thermal mesons, which are characterized
by 𝜇𝐼 = 0, are equal to the density on the critical
curve 𝑛lim, which is depicted as the dashed red line in

the figure (right panel). That is why the charge den-
sity, which is determined only by thermal particles,
is zero, i.e., 𝑛(therm)

𝐼 = 𝑛lim(𝑇 ) − 𝑛lim(𝑇 ) = 0. The-
refore, the chemical potential, which corresponds to
the charge of these thermal particles, is also zero. We
can conclude that the chemical potential 𝜇𝐼 is a use-
ful quantity only for describing the thermal or ki-
netic particles. This automatically leads to the fact
that the Grand Canonical Ensemble, where the chem-
ical potential 𝜇𝐼 is a free variable, can be adequate
to describe the bosonic system only in the thermal
phase. In the condensate phase, an adequate tool
for describing this phase is the Canonical Ensemble,
where the chemical potential 𝜇𝐼(𝑇, 𝑛𝐼) is a thermo-
dynamic quantity that depends on free variables. It
should be noted that this statement fully corresponds
to our conclusion about the description of the ideal
bosonic gas in the condensate phase obtained in the
Introduction.

3. Other Examples

One can argue that the mean field depends on the
isospin density. Indeed, consider the thermodynamic
mean-field model, where the mean field depends on
the total particle density 𝑛 and also depends on
the isospin density 𝑛𝐼 (this possibility was discussed
in [16]). As shown in Ref. [13], since 𝑛 and 𝑛𝐼 are
independent thermodynamic variables, the form of
this mean field is as follows: 𝑈 (∓)(𝑛, 𝑛𝐼) = 𝑈(𝑛)∓
∓𝑈𝐼(𝑛𝐼), where 𝑈𝐼(𝑛𝐼) is an odd function, for ex-
ample, 𝑈𝐼(𝑛𝐼) ∝ 𝑛𝐼 , and the field 𝑈 (−) acts on 𝜋−

mesons, while 𝑈 (+) acts on 𝜋+ mesons. Then, if 𝜋−

and 𝜋+ mesons are in the condensate phase, two
necessary conditions must be fulfilled: 𝑚 + 𝑈(𝑛)−
−𝑈𝐼(𝑛𝐼)− 𝜇𝐼 = 0 and 𝑚+𝑈(𝑛) +𝑈𝐼(𝑛𝐼) + 𝜇𝐼 = 0.
From here, we get the equivalent equations: 𝑚+
+𝑈(𝑛) = 0 and 𝜇𝐼 = −𝑈𝐼(𝑛𝐼). Therefore, the chem-
ical potential is fixed by the condition of condensate
formation and is determined by the isospin density,
which remains constant. Hence, when the mean inter-
action in the system depends on the isospin (charge)
density, we again conclude that 𝜇𝐼 cannot be a free
variable in the presence of a condensate. Hence, the
Grand Canonical Ensemble is not applicable in the
condensate phase.

When describing the same many-boson system at
a finite charge density in the field-theoretic approach
[17], we encounter exactly the same paradox. Indeed,
for the development of a condensate by both parti-
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cles and antiparticles, two conditions must be met:
𝑀−𝜇𝐼 = 0 and 𝑀+𝜇𝐼 = 0, where 𝑀 is the effective
mass of quasiparticles. By the complete analogy with
case (c) discussed above, these conditions lead to two
equations: 𝑀 = 0 and 𝜇𝐼 = 0. So, it turns out that
the system with a finite charge density 𝑛𝐼 ̸= 0 is char-
acterized by zero value of the chemical potential. On
the other hand, we see that, in the presence of a con-
densate, the density of thermal particles is the same
in the negatively and positively charged components
of the system, i.e., 𝑛

(−)
th (𝑇 ) = 𝑛

(+)
th (𝑇 ). Hence, the

problem can be resolved by accepting that the chem-
ical potential is responsible only for thermal (kinetic)
particles.

The picture obtained becomes even more striking,
when we study the conservation of charge in a rel-
ativistic ideal boson gas of particles and antiparti-
cles at 𝑛𝐼 ̸= 0. Indeed, if we assume that particles
and antiparticles are simultaneously in the conden-
sate phase, then two conditions must be satisfied si-
multaneously: 𝑚 − 𝜇𝐼 = 0 and 𝑚 + 𝜇𝐼 = 0, where
𝜇𝐼 is the isospin chemical potential, which corre-
sponds to 𝑛𝐼 . This leads to two equations: 𝑚 = 0 and
𝜇𝐼 = 0. As we can see, the first equation is not possi-
ble or unphysical. That is, only one condition can be
fulfilled, for example, 𝑚− 𝜇𝐼 = 0. So, we can formu-
late the theorem: In a relativistic bosonic ideal gas
of particles and antiparticles with a conserved isospin
(charge) 𝑛𝐼 ̸= 0, only one component of the system
can form the condensate phase. In the case of zero
isospin 𝑛𝐼 = 0, the system of particles and antipar-
ticles does not form a condensate. The dashed black
line in the figure (left panel) can be seen as an illus-
tration of the second statement.

Almost the same features in the behavior of the
ideal relativistic particle-antiparticle bosonic gas were
noticed by H.E. Haber and H.A. Weldon in 1981
in Ref. [1]: below 𝑇c the chemical potential deter-
mines only the charge density of the excited states
𝜌 − 𝜌0, where 𝜌0 is the charge density of the ground
state. This actually means that the boson system in
the condensate phase cannot be adequately described
by a Grand Canonical Ensemble, but can be described
by a Canonical Ensemble, where 𝜇(𝑇, 𝑛𝐼) (according
to our notation: 𝜌 = 𝑛𝐼 , 𝜌0 = 𝑛cond). In [3], the au-
thors wrote that “since 𝑛𝐼 is a physical quantity, and
𝜇𝐼 is a derived quantity”, Eq. (5) is, in fact, an im-
plicit formula for 𝜇𝐼 as a function of 𝑛𝐼 and 𝑇 . This
means that the Canonical Ensemble is used.

In addition, in the thermodynamic mean-field
model considered above, we have similar conditions
for the formation of a condensate by both compo-
nents: 𝑚 + 𝑈(𝑛) − 𝜇𝐼 = 0 and 𝑚 + 𝑈(𝑛) + 𝜇𝐼 = 0.
When the effective interaction in the system van-
ishes, i.e., 𝑈(𝑛) → 0, these conditions are the reason
for the same statement that only one component of
the bosonic particle-antiparticle system can develop a
condensate. As we have seen above, both components
can be in a condensed state only with the help of the
attractive mean field, when its value is equal to the
mass of a particle, i.e. 𝑚 = |𝑈(𝑛)|.

4. Conclusion

We have shown how the relativistic interacting sys-
tem of Bose particles and antiparticles can be de-
scribed at zero and finite isospin (charge) densities. In
both cases, the meson system develops a first-order
phase transition for sufficiently strong attractive in-
teractions via forming a Bose condensate with releas-
ing the latent heat. The model predicts that the con-
densed phase is characterized by a constant density
of particles.

We have demonstrated that the Grand Canonical
Ensemble is not suitable for describing a multicom-
ponent bosonic system in the presence of the con-
densate phase. In particular, it cannot describe the
condensate state in the system of particles and an-
tiparticles. The reason is that the chemical potential
is not a free parameter in the condensate phase, and
its values are determined by the necessary condition
for condensate formation. As we have shown, these
statements are valid in interacting bosonic systems,
as well as in an ideal bosonic gas.

Details of the calculations presented in this work
can be found in [18].

D.A. is very grateful to J. Steinheimer and O.Phi-
lipsen for useful discussions and comments and
greatly appreciates the warm hospitality and support
provided by FIAS administration and the scientific
community. The work of D.Zh. and D.A. was sup-
ported by the Simons Foundation and by the Pro-
gram “The structure and dynamics of statistical and
quantum-field systems” of the Department of Physics
and Astronomy of the NAS of Ukraine. I.M. thanks
FIAS for the support and hospitality. H.St. thanks for
the support from the J.M. Eisenberg Professor Laure-
atus of the Fachbereich Physik.

ISSN 0372-400X. Укр. фiз. журн. 2024. Т. 69, № 1 9



D. Anchishkin, V. Gnatovskyy, D. Zhuravel et al.

1. H.E. Haber, H.A. Weldon. Thermodynamics of an ultrarel-
ativistic ideal Bose gas. Phys. Rev. Lett. 46, 1497 (1981).

2. J. Kapusta. Bose–Einstein condensation, spontaneous
symmetry breaking, and gauge theories. Phys. Rev. D 24,
426 (1981).

3. H.E. Haber, H.A. Weldon. Finite-temperature symmetry
breaking as Bose–Einstein condensation. Phys. Rev. D 25,
502 (1982).

4. J. Bernstein, S. Dodelson. Relativistic Bose gas. Phys. Rev.
Lett. 66, 683 (1991).

5. K. Shiokawa, B.L. Hu. Finite number and finite size effects
in relativistic Bose–Einstein condensation. Phys. Rev. D
60, 105016 (1999).

6. L. Salasnich. Particles and anti-particles in a relativistic
Bose condensate. Il Nuovo Cimento B 117, 637 (2002).

7. V.V. Begun, M.I. Gorenstein. Particle number fluctuations
in relativistic Bose and Fermi gases. Phys. Rev. C 73,
054904 (2006).

8. V.V. Begun, M.I. Gorenstein. Bose–Einstein condensation
in the relativistic pion gas: Thermodynamic limit and fi-
nite size effects. Phys. Rev. C 77, 064903 (2008).
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Д.Журавель, В.Карпенко, I.Мiшустiн, Х.Штокер

ВИКОРИСТАННЯ КАНОНIЧНОГО ТА ВЕЛИКОГО
КАНОНIЧНОГО АНСАМБЛIВ ДЛЯ ДОСЛIДЖЕННЯ
БАГАТОКОМПОНЕНТНИХ БОЗОННИХ СИСТЕМ

В роботi дослiджено термодинамiчнi властивостi системи
взаємодiючих бозонних частинок i античастинок за наяв-
ностi бозе-ейнштейнiвського конденсату. В рамках моделi
середнього поля розглядається система за умови збереже-
ння повної густини заряду (iзоспiнової густини) в усьому
дiапазонi температур. Порiвняльний аналiз виконано за до-
помогою канонiчного та великого канонiчного ансамблiв.
Показано, що за наявностi конденсату великий канонiчний
ансамбль не дає адекватного опису систем бозе-частинок
i античастинок. Коректний опис таких систем можна про-
вести в рамках канонiчного ансамблю, в якому хiмiчний
потенцiал є термодинамiчною величиною, що залежить вiд
вiдповiдних канонiчних змiнних.

Ключ о в i с л о в а: релятивiстськi бозоннi системи, конден-
сацiя Бозе–Ейнштейна.
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