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TWO-COMPONENT NONLINEAR SYSTEM
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DISTRIBUTED INERTIAL MASS PARAMETERSUDC 539

The main principles of developing the evolutionary nonlinear integrable systems on quasi-one-
dimensional lattices are formulated in clear mathematical and physical terms discarding the
whimsical mathematical formulations and computer-addicted presentations. These basic prin-
ciples are substantiated by the actual development of novel semi-discrete integrable nonlinear
system, whose auxiliary spectral and evolutionary operators are given by 4 × 4 square ma-
trices. The procedure of reduction from the prototype nonlinear integrable system with twelve
field functions to the physically meaningful nonlinear integrable system with four field func-
tions is described in details prompted by our previous cumulative experience. The obtained
ultimate semi-discrete nonlinear integrable system comprises the two subsystems of essentially
distinct physical origins. Thus, the first subsystem is the subsystem of the Toda type. It is char-
acterized by the on-site (spatially local) mass parameter and the positively defined elasticity
coefficient. In contrast, the second subsystem is characterized by the spatially distributed mass
parameters and the negatively defined elasticity coefficient responsible for the low-amplitude
instability. We believe our scrupulous consideration of all main steps in developing the semi-
discrete nonlinear integrable systems will be useful for the researchers unfamiliar with the
numerous stumbling blocks inevitable in such an interesting and prospective scientific field as
the theory of semi-discrete nonlinear integrable systems.
K e yw o r d s: nonlinear dynamics, integrable system, quasi-one-dimensional lattice, stable
displacements, unstable displacements.
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1. Introduction

The contribution of Krylov–Bogolyubov–Mytropol-
skyy school to the theoretical investigation of nonlin-
ear dynamical problems concerning the diverse types
of oscillations in a variety of mechanical, physical, and
technical systems by the asymptotic analytic methods
is widely acknowledged [1–4]. In turn, the numerical
study of dynamical problems in the chains of nonlin-
early coupled oscillators appears to be initiated by
Fermi, Pasta, Ulam, and Tsingou [5]. Evidently, both
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these approximate approaches have been extremely
valuable for the subsequent development of exactly
integrable analytic dynamical models of nonlinear os-
cillators on quasi-one-dimensional lattices inspired by
Toda [6–8].

In the present paper, we suggest the novel in-
tegrable two-component nonlinear system of stable
and unstable displacement fields on a quasi-one-
dimensional lattice. One of its subsystems is char-
acterized by the spatially distributed inertial mass
parameters shared between each pair of neighbor-
ing lattice sites. This rather unusual property gives
rise to the unexpectedly curious set of semi-discrete
(i.e. continuous in time variable 𝜏 and discrete in
space variable 𝑛) nonlinear equations for the whole
system. The preliminary analysis of the obtained es-
sentially nondissipative semi-discrete equations shows
that they seem to be treated beyond the standard
dynamical procedure of Lagrangian or Hamiltonian
formalism.

2. Basic Principles for Developing
the Quasi-One-Dimensional Semi-Discrete
Nonlinear Systems Integrable
in the Lax Sense

Though the basic principles for developing the quasi-
one-dimensional integrable semi-discrete nonlinear
systems are widely exposed in the scientific literature
[9–17], however, their concise formulation, supple-
mented by some important but usually undeservedly
ignored observations, will be appropriate for scien-
tists disliking the intricacies of chimerical mathemat-
ical notations.

The first step consists in inventing some square
spectral matrix 𝐿(𝑛|𝑧), whose matrix elements
𝐿𝑗𝑘(𝑛|𝑧) have to be chosen as some Laurent or Tay-
lor polynomials with respect to time-independent
spectral parameter 𝑧. The spectral-independent co-
efficients of such polynomials should be treated as
the prototype field functions of continuous time vari-
able 𝜏 and discrete space variable 𝑛 in a future set
of nonlinear evolutionary equations. For the sake of
definiteness we assume the discrete space variable 𝑛
to span over all integers from minus infinity to plus
infinity.

The second step is to construct the proper evo-
lution square matrix 𝐴(𝑛|𝑧), whose matrix elements
𝐴𝑗𝑘(𝑛|𝑧), sought as Laurent or Taylor polynomials

with respect to time-independent spectral parame-
ter 𝑧, would be recoverable from the semi-discrete
matrix-valued equation

d

d𝜏
𝐿(𝑛|𝑧) = 𝐴(𝑛+ 1|𝑧)𝐿(𝑛|𝑧)− 𝐿(𝑛|𝑧)𝐴(𝑛|𝑧). (2.1)

This equation is claimed to be the semi-discrete zero-
curvature representation for the future successfully
developed semi-discrete nonlinear system.

Provided both these two steps have been success-
fully overcome, and the spectrally independent parts
of evolutionary matrix have been isolated, the same
matrix-valued condition (2.1) yields additionally the
set of nonlinear semi-discrete equations for the pro-
totype field functions. Here, we would like to stress
that the above described procedure is not so simple
in practice, and it can be performed only in some
lucky cases among numerous unsuccessful attempts,
followed sometimes by the unexpected insight during
a sleepless night.

The third step is to simplify or reduce the obtained
prototype set of nonlinear semi-discrete equations to
the nonlinear semi-discrete equations written in terms
of physically meaningful field variables. Though this
step is dictated by the scrupulous analysis of obtained
prototype evolutionary equations, but, as a rule, it
can be substantially facilitated by means of the uni-
versal local conservation law

d

d𝜏
ln[det𝐿(𝑛|𝑧)] = Sp𝐴(𝑛+ 1|𝑧)− Sp𝐴(𝑛|𝑧) (2.2)

appearing as a simple contraction of system’s zero-
curvature representation (2.1).

Once the explicit uncontradictory forms of the
spectral 𝐿(𝑛|𝑧) and evolution 𝐴(𝑛|𝑧) matrices have
been found, the matrix-valued equation (2.1) auto-
matically acquires the status of compatibility condi-
tion (referred to as the semi-discrete zero-curvature
condition [10, 18]) between two auxiliary matrix-
valued linear equations

𝑋(𝑛+ 1|𝑧) = 𝐿(𝑛|𝑧)𝑋(𝑛|𝑧), (2.3)

d

d𝜏
𝑋(𝑛|𝑧) = 𝐴(𝑛|𝑧)𝑋(𝑛|𝑧) (2.4)

for the auxiliary matrix-function 𝑋(𝑛|𝑧). The ranks
of all three involved square matrices 𝐿(𝑛|𝑧), 𝐴(𝑛|𝑧)
and 𝑋(𝑛|𝑧) are assumed to be the same. The set of
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matrix-valued linear equations (2.3)–(2.4) itself is re-
ferred to as auxiliary linear problem for the developed
semi-discrete nonlinear system. As a consequence,
early claimed notion of semi-discrete matrix-valued
equation (2.1) as the semi-discrete zero-curvature rep-
resentation for the developed semi-discrete nonlinear
system becomes truly justified.

The existence of system’s zero-curvature represen-
tation (2.1) in combination with the respective auxil-
iary linear problem (2.3)–(2.4) establishes the integra-
bility of a semi-discrete nonlinear system in the Lax
sense. Moreover, as a rule, it gives the green light for
the integrability of a semi-discrete nonlinear system
in the Liouville sense [18].

In conclusion of this Section we would like to pro-
vide the detailed logical scheme leading from the aux-
iliary linear problem (2.3)–(2.4) to the zero-curvature
condition (2.1). First of all, the set of auxiliary linear
equations (2.3)–(2.4) is overdetermined. To achieve
the compatibility of this overdetermined set, the oper-
ation of differentiation with respect to the time vari-
able 𝜏 and the operation of shifting along the spa-
tial variable 𝑛 as applied to the auxiliary matrix-
function 𝑋(𝑛|𝑧) within the auxiliary linear set (2.3)–
(2.4) must commutate, i.e. [9][︂
d

d𝜏
𝑋(𝑚|𝑧)

]︂
𝑚=𝑛+1

=
d

d𝜏
𝑋(𝑛+ 1|𝑧). (2.5)

Then the zero-curvature condition (2.1) arises from
the auxiliary linear set of linear equations (2.3)–(2.4)
as the immediate consequence of such a commutative
procedure.

3. Semi-Discrete Nonlinear
Integrable System in Terms
of Prototype Field Functions

As a particular successful realization of the roadmap,
sketched in the previous second Section, we adopt the
ansätze for the spectral 𝐿(𝑛|𝑧) and evolution 𝐴(𝑛|𝑧)
operators to be in the forms of following 4× 4 square
matrices

𝐿(𝑛|𝑧) =

=

⎛⎜⎝
0 𝑡12(𝑛) 𝑠13(𝑛)𝑧 0

𝑡21(𝑛) 𝑡22(𝑛) 𝑢23(𝑛)𝑧
−1 𝑠24(𝑛)𝑧

𝑢31(𝑛)𝑧
−1 𝑠32(𝑛)𝑧 𝑡33(𝑛) 𝑡34(𝑛)

0 𝑢42(𝑛)𝑧
−1 𝑡43(𝑛) 0

⎞⎟⎠
(3.1)

and

𝐴(𝑛|𝑧) =

=

⎛⎜⎝
0 𝑏12(𝑛) 𝑎13(𝑛)𝑧 0

𝑏21(𝑛) 𝑏22(𝑛) 𝑐23(𝑛)𝑧
−1 𝑎24(𝑛)𝑧

𝑐31(𝑛)𝑧
−1 𝑎32(𝑛)𝑧 𝑏33(𝑛) 𝑏34(𝑛)

0 𝑐42(𝑛)𝑧
−1 𝑏43(𝑛) 0

⎞⎟⎠.
(3.2)

The direct substitution of these ansätze (3.1)–(3.2)
into the zero-curvature equation (2.1) establishes the
following ten relations:

𝑎13(𝑛+ 1) 𝑠32(𝑛) = 𝑠13(𝑛) 𝑎32(𝑛), (3.3)

𝑠32(𝑛) 𝑎24(𝑛) = 𝑎32(𝑛+ 1) 𝑠24(𝑛), (3.4)

𝑏12(𝑛+ 1)𝑢23(𝑛) = 𝑡12(𝑛) 𝑐23(𝑛), (3.5)

𝑠32(𝑛) 𝑏21(𝑛) = 𝑎32(𝑛+ 1) 𝑡21(𝑛), (3.6)

𝑢23(𝑛) 𝑏34(𝑛) = 𝑐23(𝑛+ 1) 𝑡34(𝑛), (3.7)

𝑏43(𝑛+ 1) 𝑠32(𝑛) = 𝑡43(𝑛) 𝑎32(𝑛), (3.8)

𝑢23(𝑛) 𝑐31(𝑛) = 𝑐23(𝑛+ 1)𝑢31(𝑛), (3.9)

𝑐42(𝑛+ 1)𝑢23(𝑛) = 𝑢42(𝑛) 𝑐23(𝑛), (3.10)

𝑎32(𝑛+ 1)𝑢23(𝑛) = 𝑠32(𝑛) 𝑐23(𝑛), (3.11)

𝑐23(𝑛+ 1) 𝑠32(𝑛) = 𝑢23(𝑛) 𝑎32(𝑛) (3.12)

between the ten spectrally independent ingredients
𝑎13(𝑛), 𝑎24(𝑛), 𝑎32(𝑛), 𝑏12(𝑛), 𝑏21(𝑛), 𝑏34(𝑛), 𝑏43(𝑛),
𝑐23(𝑛), 𝑐31(𝑛), 𝑐42(𝑛) of evolution matrix 𝐴(𝑛|𝑧)
and the ten prototype field functions 𝑠13(𝑛), 𝑠24(𝑛),
𝑠32(𝑛), 𝑡12(𝑛), 𝑡21(𝑛), 𝑡34(𝑛), 𝑡43(𝑛), 𝑢23(𝑛), 𝑢31(𝑛),
𝑢42(𝑛) of spectral matrix 𝐿(𝑛|𝑧). The rest of martix
elements 𝑏22(𝑛) and 𝑏33(𝑛), referred to as the sam-
pling functions, remains to be free for the time being.

As for the promised semi-discrete nonlinear system,
generated by the semi-discrete matrix-valued zero-
curvature equation (2.1) on the suggested spectral
and evolution matrices (3.1)–(3.2), its the most gen-
eral (prototype) form is given by the set of twelve
semi-discrete nonlinear equations

�̇�13(𝑛) = 𝑎13(𝑛+ 1) 𝑡33(𝑛)− 𝑠13(𝑛) 𝑏33(𝑛), (3.13)

�̇�31(𝑛) = 𝑏33(𝑛+ 1)𝑢31(𝑛)− 𝑡33(𝑛) 𝑐31(𝑛), (3.14)

�̇�24(𝑛) = 𝑏22(𝑛+ 1) 𝑠24(𝑛)− 𝑡22(𝑛) 𝑎24(𝑛), (3.15)

�̇�42(𝑛) = 𝑐42(𝑛+ 1) 𝑡22(𝑛)− 𝑢42(𝑛) 𝑏22(𝑛), (3.16)

𝑡12(𝑛) = 𝑏12(𝑛+ 1) 𝑡22(𝑛)− 𝑡12(𝑛) 𝑏22(𝑛), (3.17)

170 ISSN 0372-400X. Укр. фiз. журн. 2024. Т. 69, № 3



Development and Analysis of Novel Integrable Nonlinear Dynamical Systems

𝑡21(𝑛) = 𝑏22(𝑛+ 1) 𝑡21(𝑛)− 𝑡22(𝑛) 𝑏21(𝑛), (3.18)

𝑡34(𝑛) = 𝑏33(𝑛+ 1) 𝑡34(𝑛)− 𝑡33(𝑛) 𝑏34(𝑛), (3.19)

𝑡43(𝑛) = 𝑏43(𝑛+ 1) 𝑡33(𝑛)− 𝑡43(𝑛) 𝑏33(𝑛), (3.20)

�̇�32(𝑛) = 𝑎32(𝑛+ 1)𝑡22(𝑛) + 𝑏33(𝑛+ 1) 𝑠32(𝑛)−

− 𝑠32(𝑛) 𝑏22(𝑛)− 𝑡33(𝑛) 𝑎32(𝑛), (3.21)

�̇�23(𝑛) = 𝑏22(𝑛+ 1)𝑢23(𝑛) + 𝑐23(𝑛+ 1) 𝑡33(𝑛)−

− 𝑡22(𝑛) 𝑐23(𝑛)− 𝑢23(𝑛) 𝑏33(𝑛), (3.22)

𝑡22(𝑛) = 𝑏21(𝑛+ 1) 𝑡12(𝑛) + 𝑏22(𝑛+ 1) 𝑡22(𝑛)+

+ 𝑐23(𝑛+ 1) 𝑠32(𝑛) + 𝑎24(𝑛+ 1)𝑢42(𝑛)−

− 𝑡21(𝑛) 𝑏12(𝑛)− 𝑡22(𝑛) 𝑏22(𝑛)−

−𝑢23(𝑛) 𝑎32(𝑛)− 𝑠24(𝑛) 𝑐42(𝑛), (3.23)

𝑡33(𝑛) = 𝑐31(𝑛+ 1) 𝑠13(𝑛) + 𝑎32(𝑛+ 1)𝑢23(𝑛)+

+ 𝑏33(𝑛+ 1) 𝑡33(𝑛) + 𝑏34(𝑛+ 1) 𝑡43(𝑛)−

−𝑢31(𝑛) 𝑎13(𝑛)− 𝑠32(𝑛) 𝑐23(𝑛)−

− 𝑡33(𝑛) 𝑏33(𝑛)− 𝑡34(𝑛) 𝑏43(𝑛). (3.24)

The overdot in each of above-written formulas (3.13)–
(3.24) stands for the differentiation with respect to
the time variable 𝜏 .

4. Amazing Metamorphoses
of Prototype Field Functions

Having analyzed the subset of ten prototype semi-
discrete nonlinear equations (3.13)–(3.22) with the
use of two somewhat curious relations (3.11)–(3.12)
between two ingredients 𝑎32(𝑛), 𝑐23(𝑛) of evolution
matrix and two prototype functions 𝑠32(𝑛), 𝑢23(𝑛)
we come to the following five shrunken equations:

d

d𝜏
ln[𝑠24(𝑛)𝑢42(𝑛)] = 𝑏22(𝑛+ 1)− 𝑏22(𝑛), (4.1)

d

d𝜏
ln[𝑢31(𝑛) 𝑠13(𝑛)] = 𝑏33(𝑛+ 1)− 𝑏33(𝑛), (4.2)

d

d𝜏
ln[𝑡21(𝑛) 𝑡12(𝑛)] = 𝑏22(𝑛+ 1)− 𝑏22(𝑛), (4.3)

d

d𝜏
ln[𝑡34(𝑛) 𝑡43(𝑛)] = 𝑏33(𝑛+ 1)− 𝑏33(𝑛), (4.4)

d

d𝜏
ln[𝑠32(𝑛)𝑢23(𝑛)] =

= 𝑏22(𝑛+ 1) + 𝑏33(𝑛+ 1)− 𝑏22(𝑛)− 𝑏33(𝑛). (4.5)

In addition, the universal local conservation law (2.2)
yields

d

d𝜏
ln[𝑠13(𝑛)𝑢42(𝑛)− 𝑡12(𝑛) 𝑡43(𝑛)] +

+
d

d𝜏
ln[𝑠24(𝑛)𝑢31(𝑛)− 𝑡34(𝑛) 𝑡21(𝑛)] +

= 𝑏22(𝑛+ 1) + 𝑏33(𝑛+ 1)− 𝑏22(𝑛)− 𝑏33(𝑛). (4.6)

The analytic structures of six above-written equa-
tions (4.1)–(4.6) prompt us to fix the sampling func-
tions 𝑏22(𝑛) and 𝑏33(𝑛) by eliminating a presumable
spatial dependence in each of them. Thus, we have

𝑏22(𝑛) = 𝑏22, (4.7)

𝑏33(𝑛) = 𝑏33. (4.8)

As a consequence, the just mentioned shrunken
semi-discrete equations (4.1)–(4.6) are transformed
into six differential constraints upon the ten involved
prototype functions. Precisely, the list of these con-
straints acquires the form

d

d𝜏
[𝑠24(𝑛)𝑢42(𝑛)] = 0, (4.9)

𝑑

𝑑𝜏
[𝑢31(𝑛) 𝑠13(𝑛)] = 0, (4.10)

d

d𝜏
[𝑡21(𝑛) 𝑡12(𝑛)] = 0, (4.11)

d

d𝜏
[𝑡34(𝑛) 𝑡43(𝑛)] = 0, (4.12)

d

d𝜏
[𝑠32(𝑛)𝑢23(𝑛)] = 0, (4.13)

d

d𝜏

{︂
𝑠13(𝑛) 𝑡34(𝑛)𝑢42(𝑛) 𝑡21(𝑛)

𝑡43(𝑛)𝑢31(𝑛) 𝑡12(𝑛) 𝑠24(𝑛)

}︂
+

+
d

d𝜏

{︂
𝑡43(𝑛)𝑢31(𝑛) 𝑡12(𝑛) 𝑠24(𝑛)

𝑠13(𝑛) 𝑡34(𝑛)𝑢42(𝑛) 𝑡21(𝑛)

}︂
= 0. (4.14)

These constraints (4.9)–(4.14) are convertible into
the sheer identities by means of the following
parametrization formulas

𝑠24(𝑛) = 𝑠24 exp[+𝑞−(𝑛)], (4.15)

𝑢42(𝑛) = 𝑢42 exp[−𝑞−(𝑛)], (4.16)

𝑢31(𝑛) = 𝑢31 exp[−𝑞+(𝑛)], (4.17)

𝑠13(𝑛) = 𝑠13 exp[+𝑞+(𝑛)] (4.18)

𝑡21(𝑛) = 𝑡21 exp[−𝑞+(𝑛)− 𝑟(𝑛)], (4.19)
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𝑡12(𝑛) = 𝑡12 exp[+𝑞+(𝑛) + 𝑟(𝑛)], (4.20)

𝑡34(𝑛) = 𝑡34 exp[+𝑞−(𝑛) + 𝑟(𝑛)], (4.21)

𝑡43(𝑛) = 𝑡43 exp[−𝑞−(𝑛)− 𝑟(𝑛)], (4.22)

𝑠32(𝑛) = 𝑠32 exp[+𝑞0(𝑛)], (4.23)

𝑢23(𝑛) = 𝑢23 exp[−𝑞0(𝑛)]. (4.24)

Here, each of the spatially independent parameters
𝑠24, 𝑢42, 𝑢31, 𝑠13, 𝑡21, 𝑡12, 𝑡34, 𝑡43, 𝑠32, 𝑢23 are as-
sumed to be time-independent without any loss of
generality.

In order to reconcile the field function 𝑞0(𝑛) with
the two relationships (3.11)–(3.12) between the field
functions 𝑠32(𝑛), 𝑢23(𝑛) and the spectrally indepen-
dent ingredients 𝑎32(𝑛), 𝑐23(𝑛) of the evolution ma-
trix, we are obliged to introduce the auxiliary field
function 𝑤(𝑛|𝑛− 1) by means of the equality

𝑞0(𝑛) = 𝑤(𝑛+ 1|𝑛) + 𝑤(𝑛|𝑛− 1). (4.25)

The explicit result of the announced reconcilement
reads:

𝑠32(𝑛) = 𝑠32 exp[+𝑤(𝑛+ 1|𝑛) + 𝑤(𝑛|𝑛− 1)], (4.26)

𝑢23(𝑛) = 𝑢23 exp[−𝑤(𝑛+ 1|𝑛)− 𝑤(𝑛|𝑛− 1)], (4.27)

𝑎32(𝑛) = 𝛽𝑠32 exp[+2𝑤(𝑛|𝑛− 1)], (4.28)

𝑐23(𝑛) = 𝛽𝑢23 exp[−2𝑤(𝑛|𝑛− 1)], (4.29)

where 𝛽 is a spatially independent parameter, which
can be taken as an arbitrary function of time.

The quantities 𝑞−(𝑛), 𝑞+(𝑛), 𝑟(𝑛), 𝑤(𝑛 + 1|𝑛),
𝑡22(𝑛), 𝑡33(𝑛) can be treated as the intermediately
reduced field functions, inasmuch as some of them
will be shown to undergo an unexpected additional
reduction.

Now, relying upon the explicit formulas (4.28) and
(4.29) for the spectrally independent ingredient func-
tions 𝑎32(𝑛) and 𝑐23(𝑛) having been applied to the
equations (3.3)–(3.10) for determining the rest of in-
gredient functions, we obtain

𝑎13(𝑛+ 1) =

= 𝛽𝑠13 exp[−𝑤(𝑛+1|𝑛)+𝑤(𝑛|𝑛−1)+ 𝑞+(𝑛)], (4.30)

𝑎24(𝑛) =

= 𝛽𝑠24 exp[+𝑤(𝑛+1|𝑛)−𝑤(𝑛|𝑛−1)+ 𝑞−(𝑛)], (4.31)

𝑏12(𝑛+ 1) = 𝛽𝑡12 ×

× exp[+𝑤(𝑛+1|𝑛)−𝑤(𝑛|𝑛−1)+𝑞+(𝑛)+𝑟(𝑛)], (4.32)

𝑏21(𝑛) = 𝛽𝑡21 ×

× exp[+𝑤(𝑛+1|𝑛)−𝑤(𝑛|𝑛−1)−𝑞+(𝑛)−𝑟(𝑛)], (4.33)

𝑏34(𝑛) = 𝛽𝑡34 ×

× exp[−𝑤(𝑛+1|𝑛)+𝑤(𝑛|𝑛−1)+𝑞−(𝑛)+𝑟(𝑛)], (4.34)

𝑏43(𝑛+ 1) = 𝛽𝑡43 ×

× exp[−𝑤(𝑛+1|𝑛)+𝑤(𝑛|𝑛−1)−𝑞−(𝑛)−𝑟(𝑛)], (4.35)

𝑐31(𝑛) =

= 𝛽𝑢31 exp[−𝑤(𝑛+1|𝑛)+𝑤(𝑛|𝑛−1)−𝑞+(𝑛)], (4.36)

𝑐42(𝑛+ 1) =

= 𝛽𝑢42 exp[+𝑤(𝑛+1|𝑛)−𝑤(𝑛|𝑛−1)−𝑞−(𝑛)]. (4.37)

5. Semi-Discrete Nonlinear
Integrable System in Terms
of Intermediately Reduced
Field Functions

The elementary manipulations with the set of proto-
type semi-discrete nonlinear equations (3.13)–(3.24)
supported by the parametrization formulas (4.15)–
(4.22), (4.26)–(4.27), and (4.28)–(4.37) for the spec-
trally independent parts of the spectral and evolution
matrices give rise to the following set of semi-discrete
nonlinear integrable equations in terms of intermedi-
ately reduced field functions:

𝑞−(𝑛) = 𝑏22−𝛽𝑡22(𝑛) exp [+𝑤(𝑛+1|𝑛)−𝑤(𝑛|𝑛−1)],

(5.1)

𝑞+(𝑛)=𝛽𝑡33(𝑛) exp [−𝑤(𝑛+1|𝑛)+𝑤(𝑛|𝑛− 1)]− 𝑏33,

(5.2)

�̇�(𝑛) = 𝑏33 − 𝑏22 +

+𝛽𝑡22(𝑛) exp[+𝑤(𝑛+ 1|𝑛)− 𝑤(𝑛|𝑛− 1)]−

−𝛽𝑡33(𝑛) exp[−𝑤(𝑛+ 1|𝑛) + 𝑤(𝑛|𝑛− 1)], (5.3)

�̇�(𝑛+ 1|𝑛) + �̇�(𝑛|𝑛− 1) = 𝑏33 − 𝑏22 +

+𝛽𝑡22(𝑛) exp[+𝑤(𝑛+ 1|𝑛)− 𝑤(𝑛|𝑛− 1)]−

−𝛽𝑡33(𝑛) exp[−𝑤(𝑛+ 1|𝑛) + 𝑤(𝑛|𝑛− 1)], (5.4)
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𝑡22(𝑛) = 𝛽𝑡21𝑡12 exp[+𝑤(𝑛+2|𝑛+1)−𝑤(𝑛+1|𝑛)]×

× exp[−𝑞+(𝑛+ 1) + 𝑞+(𝑛)− 𝑟(𝑛+ 1) + 𝑟(𝑛)] +

+𝛽𝑠24𝑢42 exp[+𝑤(𝑛+ 2|𝑛+ 1)− 𝑤(𝑛+ 1|𝑛)]×

× exp[+𝑞−(𝑛+ 1)− 𝑞−(𝑛)]−

−𝛽𝑡21𝑡12 exp[−𝑤(𝑛− 1|𝑛− 2) + 𝑤(𝑛|𝑛− 1)]×

× exp[+𝑞+(𝑛− 1)− 𝑞+(𝑛) + 𝑟(𝑛− 1)− 𝑟(𝑛)]−

−𝛽𝑠24𝑢42 exp[−𝑤(𝑛− 1|𝑛− 2) + 𝑤(𝑛|𝑛− 1)]×

× exp[−𝑞−(𝑛− 1) + 𝑞−(𝑛)], (5.5)

𝑡33(𝑛) = 𝛽𝑡34𝑡43 exp[−𝑤(𝑛+2|𝑛+1)+𝑤(𝑛+1|𝑛)]×

× exp[+𝑞−(𝑛+ 1)− 𝑞−(𝑛) + 𝑟(𝑛+ 1)− 𝑟(𝑛)] +

+𝛽𝑢31𝑠13 exp[−𝑤(𝑛+ 2|𝑛+ 1) + 𝑤(𝑛+ 1|𝑛)]×

× exp[−𝑞+(𝑛+ 1) + 𝑞+(𝑛)]−

−𝛽𝑡34𝑡43 exp[+𝑤(𝑛− 1|𝑛− 2)− 𝑤(𝑛|𝑛− 1)]×

× exp[−𝑞−(𝑛− 1) + 𝑞−(𝑛)− 𝑟(𝑛− 1) + 𝑟(𝑛)]−

−𝛽𝑢31𝑠13 exp[+𝑤(𝑛− 1|𝑛− 2)− 𝑤(𝑛|𝑛− 1)]×

× exp[+𝑞+(𝑛− 1)− 𝑞+(𝑛)]. (5.6)

This set of equations admits the shifted set of some
field functions given by the expressions

𝑄−(𝑛) = 𝑞−(𝑛)−𝐵22, (5.7)

𝑄+(𝑛) = 𝑞+(𝑛) +𝐵33, (5.8)

𝑅(𝑛) = 𝑟(𝑛) +𝐵22 −𝐵33, (5.9)

2𝑊 (𝑛+ 1|𝑛) = 2𝑤(𝑛+ 1|𝑛) +𝐵22 −𝐵33, (5.10)

2𝑊 (𝑛|𝑛− 1) = 2𝑤(𝑛|𝑛− 1) +𝐵22 −𝐵33, (5.11)

where

�̇�22 = 𝑏22, (5.12)

�̇�33 = 𝑏33. (5.13)

The above shift procedure prompts us to eliminate
the parameters 𝑏22 and 𝑏33 without the loss of gener-
ality. Thus, we safely assume

𝑏22 = 0 = 𝑏33 (5.14)

in the first four equations (5.1)–(5.4) of our semi-
discrete nonlinear system (5.1)–(5.6).

On the other hand, the time-independent preexpo-
nential parameters 𝑠32 and 𝑢23 are seen to be canceled
from the intermediate set of semi-discrete nonlinear
equations (5.1)–(5.6). Thus, without the loss of gen-
erality, we equalize each of them to unity

𝑠32 = 1 = 𝑢23. (5.15)

Moreover, it is possible to introduce the rescaled
time variable 𝒯 by means of differential equality

d𝒯 = 𝛽d𝜏. (5.16)

This observation allows us to specify the parameter
𝛽 by the simple equality

𝛽 = 1 (5.17)

in each of equations related to the obtained semi-
discrete nonlinear system (5.1)–(5.6).

6. Ultimate Reduction of Field Functions

The first four equations (5.1)–(5.4) of the intermedi-
ate nonlinear system (5.1)–(5.6) are seen to be mu-
tually dependent, inasmuch as they maintain the fol-
lowing two differential constraints

𝑞+(𝑛) + 𝑞−(𝑛) = −�̇�(𝑛+ 1|𝑛)− �̇�(𝑛|𝑛− 1), (6.1)

�̇�(𝑛) = �̇�(𝑛+ 1|𝑛) + �̇�(𝑛|𝑛− 1). (6.2)

As a consequence, we have the strong reasons to re-
duce the number of field functions by means of sub-
stitutions

𝑞−(𝑛) = +𝑞(𝑛)−

−𝑤(𝑛+ 1|𝑛) sin2(𝛼+)− 𝑤(𝑛|𝑛− 1) cos2(𝛼−), (6.3)

𝑞+(𝑛) = −𝑞(𝑛)−

−𝑤(𝑛+ 1|𝑛) cos2(𝛼+)− 𝑤(𝑛|𝑛− 1) sin2(𝛼−), (6.4)

𝑟(𝑛) = 𝑤(𝑛+ 1|𝑛) + 𝑤(𝑛|𝑛− 1), (6.5)

where the parameters 𝛼+ and 𝛼− are assumed to be
time-independent.

Thus, instead of twelve original prototype field
functions, announced in the expression (3.1) for the
spectral matrix 𝐿(𝑛|𝑧), we come only to the four ul-
timate field functions 𝑞(𝑛), 𝑤(𝑛 + 1|𝑛) and 𝑡22(𝑛),
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𝑡33(𝑛). For the stylistic reasons it is appropriate to
rename the last two functions by formulas

𝑡22(𝑛) = −𝑝−(𝑛), (6.6)

𝑡33(𝑛) = −𝑝+(𝑛). (6.7)

Having combined the final set of semi-discrete non-
linear integrable equations in terms of four ultimately
reduced field functions 𝑞(𝑛), 𝑤(𝑛 + 1|𝑛) and 𝑝−(𝑛),
𝑝+(𝑛) we surprisingly revealed that time-independent
parameters 𝑠24, 𝑢42, 𝑢31, 𝑠13, 𝑡21, 𝑡12, 𝑡34, 𝑡43 manifest
themselves only in the form of two combinations

Ω2
− = −𝑡21𝑡12 − 𝑠24𝑢42, (6.8)

Ω2
+ = −𝑡34𝑡43 − 𝑢31𝑠13. (6.9)

In view of these observations, it is reasonable to in-
troduce the following parametrization formulas

𝑡21 = +Ω− sin(𝜙), (6.10)

𝑡12 = −Ω− sin(𝜙), (6.11)

𝑠24 = +Ω− cos(𝜙), (6.12)

𝑢42 = −Ω− cos(𝜙), (6.13)

𝑡34 = +Ω+ sin(𝜙), (6.14)

𝑡43 = −Ω+ sin(𝜙), (6.15)

𝑢31 = −Ω+ cos(𝜙), (6.16)

𝑠13 = +Ω+ cos(𝜙). (6.17)

Due to the above parametrization formulas (6.10)–
(6.17) and the early written parametrization formu-
las (4.15)–(4.22), the expression for the determinant
det𝐿(𝑛|𝑧) of the spectral matrix (3.1) acquires the
very simple form

det𝐿(𝑛|𝑧) = Ω2
+Ω

2
−. (6.18)

7. Semi-Discrete Nonlinear
Integrable System in Terms
of Ultimately Reduced Field Functions

Now we are ready to write down our semi-discrete
nonlinear integrable system in terms of ultimately re-
duced field functions

𝑞(𝑛)− �̇�(𝑛+ 1|𝑛) sin2(𝛼+)− �̇�(𝑛|𝑛− 1) cos2(𝛼−) =

= 𝑝−(𝑛) exp[+𝑤(𝑛+ 1|𝑛)− 𝑤(𝑛|𝑛− 1)], (7.1)

𝑞(𝑛) + �̇�(𝑛+ 1|𝑛) cos2(𝛼+) + �̇�(𝑛|𝑛− 1) sin2(𝛼−) =

= 𝑝+(𝑛) exp[−𝑤(𝑛+ 1|𝑛) + 𝑤(𝑛|𝑛− 1)], (7.2)

�̇�−(𝑛) exp[+𝑤(𝑛+ 1|𝑛)− 𝑤(𝑛|𝑛− 1|𝑛)] =

= Ω2
− exp[+𝑞(𝑛+ 1)− 𝑞(𝑛)]×

× exp
{︀
+[𝑤(𝑛+ 2|𝑛+ 1)− 𝑤(𝑛+ 1|𝑛)] cos2(𝛼+)

}︀
×

× exp
{︀
+[𝑤(𝑛+ 1|𝑛)− 𝑤(𝑛|𝑛− 1)] sin2(𝛼−)

}︀
−

−Ω2
− exp[+𝑞(𝑛)− 𝑞(𝑛− 1)]×

× exp
{︀
+[𝑤(𝑛+ 1|𝑛)− 𝑤(𝑛|𝑛− 1)] cos2(𝛼+)

}︀
×

× exp
{︀
+[𝑤(𝑛|𝑛−1)−𝑤(𝑛−1|𝑛−2)] sin2(𝛼−)

}︀
, (7.3)

�̇�+(𝑛) exp[−𝑤(𝑛+ 1|𝑛) + 𝑤(𝑛|𝑛− 1|𝑛)] =

= Ω2
+ exp[+𝑞(𝑛+ 1)− 𝑞(𝑛)]×

× exp
{︀
−[𝑤(𝑛+ 2|𝑛+ 1)− 𝑤(𝑛+ 1|𝑛)] sin2(𝛼+)

}︀
×

× exp
{︀
−[𝑤(𝑛+ 1|𝑛) + 𝑤(𝑛|𝑛− 1)] cos2(𝛼−)

}︀
−

−Ω2
+ exp[+𝑞(𝑛)− 𝑞(𝑛− 1)]×

× exp
{︀
−[𝑤(𝑛+ 1|𝑛)− 𝑤(𝑛|𝑛− 1)] sin2(𝛼+)

}︀
×

× exp
{︀
−[𝑤(𝑛|𝑛−1)−𝑤(𝑛−1|𝑛−2)] cos2(𝛼−)

}︀
. (7.4)

Alternatively, we are able to rewrite this first order
in time set of four equations (7.1)–(7.4) as the sec-
ond order in time set of just two equations and thus
to exclude the field functions 𝑝−(𝑛) and 𝑝+(𝑛) from
further consideration. Then, the alternative form of
our semi-discrete nonlinear system is formalized by
the equations

𝑞(𝑛)− �̈�(𝑛+ 1|𝑛) sin2(𝛼+)− �̈�(𝑛|𝑛− 1) cos2(𝛼−)−

− [𝑞(𝑛)−�̇�(𝑛+1|𝑛) sin2(𝛼+)−�̇�(𝑛|𝑛−1) cos2(𝛼−)]×

× [+�̇�(𝑛+ 1|𝑛)− �̇�(𝑛|𝑛− 1)] =

= Ω2
− exp[+𝑞(𝑛+ 1)− 𝑞(𝑛)]×

× exp
{︀
+[𝑤(𝑛+ 2|𝑛+ 1)− 𝑤(𝑛+ 1|𝑛)] cos2(𝛼+)

}︀
×

× exp
{︀
+[𝑤(𝑛+ 1|𝑛)− 𝑤(𝑛|𝑛− 1)] sin2(𝛼−)

}︀
−

−Ω2
− exp[+𝑞(𝑛)− 𝑞(𝑛− 1)]×

× exp
{︀
+[𝑤(𝑛+ 1|𝑛)− 𝑤(𝑛|𝑛− 1)] cos2(𝛼+)

}︀
×

× exp
{︀
+[𝑤(𝑛|𝑛−1)−𝑤(𝑛−1|𝑛−2)] sin2(𝛼−)

}︀
, (7.5)
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𝑞(𝑛) + �̈�(𝑛+ 1|𝑛) cos2(𝛼+) + �̈�(𝑛|𝑛− 1) sin2(𝛼−)+

+ [𝑞(𝑛)+�̇�(𝑛+1|𝑛) cos2(𝛼+)+�̇�(𝑛|𝑛−1) sin2(𝛼−)]×

× [+�̇�(𝑛+ 1|𝑛)− �̇�(𝑛|𝑛− 1)] =

= Ω2
+ exp[+𝑞(𝑛+ 1)− 𝑞(𝑛)]×

× exp
{︀
−[𝑤(𝑛+ 2|𝑛+ 1)− 𝑤(𝑛+ 1|𝑛)] sin2(𝛼+)

}︀
×

× exp
{︀
−[𝑤(𝑛+ 1|𝑛)− 𝑤(𝑛|𝑛− 1)] cos2(𝛼−)

}︀
−

−Ω2
+ exp[+𝑞(𝑛)− 𝑞(𝑛− 1)]×

× exp
{︀
−[𝑤(𝑛+ 1|𝑛)− 𝑤(𝑛|𝑛− 1)] sin2(𝛼+)

}︀
×

× exp
{︀
−[𝑤(𝑛|𝑛−1)−𝑤(𝑛−1|𝑛−2)] cos2(𝛼−)

}︀
. (7.6)

Of course, it would be interesting to press these
rather bulky equations (7.5)–(7.6) into a Procrustean
bed of concise Lagrangian or Hamiltonian formula-
tion. However, the solution of this problem is not so
simple. Maybe it can be facilitated by the explicit
extraction of some physically important local con-
servation laws within the recurrence technique well
developed for the semi-discrete nonlinear integrable
systems [11, 19]. Nevertheless, sometimes even the
knowledge of basic local conservation laws does not
guarantee the routes to the system’s exact Hamil-
tonian presentation in physically meaningful terms
[20, 21].

The unbiased estimation of the proposed semi-
discrete nonlinear system (7.5)–(7.6) shows that it
consists of two nonlinearly coupled subsystems. The
subsystem associated with the field function 𝑞(𝑛) is
the vibrational subsystem of the Toda type [6–8] inas-
much as it is characterized by the positively defined
elasticity coefficients Ω2

− and Ω2
+. As for the subsys-

tem associated with the field function 𝑤(𝑛), it is char-
acterized by the negatively defined elasticity coeffi-
cients −Ω2

− and −Ω2
+. Therefore, the latter subsys-

tem can not be treated as the vibrational one. Moreo-
ver, this anti-vibrational subsystem strictly manifests
itself as the subsystem with the spatially distributed
inertial mass parameters shared between each pair of
neighboring lattice sites.

This preliminary näıve consideration finds its par-
tially modified confirmation in the standard low-
amplitude (linear) analysis of the system under study
(7.5)–(7.6). Indeed, the respective dispersion relation
between the eigenfrequency 𝜔 and the wave vector κ

𝜔4 − 16 Ω2
+Ω

2
− sin4(κ/2) = 0 (7.7)

clarifies, that only the part

𝜔2 − 4|Ω+Ω−| sin2(κ/2) = 0 (7.8)

is responsible for the true vibrations with the real
valued eigenfrequency 𝜔(κ) = 2

√︀
|Ω+Ω−| | sin(κ/2)|.

Conversely, the part

𝜔2 + 4|Ω+Ω−| sin2(κ/2) = 0 (7.9)

indicates on a sort of instability detectable at least
in the system’s low-amplitude (linear) dynamical
regime.

8. Complete List of Ultimate Reduction
Formulas for the Functional Components
of Spectral and Evolution Matrices

For the convenience of future applications we present
the complete list of ultimate reduction formulas for
the functional components of spectral and evolution
matrices.

Thus, the list of reduction formulas specifying the
spectral matrix 𝐿(𝑛|𝑧) (3.1) reads as follows

𝑠24(𝑛) = +Ω− cos(𝜙) exp[+𝑞(𝑛)]×

× exp
[︀
−𝑤(𝑛+ 1|𝑛) sin2(𝛼+)

]︀
×

× exp
[︀
−𝑤(𝑛|𝑛− 1) cos2(𝛼−)

]︀
, (8.1)

𝑢42(𝑛) = −Ω− cos(𝜙) exp[−𝑞(𝑛)]×

× exp
[︀
+𝑤(𝑛+ 1|𝑛) sin2(𝛼+)

]︀
×

× exp
[︀
+𝑤(𝑛|𝑛− 1) cos2(𝛼−)

]︀
, (8.2)

𝑢31(𝑛) = −Ω+ cos(𝜙) exp[+𝑞(𝑛)]×

× exp
[︀
+𝑤(𝑛+ 1|𝑛) cos2(𝛼+)

]︀
×

× exp
[︀
+𝑤(𝑛|𝑛− 1) sin2(𝛼−)

]︀
, (8.3)

𝑠13(𝑛) = +Ω+ cos(𝜙) exp[−𝑞(𝑛)]×

× exp
[︀
−𝑤(𝑛+ 1|𝑛) cos2(𝛼+)

]︀
×

× exp
[︀
−𝑤(𝑛|𝑛− 1) sin2(𝛼−)

]︀
, (8.4)

𝑡21(𝑛) = +Ω− sin(𝜙) exp[+𝑞(𝑛)]×

× exp
[︀
−𝑤(𝑛+ 1|𝑛) sin2(𝛼+)

]︀
×

× exp
[︀
−𝑤(𝑛|𝑛− 1) cos2(𝛼−)

]︀
, (8.5)

𝑡12(𝑛) = −Ω− sin(𝜙) exp[−𝑞(𝑛)]×

× exp
[︀
+𝑤(𝑛+ 1|𝑛) sin2(𝛼+)

]︀
×

× exp
[︀
+𝑤(𝑛|𝑛− 1) cos2(𝛼−)

]︀
, (8.6)
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𝑡34(𝑛) = +Ω+ sin(𝜙) exp[+𝑞(𝑛)]×

× exp
[︀
+𝑤(𝑛+ 1|𝑛) cos2(𝛼+)

]︀
×

× exp
[︀
+𝑤(𝑛|𝑛− 1) sin2(𝛼−)

]︀
, (8.7)

𝑡43(𝑛) = −Ω+ sin(𝜙) exp[−𝑞(𝑛)]×

× exp
[︀
−𝑤(𝑛+ 1|𝑛) cos2(𝛼+)

]︀
×

× exp
[︀
−𝑤(𝑛|𝑛− 1) sin2(𝛼−)

]︀
, (8.8)

𝑠32(𝑛) = exp[+𝑤(𝑛+ 1|𝑛) + 𝑤(𝑛|𝑛− 1)], (8.9)

𝑢23(𝑛) = exp[−𝑤(𝑛+ 1|𝑛)− 𝑤(𝑛|𝑛− 1)], (8.10)

𝑡22(𝑛) = −𝑝−(𝑛) (8.11)

𝑡33(𝑛) = −𝑝+(𝑛). (8.12)

The list of reduction formulas specifying the evolu-
tion matrix 𝐴(𝑛|𝑧) (3.2) is given below

𝑎24(𝑛) = +Ω− cos(𝜙) exp[+𝑞(𝑛)]×

× exp
[︀
+𝑤(𝑛+ 1|𝑛) cos2(𝛼+)

]︀
×

× exp
{︀
−𝑤(𝑛|𝑛− 1)

[︀
1 + cos2(𝛼−)

]︀}︀
, (8.13)

𝑐42(𝑛+ 1) = −Ω− cos(𝜙) exp[−𝑞(𝑛)]×

× exp
{︀
+𝑤(𝑛+ 1|𝑛)

[︀
1 + sin2(𝛼+)

]︀}︀
×

× exp
[︀
−𝑤(𝑛|𝑛− 1) sin2(𝛼−)

]︀
, (8.14)

𝑐31(𝑛) = −Ω+ cos(𝜙) exp[+𝑞(𝑛)]×

× exp
[︀
−𝑤(𝑛+ 1|𝑛) sin2(𝛼+)

]︀
×

× exp
{︀
+𝑤(𝑛|𝑛− 1)

[︀
1 + sin2(𝛼−)

]︀}︀
, (8.15)

𝑎13(𝑛+ 1 = +Ω+ cos(𝜙) exp[−𝑞(𝑛)]×

× exp
{︀
−𝑤(𝑛+ 1|𝑛)

[︀
1 + cos2(𝛼+)

]︀}︀
×

× exp
[︀
+𝑤(𝑛|𝑛− 1) cos2(𝛼−)

]︀
, (8.16)

𝑏21(𝑛) = +Ω− sin(𝜙) exp[+𝑞(𝑛)]×

× exp
[︀
+𝑤(𝑛+ 1|𝑛) cos2(𝛼+)

]︀
×

× exp
{︀
−𝑤(𝑛|𝑛− 1)

[︀
1 + cos2(𝛼−)

]︀}︀
, (8.17)

𝑏12(𝑛+ 1) = −Ω− sin(𝜙) exp[−𝑞(𝑛)]×

× exp
{︀
+𝑤(𝑛+ 1|𝑛)

[︀
1 + sin2(𝛼+)

]︀}︀
×

× exp
[︀
−𝑤(𝑛|𝑛− 1) sin2(𝛼−)

]︀
, (8.18)

𝑏34(𝑛) = +Ω+ sin(𝜙) exp[+𝑞(𝑛)]×

× exp
[︀
−𝑤(𝑛+ 1|𝑛) sin2(𝛼+)

]︀
×

× exp
{︀
+𝑤(𝑛|𝑛− 1)

[︀
1 + sin2(𝛼−)

]︀}︀
, (8.19)

𝑏43(𝑛+ 1) = −Ω+ sin(𝜙) exp[−𝑞(𝑛)]×

× exp
{︀
−𝑤(𝑛+ 1|𝑛)

[︀
1 + cos2(𝛼+)

]︀}︀
×

× exp
[︀
+𝑤(𝑛|𝑛− 1) cos2(𝛼−)

]︀
, (8.20)

𝑎32(𝑛) = exp[+2𝑤(𝑛|𝑛− 1)], (8.21)

𝑐23(𝑛) = exp[−2𝑤(𝑛|𝑛− 1)], (8.22)

𝑏22 = 0, (8.23)

𝑏33 = 0. (8.24)

Although the arbitrary constant parameter 𝜙 is
presented almost in each of above written reduction
formulas (8.1)–(8.24), however it is absent in each
of the two permissible incarnations (7.1)–(7.4) and
(7.5)–(7.6) of developed semi-discrete nonlinear inte-
grable system. This remarkable fact allows us to sim-
plify drastically the ultimate expressions for the spec-
tral 𝐿(𝑛|𝑧) and evolution 𝐴(𝑛|𝑧) matrices by either
of the two appropriate choices

sin(𝜙) = 0, (8.25)

or

cos(𝜙) = 0 (8.26)

for the most suitable fixation of adjusting parame-
ter 𝜙.

9. Conclusion

The main objective of our present research was to
formulate the basic principles for the development
of semi-discrete nonlinear integrable systems and
to comprehensively illustrate them starting with a
particular properly invented spectral and evolution
matrices. Following these basic principles, we have
shown how the prototype semi-discrete nonlinear in-
tegrable system, characterized by the twelve field
functions, is reduced to the offspring semi-discrete
nonlinear integrable system, characterized only by the
four physically meaningful field functions.
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The obtained system comprises the two coupled
nonlinear quasi-one-dimensional evolutionary subsys-
tems of vibrational and anti-vibrational origins. The
vibrational subsystem is the subsystem of the pro-
nounced Toda type, and it is characterized by the
usual on-site (spatially local) mass parameter and
positively defined elasticity coefficient. In contrast,
the anti-vibrational subsystem is characterized by the
spatially distributed mass parameters and negatively
defined elasticity coefficient.

Due to its Lax integrability, the suggested semi-
discrete nonlinear system permits the exact analytic
solutions, which can be obtained in the framework of
modern mathematical methods such as the method
of inverse scattering transform [9, 11–14] and the
method of Darboux–Bäcklund transformation [15–
17]. On the other hand, the Lax integrability opens
the door for the selection of physically motivated lo-
cal conservation laws among the infinite hierarchy of
local conservation laws typical of the integrable non-
linear evolutionary systems on quasi-one-dimensional
lattices [11, 19].

The forthcoming investigation of our nonlinear dy-
namical system appears to give some new insight onto
the very important and interesting permanent prob-
lems of the applied nonlinear dynamics [22, 23].

We think, that a class of low-dimensional semi-
discrete nonlinear models dealing with the semi-
analytic description of traffic control problems [24–
26] deserves to be enriched by the strict analytic ap-
proaches too.

Oleksiy O. Vakhnenko acknowledges support from
the National Academy of Sciences of Ukraine within
the Project No. 0120U100855 Properties of low-di-
mensional functional materials at nanoscales. Vya-
cheslav O. Vakhnenko acknowledges support from the
National Academy of Sciences of Ukraine within the
Project No. 0123U100182. Oleksiy O. Vakhnenko also
acknowledges support from the Simons Foundation
(USA) within the Award No. 1290587.

1. N.M. Krylov, N.N. Bogoliubov. Introduction to Non-Li-
near Mechanics (Princeton University Press, 1950) [ISBN:
9780691079851].

2. N.N. Bogoliubov, Y.A. Mitropolsky. Asymptotic Methods
in the Theory of Non-Linear Oscillations (Gordon and
Breach Science Publishers, 1961) [ISBN-10: 067720051X].

3. Yu.A. Mitropolskii, Nguen Van Dao. Applied Asymptotic
Methods in Nonlinear Oscillations (Springer Science+Bu-
siness Media, 1997).

4. A.R.E. Oliveira. History of Krylov–Bogoliubov–Mitropol-
sky methods of nonlinear oscillations. Adv. Histor. Stud.
6, 40 (2017).

5. E. Fermi, P. Pasta, S. Ulam, M. Tsingou. Studies of the
nonlinear problems. I, Los Alamos Report LA-1940, 1
(1955).

6. M. Toda. Vibration of a chain with nonlinear interaction.
J. Phys. Soc. Japan 22 (2), 431 (1967).

7. M. Toda. Wave propagation in anharmonic lattices.
J. Phys. Soc. Japan 23 (3), 501 (1967).

8. M. Toda. Studies of a non-linear lattice. Phys. Rep. 18 (1),
1 (1975).

9. M.J. Ablowitz. Lectures on the inverse scattering trans-
form. Stud. Appl. Math. 58 (1), 17 (1978).

10. L.D. Faddeev, L.A. Takhtajan. Hamiltonian Methods in
the Theory of Solitons (Springer-Verlag, 1987).

11. T. Tsuchida, H. Ujino, M. Wadati. Integrable semi-
discretization of the coupled nonlinear Schrödinger equa-
tions. J. Phys. A: Math. Gen. 32 (11), 2239 (1999).

12. O.O. Vakhnenko. Nonlinear beating excitations on ladder
lattice. J. Phys. A: Math. Gen. 32 (30), 5735 (1999).

13. O.O. Vakhnenko, M.J. Velgakis. Transverse and longitu-
dinal dynamics of nonlinear intramolecular excitations on
multileg ladder lattices. Phys. Rev. E 61 (6), 7110 (2000).

14. M.J. Ablowitz, B. Prinari, A.D. Trubatch. Discrete and
Continuous Nonlinear Schrödinger Systems (Cambridge
University Press, 2004).

15. O.O. Vakhnenko. Integrable nonlinear Schrödinger system
on a lattice with three structural elements in the unit cell.
J. Math. Phys. 59 (5), 053504 (2018).

16. O.O. Vakhnenko, A.P. Verchenko. Nonlinear system of 𝒫𝒯 -
symmetric excitations and Toda vibrations integrable by
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ПОБУДОВА ТА АНАЛIЗ НОВИХ
IНТЕҐРОВНИХ НЕЛIНIЙНИХ ДИНАМIЧНИХ
СИСТЕМ НА КВАЗИОДНОВИМIРНИХ
ҐРАТКАХ. ДВОКОМПОНЕНТНА НЕЛIНIЙНА
СИСТЕМА З ПРОСТОРОВО ЛОКАЛЬНИМИ
ТА ПРОСТОРОВО РОЗПОДIЛЕНИМИ
IНЕРЦIЙНИМИ МАСОВИМИ ПАРАМЕТРАМИ

Основнi принципи побудови iнтеґровних еволюцiйних не-
лiнiйних систем на квазиодновимiрних ґратках подано в
ясних математичних та фiзичних термiнах на противагу до

зарозумiлих математичних формулювань та комп’ютерно
заангажованих викладiв. Цi базовi принципи пiдкрiплено
реальною побудовою нової напiвдискретної нелiнiйної iнте-
ґровної системи, чиї допомiжнi спектральний та еволюцiй-
ний оператори задано 4×4 квадратовими матрицями. Спи-
раючись на наш сукупний попереднiй досвiд, ми деталь-
но описуємо процедуру редукування прототипної нелiнiй-
ної iнтеґровної системи з дванадцятьма польовими функцi-
ями до фiзично осмисленої нелiнiйної iнтеґровної системи
з чотирма польовими функцiями. Одержана кiнцева напiв-
дискретна нелiнiйна iнтеґровна система мiстить у собi двi
пiдсистеми суттєво вiдмiнного фiзичного змiсту. Так, одна з
пiдсистем є пiдсистемою Тодiвського типу. Вона характери-
зується локальним масовим параметром i позитивно визна-
ченим коєфiцiєнтом пружности. Навпаки, iнша пiдсистема
характеризується просторово розподiленими масовими па-
раметрами i негативно визначеним коєфiцiєнтом пружно-
сти. Ми вважаємо, що наш ретельний розгляд усiх основ-
них крокiв побудови напiвдискретних нелiнiйних iнтеґров-
них систем стане в пригодi для дослiдникiв, необiзнаних з
численними перепонами, неминучими в такiй цiкавiй i пер-
спективнiй царинi науки як теорiя напiвдискретних нелi-
нiйних iнтеґровних систем.

Ключ о в i с л о в а: нелiнiйна динамiка, iнтеґровна система,
квазиодновимiрна ґратка, стабiльнi змiщення, нестабiльнi
змiщення.
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