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INTERFEROMETRY AND DYNAMICS
OF A TRANSMON-TYPE QUBIT
IN FRONT OF A MIRRORUDC 539

We will theoretically describe the stationary regime and coherent dynamics of a capacitively
shunted transmon-type qubit which is placed in front of a mirror. The considered qubit is irra-
diated by two signals: pump (dressing) and probe. By changing the amplitudes and frequencies
of these signals, we will study the system behavior. The main tool of our theoretical analy-
sis is solving the Lindblad equation. We also discuss the transfer of Lindblad superoperators
from the energy basis to the charge one. Theoretically obtained occupation probability is related
to the experimentally measured value. This study helps to understand better the properties of
qubit-mirror system and gives new insights about the underlying physical processes.
K e yw o r d s: transmon-type qubit, two-level quantum system, density matrix, Lindblad equa-
tion, quantum interference.

1. Introduction
Considerable attention is being drawn to topics re-
lated to quantum computing [1]. Among the promis-
ing building blocks for such devices, superconduct-
ing qubits stand out, operating on nanosecond scales
with millisecond coherence times [2]. These qubits,
controlled by microwaves and featuring lithographic
scalability [3], hold a great potential for the advance-
ment of quantum computers.

An essential aspect is the exploration of super-
conducting qubits within a semi-infinite transmission
line [4], crucial for quantum electrodynamics, partic-
ularly waveguide quantum electrodynamics (WQED)
[5]. Notably, in Ref. [6], it was revealed that a trans-
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mon qubit at the transmission line’s end could am-
plify a probe signal with an amplitude gain of up to
7%. In comparison, single quantum dot [7] and nat-
ural atoms [8] exhibit much lower signal amplifica-
tions: 0.005% and 0.4%, respectively. Our investiga-
tion could address pertinent physics issues in WQED,
including the dynamics in atom-like mirrors [9], col-
lective Lamb shift [10], the dynamical Casimir ef-
fect [11], cross-Kerr effect [12], generation of non-
classical microwaves [13], probabilistic motional av-
eraging [14], photon routing [15], and more.

Driven quantum systems find description through
Landau–Zener–Stückelberg–Majorana (LZSM) tran-
sitions [16–18]. When driven periodically, these sys-
tems exhibit interference. LZSM interferometry, cru-
cial for studying fundamental quantum phenomena
and characterizing quantum systems, was explored in
Refs. [16]. Additionally, quantum logic gates can be
implemented using the LZSM dynamics [19].

This research is an extension of Ref. [20], where the
developed theory was confirmed experimentally. In
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this article, we will build the dependences which were
not considered before. The interferograms and dy-
namic plots presented in this paper allow one to un-
derstand better underlying physical processes and,
thus, could be interesting and useful for setting up
future experiments. In addition, we solve the Lind-
blad equation with Lindblad superoperators in differ-
ent bases: a charge and an energy one. After compar-
ison of obtained results with the experimental data,
it was concluded that the superoperators have to be
in the charge basis. This conclusion is intuitive, as
the equation itself is formulated in this basis. Com-
paring the results obtained using Lindblad superop-
erators in different bases is crucial from a method-
ological perspective.

The rest of the paper is organized as follows. Sec-
tion II describes the theoretical aspects of the re-
search: the system Hamiltonian and the Lindblad
master equation, which was used for obtaining
the results, are introduced. In Sec. III, we study
the relations between charge and energy bases. Sec-
tion IV shows the obtained interferograms and Sec. V
time dependencies. In Sec. VI, our conclusions are
presented.

2. Theoretical Aspects

In the work [21], the experimentally studied reflec-
tion coefficient |𝑟| is linked to the theoretically cal-
culated an upper charge level |1⟩ occupation proba-
bility 𝑃1. The authors stated that an increase in 𝑃1

corresponds to a decrease in |𝑟|. This relation can be
explained in the following way. When the qubit is ex-
cited by the probe signal, it absorbs a portion of the
signal’s energy. This means that, in the case of the
system’s excitation, the reflection coefficient |𝑟| de-
creases, while occupation probability 𝑃1 increases. In
that work, the computations were performed in the
charge basis. In our analysis, we maintain this align-
ment between theoretical predictions and experimen-
tal results, conducting calculations in the charge ba-
sis. The transmon-type qubit which placed in front of
a mirror can be characterized by the Hamiltonian:

𝐻 = −𝐵𝑧

2
𝜎𝑧 −

𝐵𝑥

2
𝜎𝑥, (1)

where the diagonal part describes the energy-level
modulation

𝐵𝑧/~ = 𝜔10 + 𝛿 sin𝜔pump𝑡, (2)

Fig. 1. Conceptual sketch of the device. A two-level atom,
point-like object (denoted by Q), is coupled to a semi-infinite
transmission line waveguide. The atom is located away from
the mirror (capacitance). A pump tone with frequency 𝜔pump

is applied to modulate the transition frequency of the two-level
atom. A weak probe tone with frequency 𝜔p is applied to the
atom-mirror system to measure the reflection coefficient

the off-diagonal part corresponds to the coupling to
the probe signal

𝐵𝑥/~ = 𝐺 sin𝜔p𝑡. (3)

To exclude the fast driving from the considered
Hamiltonian the authors of Ref. [21] considered the
unitary transformation 𝑈 = exp (−𝑖𝜔p𝜎𝑧𝑡/2) and the
rotating-wave approximation [22] and, as a result, one
obtained the new Hamiltonian

𝐻1 = −~̃︂Δ𝜔

2
𝜎𝑧 +

~𝐺
2

𝜎𝑥, (4)

wherẽ︂Δ𝜔 = Δ𝜔 + 𝑓(𝑡), (5)
Δ𝜔 = 𝜔p − 𝜔10, (6)
𝑓(𝑡) = 𝛿 sin𝜔pump𝑡. (7)

Here 𝛿 is the energy-level modulation amplitude, 𝐺
describes the coupling to the probe signal (Rabi fre-
quency of the probe signal). According to Ref. [21]

𝐺 =
𝜔p − 𝜔node

𝜔node
𝐺0, (8)

where 𝜔node characterizes the qubit location in a semi-
infinite transmission line (corresponding to the blue
curve in Fig. 1), and 𝐺0 is proportional to the probe
signal amplitude. Moreover, we should mention that
if 𝜔p = 𝜔node, the qubit is “hidden” or “decoupled”
from the transmission line, with 𝐺 = 0.

To describe the qubit dynamics, we utilize the
Lindblad equation, which, in the charge basis with
Hamiltonian (4), has the form:

𝑑𝜌

𝑑𝑡
= − 𝑖

~

[︁ ̂︀𝐻1, 𝜌
]︁
+
∑︁
𝛼

�̆�𝛼 [𝜌], (9)
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Fig. 2. Energy and charge states of a system as functions
of Δ𝜔. The energy states |𝐸down⟩, |𝐸up⟩, which form the en-
ergy basis are indicated in orange and blue, respectively. The
position of levels quasicrossing (anti-crossing), where the dis-
tance between levels is the smallest and equals to 𝐺 is at the
point Δ𝜔 = Δ𝜔*. After passing through this point, the charge
states |0⟩, |1⟩, which form the charge basis, transfer to another
curve. For example, going from the left to the right through
the point Δ𝜔 = Δ𝜔*, the charge state |0⟩ from the orange
curve transfers to the blue one.

where 𝜌 =
(︁
𝜌00 𝜌01
𝜌*01 1− 𝜌00

)︁
is the density matrix, such

that 𝑃1 = 1−𝜌00. The Lindblad superoperator �̆�𝛼 de-
scribes the system relaxation induced by interactions
with the environment,

�̆�𝛼 [𝜌] = 𝐿𝛼𝜌𝐿
+
𝛼 − 1

2

{︀
𝐿+
𝛼𝐿𝛼, 𝜌

}︀
, (10)

where {𝑎, 𝑏} = 𝑎𝑏+ 𝑏𝑎 is the anticommutator. For a
qubit, there exist two relaxation channels: dephasing
(described by 𝐿𝜑) and energy relaxation (described
by 𝐿relax). In the energy basis, the corresponding op-
erators can be expressed in the following form:

𝐿energy
relax =

√︀
Γ1𝜎

+, 𝐿energy
𝜑 =

√︂
Γ𝜑

2
𝜎𝑧, (11)

with 𝜎+ =
(︁
0 1
0 0

)︁
, 𝜎𝑧 =

(︁
1 0
0 −1

)︁
, Γ1 being the qubit

relaxation, Γ2 = Γ1/2 + Γ𝜑 is the decoherence rate,
Γ𝜑 is the pure dephasing rate.

3. Energy and Charge Bases

In this section, we will discuss the question related to
the selection of an appropriate basis. As it was men-
tioned, the Hamiltonian (4) and the Lindlad equation

(9) were written in a charge basis, while the relax-
ations Γ1 and Γ𝜑 are determined in the energy ba-
sis. So, one should transfer Lindblad operators from
the energy basis to the charge one. To study this ques-
tion, let us rewrite Hamiltonian (4) in the form:

𝐻(𝑡) = 𝐻0 + 𝑉 (𝑡), (12)

where the constant component is equal to

𝐻0 =
~𝐺
2

𝜎𝑥 − ~
2
(𝜔p − 𝜔10) 𝜎𝑧 =

~𝐺
2

𝜎𝑥 − ~
2
Δ𝜔𝜎𝑧,

(13)
and time-dependent part can be written as

𝑉 (𝑡) = −~
2
𝛿 sin𝜔pump 𝑡𝜎𝑧. (14)

In other words, Hamiltonian (4) can be considered
as an effective Hamiltonian of a two-level system
with tunneling amplitude 𝐺, and excitation ℎ(𝑡) =
= −~

2 (Δ𝜔 + 𝛿 sin𝜔pump𝑡).
The transfer matrix which provides transfer from a

charge basis to an energy one has a form:

𝑆 =
(︁
𝛾+ 𝛾−
𝛾− −𝛾+

)︁
, (15)

where

𝛾±(𝑡) =
1√
2

√︃
1± Δ𝜔√

Δ𝜔2 +𝐺2
. (16)

The matrix 𝑆 diagonalizes time-independent part of
the Hamiltonian 𝐻0 (13):

𝑆†𝐻0𝑆 = 𝐻 ′
0 =

(︁
𝐸down 0

0 𝐸up

)︁
, (17)

where 𝐸down, 𝐸up – are eigenvalues of the Hamilto-
nian 𝐻0. The expressions for the lower energy level
𝐸down and the upper energy level 𝐸up have the fol-
lowing form:

𝐸down = −1

2

√︀
Δ𝜔2 +𝐺2, (18)

𝐸up =
1

2

√︀
Δ𝜔2 +𝐺2. (19)

The corresponding energy states |𝐸down⟩, |𝐸up⟩ as
functions of Δ𝜔 are depicted in Fig. 2. Figure 2
also shows for the dependence of charge states |0⟩,
|1⟩ on Δ𝜔.
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Therefore, one can transfer Lindblad superopera-
tors 𝐿energy

𝛼 from energy basis to the charge one 𝐿𝛼

by using the relation:

𝐿𝛼 = 𝑆𝐿energy
𝛼 𝑆†. (20)

Substitution of Eqs. (11, 20) to the Lindblad equation
(9) will give the necessary dependence 𝑃1 = 𝑃1(𝑡),
which is used for building theoretical plots.

4. Qubit Interferometry

By solving Eq. (9), we get 𝑃1 as a function of
time 𝑡, the pump frequency 𝜔pump, the pump am-
plitude 𝛿, the probe frequency 𝜔p, the signal am-
plitude 𝐺. The occupation probability of the upper
charge level is a function of all these parameters, 𝑃1 =
= 𝑃1(𝑡, 𝜔pump, 𝜔p, 𝛿, 𝐺). We can also calculate the
dependencies for 𝑃1 in the stationary regime by av-
eraging the results over time.

To obtain the time-averaged values, we analyzed
the curve 𝑃1 = 𝑃1(𝑡) to select the minimum time
𝑡min after which the amplitude of oscillations does not
change. Then averaging was applied for the interval
[𝑡min, 𝑡final], where 𝑡final corresponds to the pulse off
time. We determined that, in our case, 𝑡min = 1.5 𝜇s
and 𝑡final = 2.0 𝜇s (see Ref. [20] for more details).

In this section, we theoretically investigate the de-
pendence of the qubit upper charge level occupation
probability 𝑃1 on the pump frequency 𝜔pump and
the probe frequency 𝜔p. Note that the experimen-
tal study of such dependence was not conducted. But
since the values of the fitting parameters were found
in Ref. [20], we can construct such a dependence. It is
shown in Fig. 3, a corresponds to the pump amplitude
𝛿 = 10 MHz, for (b) the pump amplitude is equal to
𝛿 = 20 MHz. From the analysis of interferograms, it
becomes clear that the larger the pumping amplitude
𝛿, the larger the amplitude along the 𝜔p axis. Similar
dependencies can be observed in Ref. [21], where only
the stationary case was considered.

Such interferograms are useful not only for obtain-
ing fitting parameters between theory and experi-
ment, but they also play a key role in system charac-
terization. In particular, they can help to:

∙ estimate the system decoherence time;
∙ provide a tool for calibrating signal strength dur-

ing experimental studies;
∙ open up new possibilities for multiphoton spec-

troscopy.

5. Qubit Dynamics

5.1. Dependence of the upper charge
level occupation probability on the probe
frequency in the case of Lindblad
operators in the energy basis

This section presents the results of calculations [n the
case of Lindblad operators in the energy basis. Note
that this approach is not correct and the obtained
theoretical dependencies are not consistent with the
experimental ones. However, from a methodological
point of view, it is useful to give such an exam-
ple. Figure 4 shows the pictures obtained as a result
of such calculations. This dependence corresponds to
Fig. 4, d–f in Ref. [20].

From the comparison of the theoretical (Fig. 4, a–
c) and the corresponding experimental (Fig. 4, a–c in
Ref. [20]) pictures, we can conclude that the Lindblad
operators have to be transferred to the charge ba-
sis. The obtained dependencies have a behavior simi-
lar to the experimental ones, for example, resonances
occur at Δ𝜔 = 𝑘𝜔pump both in the theory and in the
experiment. However, unlike the experimental ones,
in the theoretical pictures, the resonance 𝑘 = 0 is
slightly shifted from the line 𝜔p/2𝜋 = 5 GHz, and it
is more blurred (wider).

5.2. Dependence of the upper charge
level occupation probability on the probe
frequency and time

In the presented section, we will construct depen-
dencies similar to those shown in the work [20] in

Fig. 3. LZSM interferograms. The upper charge level occupa-
tion probability 𝑃1 as a function of the pump frequency 𝜔pump

and the probe frequency 𝜔p at a fixed pump amplitude 𝛿 for
𝐺(𝜔p/2𝜋 = 5 GHz) = 2𝜋×0.7 MHz. Corresponds to the pump
amplitude value 𝛿 = 10 MHz (a), for the pump amplitude value
is 𝛿 = 20 MHz (b)
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Fig. 4. Calculated dynamics of a transmon-type qubit with Lindblad operators in the energy basis. Dependence of the
upper charge level occupation probability 𝑃1 on time 𝑡 and the probe frequency 𝜔p at different pump frequencies 𝜔pump.
During the calculations, the following values were used: the probe amplitude 𝐺(𝜔p/2𝜋 = 5 GHz) = 2𝜋 × 1.4 MHz, the pump
amplitude 𝛿 = 10 MHz. (a, b, c) show plots constructed from data calculated theoretically in the case of Lindblad operators
in the energy basis. The qubit is irradiated with a pump frequency of (a) 𝜔pump/2𝜋 = 5 MHz, (b) 𝜔pump/2𝜋 = 10 MHz,
(c) 𝜔pump/2𝜋 = 15 MHz

Fig. 5. Coherent dynamics of a transmon-type qubit at low frequencies of the 𝜔pump pump signal. The upper charge level
occupation probability 𝑃1 as a function of time 𝑡 and the probe frequency 𝜔p at different pump frequencies 𝜔pump. The
following parameter values were used for the calculations: amplitude of the probe signal 𝐺(𝜔p/2𝜋 = 5 GHz) = 2𝜋 × 1.4 MHz,
amplitude of the pump signal 𝛿 = 10 MHz. The qubit is irradiated by pump signal with a frequency of (a) 𝜔pump/2𝜋 = 1 MHz,
(b) 𝜔pump/2𝜋 = 2 MHz, (c) 𝜔pump/2𝜋 = 3 MHz

Fig. 4, d–f, but at lower values of the frequency of
the pump signal 𝜔pump. Figure 5 shows the obtained
interferograms. The qubit is irradiated by pump sig-
nal with a frequency of (a) 𝜔pump/2𝜋 = 1 MHz, (b)
𝜔pump/2𝜋 = 2 MHz, (c) 𝜔pump/2𝜋 = 3 MHz.

In Fig. 5, a, in the case 𝜔pump/2𝜋 = 1 MHz, one
would expect resonances at the distance Δ𝜔/2𝜋 =
= 1 MHz to each other along the 𝜔p axis, but such
behavior is not observed. This, most likely, is due to
the fact that the resonance peaks are located too close
to each other and therefore merge. For the Fig. 5, b,
strong peaks are observed only at a distance 𝜔/2𝜋 =
= 8 MHz from the line 𝜔p/2𝜋 = 5 GHz, for the
Fig. 5, c strong peaks are observed only at a distance
𝜔/2𝜋 = 6 MHz, 9 MHz from the line 𝜔p/2𝜋 = 5 GHz,

while peaks at a distance of 𝜔/2𝜋 = 3MHz are weakly
highlighted.

5.3. Dependence of the upper charge level
occupation probability on the probe amplitude
and the probe frequency for at different
values of the probe amplitude
and the relaxation rate

In the presented section, we will investigate the de-
pendence of the upper charge level occupation prob-
ability on time 𝑡 and the probe frequency 𝜔p at dif-
ferent values of the probe amplitude 𝐺 and the relax-
ation rate Γ1 for the pump frequency 𝜔pump/2𝜋 =
= 5 MHz. For calculations, the pump amplitude is
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Fig. 6. Dependence of the upper charge level occupation probability on time 𝑡 and the probe frequency 𝜔p at different values
of the probe amplitude 𝐺 and the relaxation rate Γ1 for the pump frequency 𝜔pump/2𝜋 = 5 MHz. For calculations, the value of
the pump amplitude was taken equal to 𝛿 = 10 MHz. The values of the probe amplitude 𝐺 change from left to right and have
the values 𝐺/2𝜋 = 0.7 MHz, 𝐺/2𝜋 = 1.4 MHz, 𝐺/2𝜋 = 2.8 MHz. The relaxation rate changes from top to bottom and has the
value Γ1 = 0.14 MHz, Γ1 = 0.28 MHz, Γ1 = 1.12 MHz respectively

taken equal to 𝛿 = 10 MHz. The resulting depen-
dencies are shown in Fig. 6.

By analyzing the obtained dependencies, we can
draw several conclusions. As the relaxation rate Γ1 in-
creases while keeping the probe amplitude 𝐺 (within
a certain column we move from top to bottom), the
resonances become less blurred. With increasing the
relaxation rate Γ1, the occupation probability 𝑃1 de-
creases. These facts are understandable, because with
an increase in the relaxation rate, the system faster
relaxes to the unexcited state, what is observed on
the obtained dependencies.

In the case 𝐺/2𝜋 = 2.8 MHz, the first resonances
observed at 𝑡 ≈ 0.25 𝜇s are clearly expressed, while
for probe amplitude 𝐺/2𝜋 = 1.4 MHz. The maximum
value of the upper charge level occupation probability
𝑃1 corresponds to the second and third resonances,
while the first resonance is weakly highlighted. For

𝐺/2𝜋 = 0.7 MHz and Γ1 = 0.14 MHz, Γ1 = 0.28 MHz
during the first 𝑡 ≈ 1 𝜇s the value of the upper
charge level occupation probability 𝑃1 has smaller
values than for longer time values. In the case where
𝐺/2𝜋 = 0.7 MHz and Γ1 = 1.12 MHz, the first two
resonances (𝑡 < 0.5 𝜇s) are highlighted more weakly
than the following ones.

6. Conclusions

We considered the dynamics and stationary mode of
a transmon-type capacitive shunted qubit in front of
a mirror, which is affected by two signals: probing
and pumping.

To analyze the steady state, the upper charge level
occupation probability 𝑃1 was calculated as a func-
tion of the pump frequency 𝜔pump and the probe fre-
quency 𝜔p at the fixed pump amplitude 𝛿 and the
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probe amplitude 𝐺. The resulting dependencies can
be used to obtain fitting parameters; system deco-
herence time estimation; power calibration; studying
multiphoton spectroscopy.

To analyze the dynamics, we plotted the dependen-
cies of the upper charge level occupation probability
𝑃1 on (a) time 𝑡 and the probe frequency 𝜔p at dif-
ferent pump frequencies 𝜔pump; (b) time 𝑡 and the
probe frequency 𝜔p at different values of the probe
amplitude 𝐺 and the relaxation rate Γ1 for the pump
frequency 𝜔pump/2𝜋 = 5 MHz. The obtained results
can be used in setting up future experiments.

The Lindblad equation with Lindblad superopera-
tors in different bases: a charge and an energy one
was solved. One concluded that the superoperators
had to be in the charge basis, since the equation is
also written in this basis. Such a comparison should
be useful from the methodological point of view.
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author was partially supported by the grant from the
National Academy of Sciences of Ukraine for research
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М.П.Люль

IНТЕРФЕРОМЕТРIЯ ТА ДИНАМIКА
КУБIТА ТИПУ ТРАНСМОН, РОЗМIЩЕНОГО
ПЕРЕД ДЗЕРКАЛОМ

Ми теоретично описуємо стацiонарний режим i когерентну
динамiку ємнiсно шунтованого кубiта типу трансмон, який
розмiщено перед дзеркалом. Розглянутий кубiт опромiню-
ється двома сигналами: збуджуючим i зондуючим. Змiню-

ючи амплiтуди та частоти цих сигналiв, ми вивчаємо по-
ведiнку системи. Основним iнструментом нашого теорети-
чного аналiзу є розв’язування рiвняння Лiндблада. Також
ми обговорюємо переведення супероператорiв Лiндблада з
енергетичного базису на зарядовий. Теоретично отримана
ймовiрнiсть заселеностi має вiдношення до експерименталь-
но вимiряного значення. Представлене дослiдження допо-
магає краще зрозумiти властивостi системи кубiт-дзеркало
та пропонує новий погляд на основнi фiзичнi явища та про-
цеси, якi в нiй вiдбуваються.

Ключ о в i с л о в а: кубiт типу трансмон, дворiвнева кван-
това система, матриця густини, рiвняння Лiндблада, кван-
това iнтерференцiя.
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