Supercritical Crossover Lines in the Cell Fluid Model

0O.A. DOBUSH, M.P. KOZLOVSKII, R.V. ROMANIK

Institute for Condensed Matter Physics, Nat. Acad. of Sci. of Ukraine
(1, Svientsitskii Str., Lviv 79011, Ukraine; e-mails: dobush@icmp.lviv.ua,
mpk@icmp.lviv.ua, romanik@icmp.lviv.ua)

SUPERCRITICAL CROSSOVER

UDC 539

LINES IN THE CELL FLUID MODEL

The cell fluid model with a modified Morse potential is studied. The supercritical states are
considered with respect to the possibility of the construction of a separation boundary between
liquid-like and gas-like behaviors. We will calculate three different lines that can be used for this
purpose: the loci of the isothermal compressibility mazima, the loci of the thermal expansion
coefficient mazxima, and the line, where the effective chemical potential is zero, M = 0. By
the symmetry of the functionals for the partition functions, the condition M = 0 in fluids is
analogous to the absence of an external field in the Ising model.
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1. Introduction

A supercritical fluid is the state of matter that oc-
curs, when a substance is subjected to temperatures
and pressures above its critical point (CP). Below CP,
the substance exhibits a liquid-gas coexistence. At
CP, the distinction between the liquid and gas phases
of a substance disappears, and, beyond this point,
the substance exists in a single continuous supercrit-
ical state. Despite the absence of a first-order phase
transitions above the critical point, fluids exhibit dis-
tinct liquid-like and gas-like behaviors under super-
critical conditions, and display a unique mix of prop-
erties. With densities comparable to liquids they pos-
sess low viscosity and high diffusivity like gases result-
ing in high solvent power. Moreover, the supercritical
properties are instantly tunable by changing the pres-
sure and temperature. This is the reason for why su-
percritical fluids have diverse applications across var-
ious industries [1].

Although the traditional liquid-gas phase distinc-
tion is not applied to the supercritical region, scien-
tists continue to search for crossover regions or defini-
tive lines that distinguish liquid-like and gas-like be-
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haviors in the phase diagram. Naturally, such bound-
aries originate from CP and may either vanish away
from it or extend infinitely far. Among known ap-
proaches to this problem are the Widom line, which
represents the locus of correlation length maxima
[2]; the Frenkel line [3], focusing on the dynamics of
molecular motion; and the percolation line [4], re-
lated to spatial structures and marking the threshold
where clusters of fluid or density fluctuations form a
continuous, system-spanning network.

In the present work, we focus on the Widom line
[5-7], a concept based on thermodynamic response
functions that represents a conditional boundary be-
tween liquid-like and gas-like regions in supercritical
fluids. Thus, the Widom line — the locus of corre-
lation length maxima emanating from CP [5] — is
treated as the continuation of the coexistence line
above CP. Moreover, some thermodynamic response
functions such as isobaric heat capacity and isother-
mal compressibility, also exhibit maxima in the su-
percritical region. In the critical region beyond the
critical point, the maxima lines of the correlation
length and these response functions virtually merge
into a single line [7] and then diverge from each
other as the temperature increases. Therefore, in the
critical region, the Widom line is viewed as the
locus of maxima of thermodynamic response func-
tions [8].

In our previous work [9], the equation of state for
a many-particle system interacting via a modified
Morse potential was developed in the framework of
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a cell model. Recently [10, 11], the thermodynamic
response functions, namely, the isothermal compress-
ibility, the thermal pressure coefficient, and the ther-
mal expansion coefficient, have been calculated for
the same model system. The isothermal compressibil-
ity and thermal expansion coefficient both develop a
maximum in some region beyond critical point. On
the one hand, such response function maxima, as
mentioned above, are considered as good candidates
for crossover lines between gas-like and liquid-like be-
haviors in the supercritical region. On the other hand,
they are also considered as natural continuation of
the coexistence line. Since our model allows for ana-
lytic expressions for many thermodynamic quantities
[9,10], it is straightforward to calculate and build such
continuations. As a logical sequence of our previous
works for the cell model with the modified Morse po-
tential, in this paper, we present results for three lines
that can be considered as continuations of the coex-
istence line beyond the critical point in the pressure-
temperature plane. The first one is the locus of the
isothermal compressibility maxima. This line, as will
be shown, terminates at some temperature above the
critical one. The second line is the locus of the ther-
mal expansion coefficient, which also terminates at
some point. The third one is a line that is derived
from the same condition that the first-order phase
transition line below the critical point — the condition
on the effective chemical potential M = 0. This line
can be extended into the supercritical region without
any limits in temperature or pressure.

In Section 2, we recall the form of the modi-
fied Morse potential, present the explicit expression
for the equation of state, and illustrate pressure
isotherms at temperatures below and above the crit-
ical one. In Section 3, we develop two alternatives of
the Widom line, as the maxima locus of the isother-
mal compressibility and as the locus of maxima of the
thermal expansion coefficient. Then we introduce the
supercritical crossover line obtained directly from the
equation of state of the cell fluid model applying a
condition on the effective chemical potential that is
the same as is used below CP to obtain the coexis-
tence line.

2. The Equation of State

In the present work, we utilize the results obtained in
[9-11]. In [9], the phase space of collective variables

36

was used to calculate the grand partition function of
the cell fluid model in the zero-mode approximation,
leading to explicit forms of the equation of state (EoS)
in both pressure-temperature-chemical potential and
pressure-temperature-density terms. These EoSs are
applicable across a wide range of temperatures be-
low and above the CP. Furthermore, in [10, 11|, we
have used these equations as the basis for calculat-
ing and graphically representing the thermodynamic
response functions — specifically, the isothermal com-
pressibility, thermal pressure coefficient, and thermal
expansion — of the cell fluid model with the modified
Morse potential in the supercritical region.

The modified Morse potential used to describe the
interaction between particles is given by

U(r) = eCy | Ae~molr—Ro)/a 4.

+ e Ral/a _ gq=(r=Ro)/a] (1)

where Ry is the coordinate of the potential minimum,
« is an effective range of interaction, v and n( are pa-
rameters of the model. Other two constants C'y and
A are expressed via v and ng as follows

: 2)

ng+vy—2 N

_ 10 A 2—9
where ¢ is the depth of the potential well at » = Ry.
Applying v = 2 reduces U(r) to the ordinary Morse
potential [12]. For a more detailed discussion of such
modified Morse potential, see Sections 1 and 2 in [9],
and Section 2 in [11].

We use € and v as natural units for energy and
volume. Therefore, the following reduced quantities
are defined: the reduced density p* = pv, where
p = (N)/V; reduced temperature T* = kgT/e; re-
duced pressure P* = Pv/e; reduced isothermal com-
pressibility % = err/v; and the reduced thermal
expansion coefficient o} = eap/kp. In above expres-
sions V stands for volume, T the temperature, kg the
Boltzmann constant, P the pressure, k7 the isother-
mal compressibility, ap the thermal expansion coef-
ficient, (N) is the average number of particles, with
averaging over the grand canonical distribution.

The equation of state obtained in [9] and rewritten
in reduced quantities in [10,11] reads

1
P* = (147) T | By (M, T)+ Mpo+3 df = 5576 - (3)
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Let us explicitly present the expressions entering the
right-hand side of this equation.

First, the quantity M depends linearly on the
chemical potential

i g3 143
_74_ _ 22 - == 4
7o) T 6 g @)
fo=p— po(l+7), (5)

where pg is some positive constant, 7 is the rela-
tive temperature 7 = (T — T..)/T., T. is the critical
temperature. We will call M the effective chemical
potential.

The quantity W(0) is expressed via parameters of
the potential (1) as follows:

W (0) = @) (0) [B =1+ xo + 7(x0 + 4,)], (6)
where

B = 2y3¢(1=Ro/a

Ay = Aelrom Bl (v fng)?,

and ®((0) is the Fourier transform of the repulsive
part of the potential at |k| =0

3
1) (0) = eCy8merFo/a (CV) .
( ) " YR

The parameter xg is used in [9] to single out a con-
tribution in the Fourier transform of the potential
that is treated as a reference system defined in the
reciprocal space, and is selected as xo = 0.07 [9].

The coefficients g,, are given by the formulas:

g =T1/To, g2 ="Ts/To — i,
93 =T3/To — g3 — 39192, (7)
ga =Tu/Ty — gf — 69792 — 49195 — 393,

go = lnTOa

where T),(p, o) are the following special functions:

* = (a*)m n, —pm?

Toip.at) = 3o &0 nmom®, ®)
m=0

Here a* = vefto where . is the critical value of the

inverse temperature 8 = (kgT') !, and the parameter

p has the form

1 ®™(0)
P=ors

[xo + A, (9)

The critical temperature found in [9] is T = 4.995.
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Since p is independent of temperature, the coeffi-
cients g, are also independent of temperature. The
numerical values for other coefficients used in this
paper are the same as those in [9, Egs (5), (23),
and (24)]:

xo = 0.07, ~ =1.65,
no = 1.521, Rp/a = 2.9544, (10)
a® = 5.0, p=1.0.

The quantity d entering equations (3) and (4) is a
function of the temperature

193 1

d=g,— =2 — . 11

2720 BWO) )
The condition d = 0 defines the critical tempera-
ture [9]

1g3 3" (0
72 = (02 52) (51400, (12)
94

The function E,(M,T) from Eq. (3) is given by

EAMﬂUmQﬁWm»+%mgm<ﬁ%Q

2N,
2 1 4
Iy g Ny - (13)
94 293 24 gy

Here the quantity N, defines the number of cubic cells
in volume V for the initial model. In the thermody-
namic limit, N, — oo, and, thus, the first term can
be neglected. The term /W (0) can be expressed in
terms of M using (4). The temperature and the in-
verse temperature can always be expressed in terms of
the reduced temperature and a corresponding critical
value:
T=T(1+71), f=p(+7)"

The quantity pg is a solution to the following cubic
equation:

94

M +dpo + == pg =0.

: (14)

For any 7 > 0, the latter equation has one real root

1/3 1/3
po = (—Sg]:/[ + Qt) - (ii/[ + Qt) ) (15)
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Fig. 1. Isotherms of the reduced pressure P* as a function of
the effective chemical potential M. Black lines correspond to
T > Te. Grey lines correspond to T' < T,
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Fig. 2. Phase diagram in the P* — 7 plane for the cell fluid
model with the interaction potential (1). The result is based
on the equation of state (3)
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Thus, po is a function of the temperature and the
chemical potential.
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where

3
Qi = <2d) +
g4

(16)

Figure 1 illustrates the relationship between the re-
duced pressure P* and the effective chemical poten-
tial M for various relative temperature values 7. Be-
low, the critical temperature (7 < 0), each isotherm
contains a kink (three bottom lines in Fig. 1). This
form indicates a first-order phase transition in the
system. Within our approach [9] at T < T., nega-
tive values of the effective chemical potential M im-
ply the system is in a gaseous state. The condition
M = 0 is a point of phase coexistence. Positive val-
ues of the effective chemical potential correspond to
the liquid state. In both cases, the pressure tends to
increase with M, but the slope of the liquid isotherm
is much steeper. At the critical temperature, the pres-
sure is a smooth curve (black dotted line in Fig. 1)
with an inflection point at M = 0. Thus the criti-
cal point coordinates are defined by M = 0,7 = 0,
P* = 1.606. Beyond the critical temperature, the
pressure behaves as a monotonically increasing func-
tion, and no phase transitions are observed. Summing
up, below the critical temperature, M = 0 is the con-
dition for phase coexistence. Substituting this condi-
tion into the EoS (3), we obtain a phase diagram in
pressure-temperature plane (see Fig. 2). We will use
the same condition to obtain a continuation of the
coexistence line into the supercritical region.

3. Crossover Lines
between Gas-Like and Liquid-Like
Behaviors of the Supercritical Fluid

In the supercritical region, substances no longer be-
have distinctly as either liquids or gases but exist
as a single, continuous phase without a sharp liquid-
gas boundary. However, fluids can still exhibit liquid-
like and gas-like behaviors beyond the critical tem-
perature. A way to represent a conditional bound-
ary between these regions in supercritical fluids is
the Widom line — a continuation of the coexistence
line based on the locus of maxima of certain ther-
modynamic response functions [5,6,13]. This occurs,
because, near CP, the system experiences significant
fluctuations in density over increasingly large spa-
tial scales. Although, the equation of state (3) is de-
rived in the mean-field-like approximation, we estab-
lished in [10, 11] that the isothermal compressibility
of the cell fluid model diverges at CP and conse-
quently displays maxima in the supercritical region
(see Fig. 3). This suggests the possibility of deriving
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the Widom line and expanding the phase diagram in
Fig. 2 beyond CP. In what follows we consider this in
more details.

The isothermal compressibility kr is defined by

__1(ov
MV \oP)y

In [10, 11], we derived the expression for the reduced
isothermal compressibility % = £ in terms of
thermodynamic derivatives suitable for the reduced
form of the equation of state in pressure-temperature-
chemical potential terms (3). It is expressed in terms
of the reduced pressure P* and the reduced particle
number density p* as follows:

e [0p*

p*? (‘9#>T7
52 <82P*)
o2 \ o2 ),

The reduced particle number density p* is found by

(17)

Ky = (18)

R = (19)

. _ V) <5P*)
pr=-—"Fv=¢ . 20
- e (20)
Taking explicit derivatives, we arrive at
_ x Po
pr=p.— M-+ . 21
AW ) 2

The quantity pf in Eq. (21) is the critical density
[9-11]

3
* 9293 g
Pe =91 + =

. 22
94 393 (22)

Its numerical value for parameters (10) is p% = 0.978.
Finally, the isothermal compressibility takes on the
explicit form

c Q71/2
P (0) {BW(0)94 g

1/3
y [(w a) ]}
ga

Behavior of the reduced isothermal compressibil-
ity versus the effective chemical potential at vari-
ous fixed values of the reduced temperature is rep-
resented graphically in Fig. 3 (narrow range around

Kp =

(23)
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Fig. 3. The reduced isothermal compressibility 7. as a func-
tion of the effective chemical potential M for different temper-
atures 7 = (T'—T¢)/Te at T > T.. The plot focuses on a range
of M around its critical value 0, thin dashed black line displays
maxima locus of k7,

M = 0). Right at the critical point the compress-
ibility diverges. As a result, there is still a “memory”
of the critical point, where xr reaches local max-
ima. However, once the system moves further into the
supercritical region, these maxima become less pro-
nounced, and the compressibility decreases. Below,
the critical temperature, negative values of M cor-
respond to gaseous densities, while positive values of
M represent liquid densities. Above the critical point,
the fluid becomes continuous. However, Fig. 3 clearly
shows significantly higher isothermal compressibility
in the region where M < 0, near the base of the max-
ima ridge, compared to the compressibility values in
the M > 0 region. In the first case (M < 0), the
supercritical fluid exhibits a gas-like behavior. In the
second case (M > 0), it behaves like a liquid. Far
beyond the critical point (7 > 0.5), there is no no-
ticeable difference in st values around the effective
chemical potential M = 0. At 7 = 0.2, P* > 2.30
the compressibility maxima become almost undistin-
guished, they completely vanish at 7 > 0.28.

To identify the Widom line based on the locus of
the isothermal compressibility maxima, we solve the
equation

Oky
M 0 (24)
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Thermal expansion, af
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Fig. 4. The reduced thermal expansion o as a function of
the effective chemical potential M for different temperatures
7= (T —-"T.)/Te. at T > Tc. The plot focuses on a range of
M around its critical value 0, thin dashed black line displays
maxima locus of a}
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Fig. 5. Complete pressure-temperature phase diagram of the
cell fluid model with the interaction potential (1). Comparison
of the Widom line (maxima locus of isothermal compressibility
and thermal expansion coefficient) and the crossover between
gas-like and liquid-like structures of the supercritical cell fluid
based on combination of the equation of state (3) and the con-
dition M = 0. An inset in the right bottom corner focuses on
a range of T around its critical value —0.01 < 7 < 0.05

with respect to M. Substituting the solution of (24)
into the equation of state (3), one locates the Widom
line in the pressure-temperature plane (see Fig. 5,
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dashed line), expanding the phase diagram displayed
in Fig. 2 beyond the critical point.

Similarly to the isothermal compressibility, similar
arguments apply to the thermal expansion coefficient
defined as

ap— L[V
PV AOT )y

Its reduced counterpart is calculated based on EoS (3)

by formula
8 *
()
T/

1
Trp*

(50, (), (5,

ou Jp \ OT u o Jop
Figure 4 illustrates the dependence of o} on M at
some given values of 7, at T > T.. The thermal ex-
pansion coefficient also develops a ridge of maxima
in the supercritical phase, that almost vanishes at
T > 0.35,P* > 2.75. To identify the Widom line

based on the locus of the thermal expansion coeffi-
cient maxima, we solve the equation

(25)

ap =

. (26)

oo

I 0 (27)
with respect to M. Substituting the solution of (27)
into the equation of state (3), one locates another
Widom line in the pressure-temperature plane (see
Fig. 5, dash-dotted line). This is the second option
for the separation line between liquid-like and gas-
like fluids.

The third choice for the boundary between liquid-
like and gas-like regions beyond CP is based on the
condition M = 0. Within the present approach, the
condition M = 0 holds along phase coexistence up
to the critical point. Thus, the implementation of the
condition M = 0 above CP seems to be a natural con-
tinuation of the coexistence line into the supercritical
region. On the other hand, accounting for the func-
tional form of the grand partition function [14, 15],
the condition of M = 0 is equivalent to the absence
of an external field in the Ising model. This analogy
is interesting from the perspective of direct mapping
between the Ising model and fluids [16, 17], as well
as from the consideration of other systems belonging
to the Ising model class of universality, for example
mixtures in criticality [18,19]. In Fig. 5 the separa-
tion line based on this condition M = 0 is given by
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the dotted curve. In the critical region (7 < 0.02),
beyond CP, the maxima locus of the response func-
tions and the M = 0 based line visually merge into a
single line.

4. Conclusions

The supercritical region of the phase diagram is stud-
ied for the cell fluid model with the modified Morse
potential. Three lines are found that can be consid-
ered as good candidates for a separation boundary
between gas-like and liquid-like regions in the su-
percritical phase. The first line is the locus of the
isothermal compressibility maxima. The second line
is the locus of the thermal expansion coefficient max-
ima. The third line is the location of states where the
condition M = 0 holds true. This third option seems
to be a natural extension of the coexistence line be-
yond the critical point, since the same condition is
used both below and above T,.. A noticeable differ-
ence between two locus of thermodynamic response
functions maxima and the line obtained from M =0
is that the latter one is extended over the phase di-
agram without any limits, while the first two have
their termination points. Investigation of how phys-
ical quantities change their behavior when crossing
these lines will be the object of our future studies.
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HAJIKPUTUYHI JITHIT
IMMEPEXOJIY B KOMIPKOBIV MOAEJII TIJIMHY

IIpomoB2kyeThCs HOCTIIKEHHST KOMIPKOBOI MOZEJII IVIMHY 3 MO-
nudikoBanuMm noreHiiagom Mopse. Hagkpuruyni cranu 1o-
CIIIPKYIOTBCS 3 OIVISILy Ha MOXKJIMBICTBH MOOYZOBU MeKi pO31i-
JIEHHS MiK PiIMHOIOAIOHUMU Ta Ta30IM0AIOHUMHU TOBEIIHKAMH.
PospaxoBano Tpu pi3Hi /iHil, SKi MOXKHa BUKOPUCTOBYBATH JJIsI
miel MeTu: JIiHIA MaKCUMyMiB i30T€pMid¥HOI CTHUC/IMBOCTI, JiHidA
MakKCUMyMiB Koedilli€HTa TEIJIOBOrO PO3IIMPEHHs Ta JIiHisd, Jie
edexTuBHM XiMiuHMI moTeHIian nopisuioe mymo, M = 0. 3a
cuMerpiero dyHKIioHaIiB craTucTHYHEX cyM ymoBa M = 0y
pigumHaxX aHaJIOriYHa BiJICYTHOCTI 30BHINIHBOIO IOJISI B MOJEJI
Izinra.

Katwwoei canoea: KOMipkOBa MOEIb, ImoreHmiaga Mopae,
HaJIKPUTUYIHA 00JIacCTb, JiHisg Bigoma.
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