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Martensitic αʺ-Fe16N2-Type  
Phase of Non-Stoichiometric  
Composition: Current Status  
of Research and Microscopic  
Statistical-Thermodynamic Model

The literature (experimental and theoretical) data on the tetragonality of martensite 
with interstitial–substitutional alloying elements and vacancies are reviewed and 
analysed. Special attention is paid to the studying the martensitic α″-Fe16N2-type 
phase with unique and promising magnetic properties as an alternative to the rare-
earth intermetallics or permendur on the world market of the production of perma­
nent magnets. The period since its discovery to the current status of research is cov­
ered. A statistical-thermodynamic model of ‘hybrid’ interstitial–substitutional solid 
solution based on a b.c.t. crystal lattice, where the alloying non-metal constituents 
(impurity atoms) can occupy both interstices and vacant sites of the host b.c.c.(t.)-
lattice, is elaborated. The discrete (atomic-crystalline) lattice structure, the anisot­
ropy of elasticity, and the ‘blocking’ and strain-induced (including ‘size’) effects in 
the interatomic interactions are taken into account. The model is adapted for the 
non-stoichiometric phase of Fe–N martensite maximally ordered by analogy with 
α″-Fe16N2, where nitrogen atoms are in the interstices and at the sites of b.c.t. iron 
above the Curie point. It is stressed an importance of adequate data on the available 
(in the literature) temperature- and concentration-dependent micro-scopic energy 
parameters of the interactions of atoms and vacancies. The features of varying (viz. 
non-monotonic decreasing with increasing temperature) the relative concentration 
of N atoms in the octahedral interstices of b.c.t. Fe, and therefore, the degree of its 
tetragonality (correlating with this concentration) are elucidated. Within the wide 
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1. Introduction 
1.1. Rare-Earth-Free Materials for Permanent Magnets

It is currently known [1, 2] that permanent magnets are one of the stra­
tegic metal-based products in the world industry due to a wide range of 
their applications: from micro-electromechanical and nano-electrome­
chanical systems to high-power electricity generators using many tons 
of magnetic materials containing critical rare-earth metals. Such non-
renewable elements are the main factor that constrains or increases the 
cost of fabrication of magnetic products. So far, there is no alternative 
to permanent magnets based on rare-earth intermetallics of the Sm–Co 
or Nd–Fe–B systems as well as based on the permendur (e.g., of the 
Fe65Co35 composition). China is currently the absolute monopolist in the 
market of rare-earth metals as the raw materials for such magnetic 
products [3, 4]. Therefore, the task of obtaining new permanent mag­
nets, which have comparable characteristics to existing magnets, but 
free from critical elements (such as rare-earth metals), is extremely im­
portant for industrial and national securities. In addition, our indus­
trial society requires a new energy concept with an ever-increasing em­
phasis on improving the efficiency of electricity transmission and utili­
zation [5–7]. Since magnetic materials are essential for magnetic 
devices, any improvement in magnetic materials could have a signifi­
cant impact on energy resources and applications [1].

The new tailored metallic phases do not containing critical elements 
(non-renewable on the Earth) may act as an alternative to the permen­
dur and rare-earth permanent magnets. The materials with interesting 
thermo- and magnetomechanical (and magnetoelectric) effects are, e.g., 
well-known L10-Fe–Ni-type elinvars with rather tetragonal crystal lat­
tice (but not cubic one due to the layered atomic ordering [8–10]) and 
cubic L12-Fe–Ni-type invars [11–14]. Due to their properties, they suc­
cessfully complement a series of the best rare-earth intermetallics and 
permendur (e.g., b.c.c.-lattice-based Fe65Co35), which possesses very high 
magnetic saturation levels (at 2.45 T [15]). Such metallic phases (par­
ticularly known as tetrataenite) are present in the meteorites, but their 
synthesis is very difficult in the Earth conditions.

range of varying the total content of introduced N atoms, the ratio of the equilib­
rium concentration of residual site vacancies to the concentration of thermally acti­
vated vacancies in a pure b.c.c. Fe is demonstrated at a fixed temperature.

Keywords: α″-Fe16N2 phase, Fe–N martensite, interstitial–substitutional solid solu­
tion, tetragonality, vacancies, atomic ordering, rare-earth-free magnetic materials, 
permanent magnets.



582	 ISSN 1608-1021. Prog. Phys. Met., 2020, Vol. 21, No. 4

T.M. Radchenko, O.S. Gatsenko, V.V. Lizunov, and V.A. Tatarenko

During past five–seven years, a great progress in the world has been 
made toward studying and feasible improving the microstructure and 
physical properties of non-rare-earth materials for permanent magnets 
[1, 2]. Researchers investigated several new materials-candidates. Some 
of them have showed realistic potential for replacing rare-earth perma­
nent magnets for some applications [1, 2]. Properties of these materials 
are described in dozens and even hundreds of published research articles 
and several reviews. In the recent review [2], authors addressed about 
such systems as Mn-based Mn–Al and Mn–Bi alloys with high magne­
tocrystalline anisotropy, spinodally decomposing Fe-based Al-, Ni-,  
Co-containing (Alnico) alloys, high-coercivity tetrataenite L10-phase in 
Fe–Ni and Fe–Co, Co-rich HfCo7 and Zr2Co11 intermetallic compounds, 
Co3C and Co2C carbides, and iron nitride α″-Fe16N2. The latter system 
attracts a considerable interest due to its exceptionally high saturation 
magnetization, low cost of Fe, and because its elements are the most 
earth abundant among all magnetic materials [2].

1.2. Discovery of α″-Fe16N2 and Its Large Saturation Magnetization

A chemically ordered nitride α″-Fe16N2 was discovered and characterized 
structurally by Kenneth Henderson Jack in his classical works in 1951 
[16, 17]. The magnetic α″-Fe16N2-type phase of Fe–N-martensite has the 
largest saturation magnetic-field strength (2.58 T [18], 2.6–2.8 T [19], 
2.83 T [20], 2.9 T [21], 3.1 T [22]) far beyond the iron–cobalt alloy and 
all other magnetic materials. The α″-Fe16N2 can possess even an ultralow 
positive temperature coefficient of coercivity (within the range from 
300 K to 425 K) [23]. To explain the giant saturation magnetization 
behaviour in α″-Fe16N2, a ‘cluster + atom’ model was proposed [24]. This 
model is associated with partially localized electron states. Two years 
later, the partial localization behaviour of 3d-electrons in α″-Fe16N2 was 
confirmed by means of the x-ray magnetic circular dichroism (XMCD) 
measurements [25]. Generally, the origin of the giant magnetic moment 
can be attributed to both the intrinsic effects such as partial localization 
of d-electrons in the Fe6N octahedrons and the nature of the exchange 
interaction promoting the high-spin states through Hund’s coupling 
[26]. The double-exchange interaction is the strongest and favours a 
high-spin state. The presence of the super-exchange interaction between 
the Fe sites within the Fe6N octahedral region indicates the existence of 
localized states, which may also contribute to the occurrence of a giant 
moment in this material [26].

1.3. Fabrication Methods and Structure

The earliest and commonly used so far method to prepare mainly a bulk 
(and rarely, thin film) α″-Fe16N2 material is the process of nitriding, 
quenching, and annealing. The reaction–transformation sequence of 



ISSN 1608-1021. Usp. Fiz. Met., 2020, Vol. 21, No. 4	 583

Martensitic αʺ-Fe16N2-Type Phase of Non-Stoichiometric Composition  

this method includes four different phases (α, γ, α′, α″) and three phase 
transformations (including γ → α′ martensitic one, which proceeds by 
shear without diffusion) [27, 28] (see also Fig. 1 [16, 29, 30]):

α-Fe  nitriding
700 750 c≈ − °→  γ Fe–N austenite  quenching

0 c< °→

α′Fe–N martensite tempering
120 150 c≈ − °→α″-Fe16N2.

Here, at ≅750 °C, α-Fe is subjected to the nitriding procedure to form a 
nitrogen austenite phase, which then quenched below 0 °C in order to ob­
tain a martensitic α′-phase; then, it is annealed at ≅120 °C (370–420 K) 
for ≈1–2 hours to obtain α″-Fe16N2 phase [27, 28], where N atoms have 
an ordered distribution. 

There are also several other methods to prepare α″-Fe16N2. They are 
as follow: the molecular beam epitaxy [31, 32], the ion implantation 
[33–35] and beam deposition [36, 37], the facing target [38–40] and 
reactive (magnetron) [41–43] sputtering, the ball milling [44], and so-
called ‘strained-wire method’ [1, 45] when a uniaxial tensile stress is 
applied on the wire-shaped sample during the post-annealing stage.

Fig. 1. The iron–nitrogen phase 
diagrams adopted from differ­
ent references [16, 29, 30] (a–c). 
Bold (coloured) vertical and hor­
izontal arrows (c) [30] depict 
two methods for reaching α″-
Fe16N2: either from top to bot­
tom (typical for bulk samples) or 
from left to right below 214  °C 
(most used for thin films
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In spite of the discovery in the middle of the last century, the mag­
netic behaviour of the α″-Fe16N2 phase remained a mystery over a period 
of 40 years. This is due to the questionable and even controversial re­
sults in a series of works concerning the saturation magnetization val­
ues. The article of Kim and Takahashi in 1972 [18] reported on high 
magnetization in α″-Fe16N2 has inspired many groups of scientists all 
over the world to explore the material. Motivated and encouraged by the 
promising magnetic properties that α″-Fe16N2 phase demonstrates, re­
searchers undertook quite a few attempts to study theoretically and 
experimentally this phase and prepare (through different synthesis 
techniques) the samples with as possible larger its volume fraction [46–
58] (see also references in recent reviews [1, 2]).

Actually, the α″-Fe16N2 structure is difficult for preparation and 
mass production. This structure is a metastable [59, 60]: at temperatu­
res of >463 K [61] (but no higher than 523 K [62]) and with time (years) 
[63], it decomposes according to the decomposition reaction [61, 63]: 

α″-Fe16N2 → 8 (α-Fe) + 2 (γ′-Fe4N).

So, in other words, the decomposition reaction that occurs in tempe­
red Fe–N martensite leads to the formation of ordered nitride precipi­
tates, namely, the b.c.c.-based ordered nitride α″-Fe16N2 further trans­
formed into another f.c.c.-based nitride γ′-Fe4N [17].

Note that literature data on the decomposition temperature of α″-
Fe16N2 strongly differ from ≈463 K to ≈673 K. To affect (improve) the 
thermal stability and soft magnetic problems, the adding a small amount 
of third element has been proposed: Ni [64, 65], Cu [64], V [64], Cr [64, 
66], Al [66, 67], Ti [64, 68, 69], Mn [64, 66, 70], Co [64, 69–72], H [71], 
Bi, [72], Sb [72], Pt [72], Ta [73–76], W [73], Zr [75, 76], Nb [75, 76], 
Hf [75]. However, the doping (alloying) may degrade some other mag­
netic characteristics [73]. For example, a giant magnetic effect was not 
revealed in the sponge-like bulk α″-Fe16N2 contaminated with oxygen 
impurity [77].

In addition to the metastability, the obtaining of α″-Fe16N2 is com­
plicated by a wide variety of compounds detectable in the binary Fe–N 
system (see Fig. 1). Besides the α″-Fe16N2, they are as follow: b.c.t.-based 
α′-Fe8N, f.c.c.-based γ′-Fe4N, h.c.p.-based ε-Fe3N, orthorhombic-based 
ζ-Fe2N, (hypothetical) f.c.c.(?)-based FeN [78, 79], and tentative γ″-
Fe8N2 of tetragonal symmetry [80]. Nevertheless, in the literature, there 
are quite a lot of works, where authors claim on the synthesis of α″-
Fe16N2 phase mainly in (thin) films, rarer in bulk materials, powders, 
(nano)composites, (nano)particles, and (nano)ribbons. 

Vertical and horizontal (coloured) arrows in Fig. 1, c show two most 
often used methods to obtain the α″-Fe16N2 phase. The ‘top-to-down’ 
(red) arrow denotes the quenching method (firstly used by Jack [17]), 
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which includes nitriding, quen­
ching, and annealing steps (ac­
cording to the transformation 
reaction mentioned at the be­
ginning of this subsection). Du­
ring the nitriding step, the 
γ Fe–N austenite forms with a random distribution of N atoms over the 
octahedral interstices of f.c.c. lattice (Fig.  2, top). After the rapid 
quenching, the high-temperatures austenitic f.c.c. phase transform into 
the b.c.c. (more precisely, b.c.t.) structure with N atoms ‘frozen’ at the 
interstitial sites since they (N atoms) have no time to move from the 
interstices occupied in the austenite, and the additional interstitial holes 
created by the f.c.c. → b.c.c. (b.c.t.) transformation remain empty [27, 
28]. As a result, a b.c.t. structure of the same composition as the parent 
austenite is formed; this phase is known as α′Fe–N martensite (Fig. 2, 
bottom left). The tetragonality of this martensite lattice is a direct con­
sequence of the preferred occupation of one of the three possible inter­
penetrating sublattices of octahedral interstices in b.c.c. lattice (Fig. 2, 
bottom right) [81].

This circumstance, when the impurity N atoms occupying the octa­
hedral interstices of f.c.c. lattice fall into only one sublattice of octahe­
dral interstices in the b.c.c.(t.) phase and thus cause the tetragonal 
distortions with corresponding lattice-parameter ratio b0/a0 (see Fig. 2), 
is similar to C atoms in α-Fe [81] and known as Bain’s transformation 
[82, 83] from f.c.c.-austenite to b.c.c.-ferrite.

We can also interpret it as a result of a special type of atomic order­
ing, when at low temperatures, below the temperature of the marten­
sitic transformation, the occupation of only one sublattice of octahedral 
interstices (Oz interstices) by impurity atoms becomes strongly energy-
preferable. In other words, the martensitic transformation occurring 
through a displacive (diffusionless) mechanism without redistribution 
of impurity N atoms can be viewed as a special type of ‘orientational’-
ordering transition [81].

Fig. 2. Octahedral interstitial sites 
(small circles) in f.c.c. structure 
(top) and their positions in b.c.t. 
structure (with lattice parameters a0 
and b0) after the martensitic trans­
formation (bottom left). Three (1–3) 
types of octahedral interstices in 
b.c.c. structure (bottom right). Sche­
matic (f.c.c., b.c.c., and b.c.t.) struc­
tures are adopted from Ref. [81]
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Prolonged annealing (tempering) of the α′-phase upon suitable heat-
treatment temperature (≈370–420 K) and at a specific stoichiometry 
(Fe/N = 8/1) leads to the ordering of nitrogen atoms and appearing the 
ordered iron–nitrogen martensite α″-Fe16N2 (Fig. 3). Its unit cell com­
prises eight distorted b.c.c. cells of α-Fe, where N atoms occupy two of 
48 available octahedral interstitial sites in a perfectly ordered manner, 
i.e., two of the 16 Oz interstices, whereas the 16 Ox and 16 Oy interstices 
virtually always completely empty. The lattice parameters are 5.72 Å 
and 6.292 Å [17, 27, 28] as shown in Fig. 3, left. It is importantly that 
the b.c.c. Fe cells are deformed, since there are filled and unfilled octa­
hedrons in the structure. If the hole (centre of octahedron) is occupied 
by N atom (as depicted in Fig. 3, right), two (upper and lower) Fe atoms 
are shifted from N atom in the opposing directions along the vertical (z) 
line (axis). When the hole is empty, the Fe atoms occupy the same posi­
tions as in the α-Fe lattice.

In other words, according to K.H. Jack [17], the structure of the 
α″-Fe16N2 phase may be interpreted [92] as tetragonal interstitial super­
lattice within the b.c.c. host lattice of α-Fe with the N atoms making up 
a nearly double-period b.c.c. lattice within the Oz sublattice of octahe­
dral interstices, with a = c ≈ 2a0 ≅ b, where a0 is the b.c.c. crystal lattice 
parameter of the b.c.c. host lattice of α-Fe. So, the crystal lattice pa­
rameters of the α″-Fe16N2 phase are as follow:

aα″ ≈ 2a0 = 2 × 2.86 Å = 5.72 Å, bα″ = 6.229 Å ≅ 2a0.

It should be emphasise that the spacing aα″ of the tetragonal α″-Fe16N2 
phase is almost exactly equal to twice the crystal lattice parameter of 
the parent phase (α-Fe).

Note also that the filled NFe6 octahedrons (as that in Fig. 3, right) 
have almost same size in all the Fe–N phases: α, α′, α″, γ, γ′; however, 
their numbers and distribution are different [27, 28].

Fig. 3. Structure of α″-Fe16N2 (adopted from Refs. [17, 20]). Left and right unit cells 
are crystallographically equivalent; each of them contains 16 Fe- and 2 N-atoms
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The ‘left-to-right’ (blue) arrow in Fig. 1, c shows another way for 
generating α″-Fe16N2 phase, which is commonly used to prepare this 
phase in thin films. A mixture of Fe and N atoms with a fixed atomic 
fraction has to be generated through the plasma or sputtering method 
in a high vacuum and then deposited on a single-crystalline substrate. 
A lattice mismatch between the substrate and the deposited Fe–N film 
cause the strain effect, which results in the martensitic α′-Fe8N phase. 
Then, after a post-annealing process below 214 °C in a vacuum, the α′-
Fe8N phase transform into the α″-Fe16N2 phase with an ordered distribu­
tion of N atoms.

Among dozens of articles, only a few works claimed pure α″-Fe16N2 
phase preparation. Commonly, the prepared Fe–N samples consist of 
several possible phases with a partial volume ratio of an α″-Fe16N2 phase 
inside, but just a volume fraction of this phase defines magnetic proper­
ties: the higher volume fraction, the better properties [22, 84, 85]. In 
this respect, a key parameter to evaluate the quality of the prepared 
compound and its magnetic properties is information on the volume 
ratio of α″-Fe16N2 phase. To evaluate the amount of this phase in the 
prepared Fe–N system, the x-ray diffraction (XRD) technique is most 
commonly used [16–18, 21, 22, 38, 39, 47, 50, 53, 54, 56]. However, a 
new method based on the analysis of the x-ray photoelectron spectra 
(XPS) was also used [84]. Both methods provide the same volume ratio 
values for the phase fraction within the reasonable error region. 

1.4. Motivation of the Study

Crucial properties of permanent magnets (both already widely used and 
acting as potential candidates), particularly, coercivity and permanent 
magnetization, strongly depend on (micro)structure. That is why deep 
understanding metallurgical processing, phase stability and (micro)
structural changes is major for designing and improving permanent 
magnets as well as prediction their properties [1, 2].

The key factors, which practically determine the phase magnetiza­
tion, are external impacts (particularly, strain and temperature), in­
teratomic interactions, and order in the spatial distribution of N atoms, 
which can occupy both octahedral interstices and metal-lattice sites with 
vacancies. Redistribution of N atoms results to partial (dis)ordering, 
the degree of which correlates with a magnetization value: the latter 
increases (decreases) as the atomic long-range order parameter increases 
(decreases) [86].

Note that, so far, many research groups, including experimentalists 
and theoreticians cannot reproduce or justify such unique magnetic cha­
racteristics of the α″-Fe16N2. After symposium on a topic of Fe16N2 at 
the Annual Conference on Magnetism and Magnetic Materials in 1996, 
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where there was no a decisive conclusion on the giant saturation magne­
tization origin, this research topic has been dropped by most magnetic 
researchers. To this day, therefore, there is no a complete understan­
ding and explanation of the magnetism of α″-Fe16N2 phase. Thus, this prob­
lem remains a topical and motivated, and even somewhat a mystery.

Currently, there is a lack of full understanding of how we can change 
the external thermodynamic parameters (temperature, pressure or de­
formation) and regulate the structure, thereby the properties of mag­
netic α″-Fe16N2-type martensite. To overcome such a theoretical gap, we 
are motivated in the development of the microscopic model of a ‘hybrid’ 
solid solution, in which the interstitial non-metal atoms from octahedral 
interstices can partially move to the sites of b.c.c. (or tetragonal) lattice 
of metal with vacancies. At that, we have to take into account the dis­
crete (atomic-crystalline) structure of the lattice, its elastic and magne­
tocrystalline anisotropy as well as the effective interatomic interactions 
of all atoms (not only the nearest or several neighbouring).

2. Statistical-Thermodynamic Model  
of Solid Solution of N Atoms in the Interstices  
and Sites of B.C.C.(T.)-Fe with Vacancies

2.1. Geometry of Solid-Solution Lattice  
and General Reasonable Assumptions

Binary solid solutions are commonly considered to belong to one of two 
‘geometrical’-model categories, which are described as either interstitial 
or substitutional. However, currently it is quite clear that this simple 
differentiation is an approximation; in reality, solute atoms occupy both 
the lattice solvent-atom sites and one or more subsets of interstitial 
sites. Though the vast majority of solute (impurity) atoms in the over­
whelming majority of solid solutions are located only in one subset of 
geometrically equivalent sites, this is not always the case. There are 
solutions, where significant fractions of impurity atoms reside in both 
interstitial and substitutional positions (within the wide temperature 
ranges). The iron–boron and metal–helium systems act as an example of 
such solutions [87, 88].

It is known from the literature that there is a viewpoint that the 
anomaly of the temperature dependence of the lattice-parameters’ ratio 
(tetragonality degree) of (irradiated) b.c.c.(t.) α′-martensite is caused by 
a peculiar phase transformation, e.g., impurity C atoms from octahedral 
interstices are ‘captured’ by vacant sites of b.c.c.(t.) Fe lattice (see 
Refs. [89–92] and references therein). Actually, we can assume that this 
feature (‘capture’) is proper for not only irradiated martensites, but 
also may occur in any (realistic) imperfect interstitial solid solution (al­
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loy) that contains the vacant sites. For instance, in Ref. [93], authors 
consider L12-type superstructures, where the changes in the long-range 
order parameter relate to the introduction (‘deposition’) of deformation-
induced interstitial atoms into vacant sites. The attempt to design a 
simple model of binary hybrid interstitial–substitutional solid solution 
have been also considered in Ref. [94], where, however, the author has 
ignored the lattice uniform dilation effects and restricted the case to 
sufficiently low solute contents. 

In this section, we develop the model of diluted macroscopically ho­
mogeneous solid solution, where isolated impurity atoms of non-metal 
element (X) may occupy both octahedral interstices (i) and vacant sites 
(s) of metal (Me) b.c.c.(t.) lattice (Fig. 4 [95]). In a general case, there 
is no a reason to deny that one (and the same) site can ‘capture’ simul­
taneously several X atoms [96] with the formation of their ‘complexion’ 
[97]. The total number of such atoms within the ‘complexions’ can be 
roughly estimated, e.g., from the condition of closeness to zero of the 
total ‘elastic power’ of the resulting restricted defect ‘vacant site + com­
plexion’ (as a centre of ‘pure’ dilatation) and/or partial removal of me­
chanical stresses and, thus, a decrease in the elastic energy of the solid 
solution. However, in this work (as a first step), for simplicity, we will 
neglect the formation of such complexes, which are less favourable by 
entropy [97] than the single impurity atoms. We will take into account 
the presence of excess monovacancies (v) at the b.c.c.(t.)-Me sites, and 
assume that, in the equilibrium state, X atoms practically do not jump 
into the cramped tetrahedral interstices as well as Me ions practically 
do not jump from the sites to comparatively cramped interstices. 

Fig. 4. The b.c.c. lattice 
structure (adopted from 
Ref. [95]) comprising (a) 
three interpenetrating 
(also b.c.c.) sublattices 
of octahedral interstices 
(open circles, triangles, 
squares) within the Fe 
host lattice (grey balls), 
and (b) only one octahe­
dral sublattice occupied 
by impurity atoms (small 
balls). Arrows indicate 
the first five coordina­
tion shells for intersti­
tial impurities
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In order to study the temperature- and concentration-dependent 
characteristics of the redistribution of interacting impurity X atoms, 
we assume so-called dynamic equilibrium, when a quasi-local thermody­
namically quasi-equilibrium distribution of impurity atoms already oc­
curred in the temperature and pressure ranges we study. Such an equi­
librium distribution ‘adapt’ to the often non-equilibrium distribution of 
unoccupied sites v. The character of the spatial distribution of the unoc­
cupied sites v varies rather slowly with time. At that, the entire system 
(‘hybrid’ solid solution) may already be close to equilibrium relative to 
the diffusion ‘suction’ of excess vacancies v from the ‘vacuum’ into the 
Me crystal (or their leaving it). This assumption is justified by the ki­
netic features of the process of redistribution of impurity atoms from 
the interstitial sites to the sites (such features manifest themselves 
most fully in the case when the sites are energetically more advanta­
geous even for a non-metal X, at least, for its low concentration inside 
the host metal Me). Impurity X atoms move from i positions to s posi­
tions as a result of mutual ‘search’ for some interstitial X atom and 
some vacant v site. This occurs mainly through the ‘fast’ interstitial 
migration of impurity atoms rather than the ‘slow’ bulk diffusion of 
vacancies.

However, we have to note that the transfer of part of X atoms onto 
the sites caused by their tendency to increase the entropy of the system 
cannot decrease the number of the equilibrium thermally activated va­
cancies. If even some of X atoms occupied some part of a great number 
of site vacancies, in an equilibrium state, at least no less number of new 
vacancies appears. In turn, this means that, in this case, the overwhelm­
ing majority of X atoms transferred to sites are located at sites previ­
ously occupied by Me ions, but which became vacant as a result of the 
completion of the Me site lattice, stimulated by the presence of intersti­
tial X atoms. The latter effect has not only a ‘statistical’ cause (due to 
the entropic factor), but also the ‘force’ one. Therefore, it can manifest 
itself even at low temperatures and low X contents, especially, if the 
intracrystalline (force) field, generated in the sites by the interstitial 
atoms, is microscopically inhomogeneous, and therefore, an energy fac­
tor associated with the inhomogeneity of this field is significant. Note 
that such a field modulation can be realized even for a macroscopically 
uniform spatial distribution of interstitial X atoms. Particularly, when 
they act on Me (as well as X) atoms in the neighbouring sites with  
energies comparable to the energy of sublimation, e.g., by the type of 
‘blocking’ [89, 98] when it is not compensated by the bulk deforma- 
tion effects. 

Since Fe–N acts as an object of the study in this work, we draw the 
reader’s attention to further two designations in the text and equations: 
X = N and Me = Fe.



ISSN 1608-1021. Usp. Fiz. Met., 2020, Vol. 21, No. 4	 591

Martensitic αʺ-Fe16N2-Type Phase of Non-Stoichiometric Composition  

2.2. Occupation-Probability Functions  
and Configurational Free Energy 

Let us сα (R) (сβp (R)) is a random quantity, which equals to 1 if a site with 
radius-vector R (interstice with radius-vector R + hp in a primitive unit 
cell R) is occupied by an ‘atom’ of kind α = Fe, Ns, v (is occupied by an 
‘atom’ of kind β = Ni, ∅), and 0 otherwise (if not). Here, Ns and Ni denote 
the nitrogen atoms substituting sites s and octahedral interstices i in the 
b.c.c.(t.) Fe, respectively. To model the excess monovacancies on the sites 
or remaining unoccupied octahedral interstices, we consider them as ‘at­
oms’ of additional ‘substitutional’ (v) or ‘interstitial’ (∅) constituents, 
respectively. A set of octahedral interstices in the b.c.c. Fe consists of 
three interpenetrating sublattices {R + hp}, where p = 1, 2, 3 (see Fig. 4). 
Each sublattice numbered with p = 1, 2, 3 is isostructural to the ‘mean’ 
b.c.c. lattice of Ns sites {R} and displaced (as a whole) with respect to the 
origin site of cubic conventional unit cell of b.c.c. crystal by the vector 

h1 =  0

2

a
(1; 0; 0),  h2 =  0

2

a
(0; 1; 0),  h3 =  0

2

a
(0; 0; 1),

respectively, in a crystalline-physical system of coordinates, Oxyz, 
where a0 is the basic parameter of impurity-free unit cell (see Fig. 4). 
By the definition, Pα (R) ≡ 〈cα (R)〉 and Pβ

p (R) ≡ 〈сβp (R)〉 are single-site prob­
abilities to find atoms α and β kind in the site R and the interstice 
R + hp, respectively, and symbol 〈…〉 denotes the statistical averaging 
over all permitted atomic configurations in case of their canonical dis­
tribution. We assume a self-consistent mean field approximation (ne­
glecting correlation) without limiting an interatomic-interaction radius 
[89, 92], i.e., take into account interatomic interactions in all coordina­
tion shells. Then, the configuration-dependent contribution to the Gibbs 
free energy of such a solid solution (in the absence of external stresses 
on its surfaces) can be written as follows:
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Here, kB is the Boltzmann constant; T is the absolute temperature of the 
solution; G0 ∀T is the Gibbs free energy part insensitive to configura­
tions of all atoms; Rα (R) ≅ const = Rα and Rα

p (R) ≅ const = Rα
p = Rα

1 = Rα
2 = 

= Rα
3 are the specific (per atom α) energies related to the ‘expansion’ or 

‘compression’ of each of Nα atoms uniformly introduced into the sites 
and/or crystallographically-equivalent octahedral interstices of the 
b.c.c.(t.) Fe crystal [89, 91, 92, 98, 99]; Wαβ (R − R′), ( )ppWαβ

′ ′−R R , or 

  ( )pWαβ ′−R R  are the effective pair interaction energies for the α and β 
atoms occupying sites with radius-vectors R and R′, interstices with 
radius-vectors R + hp and R′ + hp’, or site R and interstice R′ + hp’, re­
spectively.

The values of 
N ( )i
pP R  and N ( )sP R  relate to each other through the 

conservation condition for the total number of N atoms in interstices 
and sites (NN = NNi

 + NNs
) during their redistribution:

	
=

 
= κ + κ = + 

 
∑ ∑

3
N N

N N N
1

(3 ) ( ) ( )i s

i ss p
p

N N P P
R

R R ,	 (2)

where, by definition for the relative concentrations κNi
 = NNi

/(3Ns) and 
κNs

 = NNs
/Ns. Here and further, NN (italic) denote total number of nitro­

gen atoms (and Ns is total number of sites), while N (regular) denotes 
chemical element ‘nitrogen’ (and Ns or Ni are nitrogen atoms in site and 
interstice, respectively). In addition, it is evidently that any site (inter­
stice) in any of Ns primitive unit cells of the solvent has to be obliga­
tory occupied by atoms of any allowable kind:

	 ∀R 
Fe,N ,

( ) 1
s v

Pα

α=

=∑ R ,	 (3)

and

	 ∀R 
N ,

( ) 1
i

pPβ

β= ∅

=∑ R , where p = 1, 2, 3.	 (4)

Probabilities for interstices to be occupied by interstitial atoms Ni 
can be presented as the linear superpositions of the static concentration 
waves [92]:

N N N N N( ) ( ) ( ) ( ) ji i i i i
i

p p p p p j
j

P P P P P e τ

τ

τ

⋅

τ

= + δ = + δ∑∑ k R
R R R k .

Here, 
N N1

( )i i
p p

s

P P
N

= ∑
R

R

is the relative concentration of Ni atoms in the p-th interstitial sublat­
tice of two-component interstitial subsystem Ni–∅. The amplitude of 
the plane wave exp(ikjτ

 · R) can be represented as

3
N N N

1

( ) ( ) ( )i i i
p j j p jP

τ τ τωτ ωτ ω
ω=

δ = η γ ψ∑k k k .
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The symmetry coefficients  
{ N ( )i

jτωτγ k } are constant within the 
T–κNi-range of thermodynamically 
stable existence of the phase. A set 
of these coefficients should be deter­
mined such that all linearly independent (non-negative by the defini­
tion) long-range order parameters {

ωτηNi } equal to 1 for totally ordered 
solution of Ni within the b.c.c.(t.) Fe. Such a superstructural state means 
a single-phase of solid solution of stoichiometric composition (

st
N Ni i

κ = κ ) 
described by the probabilities N{ ( )}i

pP R  possessing only two values, 0 or 
1, and can be realized only at a zero temperature (0 K). 

τωψ ( )p jk  is the 
p-th component of the ω-th orthonormalized column vector of ‘polarisa­
tion’ of the static concentration wave 

τ τωψ ⋅( ) exp( )p j jik k R  (ω = 1, 2, 3). 
In such an expansion of δ N ( )i

pP R , there exist only static concentration 
waves for those ‘stars’ τ of non-zero (τ ≠ Γ; see Fig. 5) wave vectors {kτ} 
(namely, rays { jτ

k } of the ‘star’ τ) with non-zero factors {
τωτγN ( )i
jk } associ­

ated with atomic ordering.
Henceforth, we shall consider non-stoichiometric b.c.t.-Fe–N solid 

solution.
Suppose an ordered distribution of Ni atoms over the octahedral 

interstices [16, 17, 27, 28]. Then, for the α″-Fe16N2-type superstructure, 
the second terms in the occupation probabilities (amplitudes of the plane 
waves) can be represented as follow (see Ref. [100]):

    ( ) ( )( )3 41N N N N N
1 2 1 1 2

1 1
( )

24 16
i i i i i N NH

i ii

H H N NP e e e
⋅ ⋅⋅δ = η − η + η − η +k R k Rk R

R ,	 (5a)

    ( ) ( )( )5 61N N N N N
2 2 1 1 2

1 1
( )

24 16
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i ii

H H N NP e e e
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R ,	(5b)

( ) ( )1 21N N N N
3 1 2 3

1 1
( ) 2

24 8
i i i i N NH

i ii

H H NP e e e
⋅ ⋅⋅δ = η + η + η + +k R k Rk R

R

	 ( )( )3 4 5 6N N
1 2

1

16
i i N N N N

i i i i

N N e e e e
⋅ ⋅ ⋅ ⋅+ η + η + + +k R k R k R k R

,	 (5c)

where (in the rectangular (Cartesian) coordinate system Okxkykz) k1H
 is 

Fig. 5. The first Brillouin zone (BZ) of 
b.c.c. crystal. The Γ point (k = 0) lies at 
the centre of the Brillouin zone. Here, we  
applied the standard designations to spec­
ify the symmetry points on the Brillouin 
zone boundary (H, N, P) and the symme­
try axes within the Brillouin zone (∆, Σ, Λ, 
F, G, D)
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the vector of single-ray ‘star’ {kH}, and k1N
, k2N

, k3N
, k4N

, k5N
, k6N

 are vec­

tors of six-rays’ ‘star’ {kN} (see Fig. 5): 
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k .

Then, for virtually maximally ordered interstitial subsystem over 
the entire T– Ni

κ  range of the existence of non-stoichiometric b.c.t.-
Fe–N solid solution, the following relations should be satisfied:

	

∀R

 

1

6
N N N

1 2 3 N
1

( ) 0,  ( ) 0,  ( ) 3 1 ji i i NH

i

N

ii

j

P P P e e
⋅⋅

=

 
≅ ≅ ≅ κ + + 

 
∑ k Rk R

R R R .	(6)

Let us assume that the translational symmetry of Ns atoms’ distri­
bution over the available (vacant) b.c.c.(t.) lattice sites coincides with 
the symmetry of Ni atoms’ distribution in the preferable (3-rd in Fig. 2, 
bottom right) interstitial sublattice, however with the mutual arrange­
ment of the firsts with respect to the latter so that the nearest neigh­
bourhoods Ns–Ni are absent. The case of the nearest-neighbouring Ns–Ni 
atoms is excluded in order to be in accordance with strong (‘blocking’), 
but short-range ‘direct’ (‘contact’), ‘(electro)chemical’ interatomic in­
teraction N–N (see, e.g., [98, 99]). The occupation-probability function 
described such an ordered distribution of Ns atoms over the (single) sub­
lattice of sites,

	

1

6
N N N

N
1

1 1
( ) ( 1)

8 8
js s s N NH

s

N

ii j
H N

j

P e e
⋅⋅

=

= κ − η + η −∑ k Rk R
R ,	 (7)

for the state with maximal long-range atomic order at the sites, which 
is possible at a fixed occupancy degree (relative concentration) κNs, will 
have the following form: 

	

⋅⋅

=

 
≅ κ − + − 

 
∑1

6
N

N
1

( )  1 ( 1) js N NH

s

N

ii j

j

P e e
k Rk R

R .	 (8)

In addition, we assume that the sites v, which remained unoccupied 
by substituting atoms of Fe and N, are distributed ‘in disordered man­
ner’ over the b.c.c.(t.) lattice in the sense that Pv(R) ≅ κv = Nv/Ns, where 
Nv is the number of such (residual) monovacancies. Here, we assume 
that, practically, there are no mixed v–Ni complexes [101], v–Ns neigh­
bourhoods, complexions of N atoms at the sites, and the number of 
these defects is small as compared to the number of lattice sites.
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The long-range order of Fe and Ns atoms over the sites, when they 
‘repeat’ the ordered interstitial Ni and ∅ ‘atoms’ within the confines of 
only the third sublattice of octahedral interstices (as for α″-F16N2 phase), 
can be attributed to ‘repulsive’ Ni–Fe and Ni–Ni interactions between 
the interstitial and substitutional subsystems, rather than ‘attractive’ 
(Fe–Fe) and ‘repulsive’ (Fe–Ns, Ns–Ns) interactions in the substitutional 
Fe–Ns subsystem. Then, taking into account Eq. (1), relations (3), (4), 
and assuming relations (6) and (8), one can easy to obtain the expression 
of specific (i.e., with respect to the total number NFe of Fe ions) Gibbs 
free energy g for such an ‘ordered’ phase of the b.c.t.-Fe–N solution at 
zero external pressure:

N N
N 3 N

s i

s i

v
vg g R c R c R c∅≅ + + + +
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where g∅ is non-configurational part of g, αβ
 ( )W k ,  N N

  ( )i i
p pW k  and α



N
  ( )i
pW k  

are k-th (k = 0, k = k1H
, k = kjN 

) Fourier components of the effective pair 
interaction energies of atoms of corresponding constituents in the b.c.t.-

Fe–N solution, FeN
1( )s

H
w k  and FeN

1( )s

N
w k  are the Fourier components 

(in the k1H
 and k1N

 points of the 1-st Brillouin zone of b.c.c. Fe) of ‘mix­
ing’ (‘interchange’) energies

FeN N N FeNFeFe( ) ( ) ( ) 2 ( )s s s sw W W W′ ′ ′ ′− = − + − − −R R R R R R R R .
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The values
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s

s

N
c

N
=

denote the ‘relative’ concentrations of the residual vacancies v, and N 
atoms intruded into octahedral interstices and occupying the (smaller) 
part of sites in b.c.t. Fe, respectively. According to Eq. (2),

N
N N N

Fe
i s

N
c c c

N
+ = = .

We have to note that, in Eq. (9), the contributions of ‘soft’ (Cou­
lomb-type) α–∅ interactions were omitted as negligibly small. The mag­
netic contribution (mainly, due to the exchange interaction of Fe atoms) 
is implicitly contained in the ‘mixing’ energies (e.g., see explicit expres­
sions for the exchange Fe–Fe-interaction integrals in Ref. [102]), if 
temperature T is below the Curie point TC = TC(cNi

, cNs
 + cv).

Note also that, in fifth summand in right side of Eq. (1), the sum­
mation is carried out over all (!) interstices {p, R} and {p’, R’} of the host 
Bravais lattice. So, statistical thermodynamics of interstitial atomic 
ordering in the case of three octahedral-interstices’ sublattices in the 
b.c.c. host lattice is described with elements of the N N

  || ( )||i i
p pW ′ k  matrix of 

Fourier transforms (see Eq. (9)), which has the form

N N N N N N
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,

where, according to both the equality N N N N
    ( ) ( )i i i i
p p p pW W′ ′′ ′− = −R R R R  

and the definition of Fourier transformation, the Hermitian character 

of above-mentioned ‘interaction’ matrix N N
  || ( )||i i
p pW ′ k  is utilized:

*N N N N
 2 1  1 2( ) ( )i i i iW W =  k k   and 

*N N N N
 3 2  2 3( ) ( )i i i iW W =  k k  .

The elements of the N N
  || ( )||i i
p pW ′ k  matrix may easily be calculated 

within the framework of the short-range interatomic-interaction ap­
proximation. For instance, if and only if,

N N N N N N
 3 3  1 1  2 2 ( ) ( ) ( )i i i i i iBZ W W W∀ ∈ = =k k k k   .

Nevertheless, even if the interatomic interactions are long-ranging, 

by symmetry, for k = 0, the matrix N N
  || ( )||i i
p pW ′ 0  always has the form 

[92]
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Moreover, the symmetry considerations applied to the matrix 
|| N N

  ( )i i

Np p jW ′ k || always result in the form [92]
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where {
Nj

k } are the vectors of six-rays’ ‘star’ of quasi-wave vector kN 
corresponding to high-symmetry point N of the BZ edge (see Fig. 5).

In conclusion of this subsection note that the possibility of strong 
interatomic interactions up to the appearance of the ‘blocking’ effect (at 
least for small distances), when, e.g., FeN| ( )|s

Bw k T′−R R 

 and/or 
N N
  | ( )|i i
p p BW k T′−R R

  for |R − R′| = o*(a0), assumes a consistent account­
ing the correlation effects, when we calculate thermodynamic properties 
in the equilibrium state. In this case, one has to expect that the self-
consistent mean field approximation, which does not take into account 
the short- and long-range correlations in the mutual atomic spatial dis­
tributions, is unreasonable. This inapplicability deals, first of all, with 
the substitutional subsystem, where the equilibrium coordination (‘ra­
dial’ + ‘angular’) long-range atomic order appears no faster than the 
short-range (‘angular’) order. In essence, the long-range order appears 
due to the development of the noticeable equilibrium correlations in 
both the arrangements of different types of ions (in more and more dis­
tant coordination shells) and the orientations of ‘bonds’ between them. 
This process tends to be realized, in particular, thorough over-barrier 
diffusion mechanisms of interchange of Fe- and Ns-atomic locations 
and/or through the migration of atoms Ns, Fe, and v by means of a large 
number of elementary jumps to the relevant distances. These distances 
should be comparable with characteristic length, 

0sξ , of the spatial cor­
relation of large-scale fluctuations of atomic order or with (related to 

0sξ ) spatial scale parameter [91]
N N2

N N

| | ( )

( )

s s

s ss

K

K
′

′

′ ′− −
ℜ ≅

′−

∑
∑

R

R

R R R R

R R ,

which is typical geometric dimension of the ‘domain’ with developed 
order or, in a general way, the continuity region of any topological fea­
ture of a homogeneous random field { N ( )sc R }, whether its ‘peak’ (1) or 
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‘valley’ (0) are the characteristics of Ns-atomic distribution over the 
sites. The correlation function

N N N N
N N( ) { ( ) } { ( ) }s s s s

s s
K c c′ ′− = − κ − κR R R R

is normalized to 1 for R′ = R and tends monotonically to zero with in­
creasing interatomic distance r = |R − R′|; however, even for large r (>> a0)  

0N N /1( )s s srK r e− ξ−′− ∝R R  [103]). Therefore, for T in a vicinity above the 
‘critical’ temperature T0s (conventionally, ‘for the substitutional sub­
system’) determined in the self-consistent mean-field approximation 
(with account of the ‘action’ of the effective interstitial-subsystem- 
induced external field), where 0 0 0 0| |s s sa T T Tξ ∝ −  [103], the stable 
equilibrium-order state in the substitutional subsystem is realized only 
after the passage of a comparatively long interval of time 2

0s Dτ ∝ ξ    

( 2
s D>ℜ  , where D  is the interdiffusion coefficient) and also includes 

the establishment of equilibrium spatial correlations [92]. Note that 
statistically equilibrium ‘orientational’ long-range order is attained in 
the interstitial subsystem already at the early relaxation stage by means 
of the only elementary diffusion act that is the Ni-atomic jumps into the 
nearest-neighbour unoccupied interstices [92], i.e., it occurs considera­
bly faster than noticeable equilibrium correlation effects. Nevertheless, 
the mentioned issue can be circumvented if one notes a certain circum­
stance associate with the specific character of the proposed structural 
state, namely, with the maximum ordering of both solution subsystems 
(under the conditions of even relative equilibrium): in this state, cor­
relation effects are insignificant [103]. This fact provides the asymp­
totic accuracy of the self-consistent mean-field approximation [92] ap­
plied to describe the thermodynamic characteristics interesting us.

3. Tetragonality of Fe–N Martensite  
under the Conditions of a Dynamic Statistical Equilibrium

Thermodynamically equilibrium values of two independent variables ñv 
and Ni

c  can be obtained from the set of equations:

− R v −
 

2 Fe
N

1 1
( ) (1 ) ( )

2 2s

v vv v
vR W c c w− − − + + + +


0 0



( )FeN N Fe
N( ) ( ) ( ) ( )s s

s

vvv vW W W W c+ + − − +0 0 0 0   

( )FeN N
    3   3 N( ) ( )i i

i

vW W c+ − +0 0 

N N N N N FeN
    3   3 N     3 1     3 1( ) ( ) ( ) ( )s i i s i i

i H H

vW W c W W


+ − − + +


∑0 0 k k   

( )
6

N N FeN
    3     3 N N

1

( 1) ( ) ( )N s i i

N N s i

N

j
j j

j

W W c c
=


+ − − +


∑ k k 
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( )N FeN FeN 2
1 1 N

1
( ) ( ) 6 ( )

2
s s s

H N s

vw w w c+ + + +0 k k  

( )N N N N N N N N 2
 3 3  3 3 1  1 1 1  3 3 1 N

1
( ) ( ) 4 ( ) 2 ( )

2
i i i i i i i i

H N N i
W W W W c + + + + ≈


0 k k k   

	

N N
8

9
N

1 8
ln

(1 )
s i

s

v
B v

v

c c c
k T c

c c

 + + − ≈  + +   	
(10)

and
N N N N FeN1

N     3

1
( ) (1 ) ( )

2
i s s s i

s vR R W c c W− − − + + + +


0 0 

N N N N FeN
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j v
j j v
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
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H N N i
W W W W c + + + + +


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N
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(1 ) (1 8 )
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i s s
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v
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 + + + − ≈  − + +  
,	 (11)

where 
Fe FeFe Fe( ) ( ) ( ) 2 ( ) ( )v vv vw W W W w= + − ≡0 0 0 0 0  

  ,

N N N N( ) ( ) ( ) 2 ( )s s s sv vvvw W W W= + −0 0 0 0  

 ,

FeN N N FeNFeFe( ) ( ) ( ) ( )s s s sw W W W= + −0 0 0 0  

 .
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In the first approximation, 0 < cv << (1 + cNs
 – 8cNi

), and if in Eq. 
(11) we neglect the terms containing the factor ñv or, moreover, 2

vc , the 
set of coupled equations (10) and (11) reduces to two equations. The 
second one, Eq. (11), now does not contain ñv explicitly, and it serves to 
determine the equilibrium values of Ni

c  and, consequently, N N Ns i
с c с= −  

(for the given T and cN):

{N N N N FeN1
N     3

1
( ) (1 ) ( )

2
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As for Eq. (10), it transforms simply into an expression for deter­
mining cv for given N N( , )

i
с T c , N N( , )

s
с T c , and T):
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( )
6

N N FeN
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j
j j
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W W c c
=

+ − − +


∑ k k 

( )N FeN FeN 2
1 1 N

1
( ) ( ) 6 ( )

2
s s s

H N s

vw w w c+ + + +0 k k  

	 ( )N N N N N N N N 2
 3 3  3 3 1  1 1 1  3 3 1 N

1
( ) ( ) 4 ( ) 2 ( )

2
i i i i i i i i

H N N i
W W W W c

+ + + + 
0 k k k    ,	 (13)

where the value 
Fe

0
2

N

( )
exp

2 (1 )
s

v

v
B

w
c

k T c
′

 
= −  + 

0

equals to the ‘relative’ concentration 0
vc  (<<1) of thermally activated 

vacancies in the b.c.c. Fe only in the hypothetical case of N 0
s

c ≡ . 
The degree of tetragonality of a (weak) b.c.t.-Fe–N solution (iso­

structural to iron–nitrogen martensite) is determined by the ratio of the 
main geometrical parameters a(cN) and b(cN) of the conventional lattice 
cell. In its maximally ordered state, it is approximately proportional to 
the concentration of N atoms accumulated on only one of three sublat­
tices of octahedral interstices [92, 96]:

	

N N
3 1 N1 ( )i i

i

b
L L c

a
≅ + − ,	 (14)

where 

N

N N N N N
3 3 2 1

0 N 0

( )1
i i i i

zz yy xx

c
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L L L L

a c
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∂
≡ = = ≅
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N
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1 3 3 1 1 2 2
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( )1
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xx yy yy zz zz xx

c

a c
L L L L L L L

a c
=

∂
≡ = = = = = ≅

∂

are both different values of non-zero (diagonal) elements of the tensor 

of concentration distortion coefficients N
3

i
ijL  (i, j = x, y, z) of b.c.c. Fe 

with interstitial N atoms in only one, the third (with p = 3) sublattice of 
the octahedral interstices (assuming the Vegard’s rule, i.e., practically 
linear dependences of a and b on cN at fixed T). Thus, Eq. (12) will also 
determine the temperature dependence of the ratio b/a.

Thus, the spatial distribution of (nitrogen) atoms in martensitic 
(b.c.t.-iron–nitrogen) phase obviously affects its tetragonality degree. 
To analyse this effect adequately, we need to possess detailed informa­
tion on the parameters of interionic interactions in the (b.c.t.-Fe–N) 
solid solution.



602	 ISSN 1608-1021. Prog. Phys. Met., 2020, Vol. 21, No. 4

T.M. Radchenko, O.S. Gatsenko, V.V. Lizunov, and V.A. Tatarenko

4. Semi-Empirical Estimation of Interatomic  
Interaction Energy Parameters for the αFe–N Solid Solution

The objective of the works [98–100] was, in part, the estimation of the 
microscopic parameters of interionic interactions, both ‘direct’ ‘(elec­
tro)chemical’ (N with N and α-Fe) and indirect, per se, strain-induced 
(N with N), dominating in the αFe–N solid solution. Thus, the calcula­

tion of N N
  ( )i i
p pW ′ k  was carried out on the assumption that both long-

range strain-induced (with energy N N
  ( )i i
p pV ′ ′−R R ) and short-range ‘(elec­

tro)chemical’ (with energy N N
  ( )i i
p p′ ′ϕ −R R ) interactions contribute to the 

energy N N
  ( )i i
p pW ′ ′−R R .

To calculate the Fourier components of the strain-induced interac­
tion energies N N

  ( )i i
p pV ′ k  using the ‘lattice statics method’ reported in 

detail in Refs. [89, 92, 97, 103], a quasi-harmonic model of the b.c.c.-
crystal dynamics [97] was used, taking into account dominating (in α-Fe 
[104]) interactions of metal ions within the first two coordination site 
shells (central forces in both shells, and non-central ones in the first 
shell only). The temperature-dependent values of elasticity moduli Ñ11, 
Ñ12, Ñ44 for ‘pure’ b.c.c. Fe (with the corresponding lattice parameter 
a0 = a0(T) [105]) were taken from Refs. [106, 107]. In addition, N

3
iL ≅ 0.84 

and N
1

iL  
≅ −0.05 at T = 298 K in accordance with the data of Ref. [108] 

and in assumption that, in the specimens prepared at this temperature, 
practically all interstitial N atoms were still lumped in one of the three 
sublattices of the b.c.t.-Fe octahedral interstices (e.g., inheriting their 
mutual arrangement in ‘homogeneous’ austenite).

The following parameters for the b.c.c. Fe with vacancies are also 
available (at T = 298 K): С11 = 273 GPa, С12 = 150 GPa, С44 = 106.73 GPa 
(i.e., with ξ < 0) [109], а0 = 2.8663 Å [110], Lv = −0.016 [111]. Here, a0 
is a b.c.c.-lattice translation period, C11, C12, C44 are the elastic moduli, 
ξ ≡ (C11 − C12 − 2C44)/C44 is an elastic anisotropy factor, Lv is a concentra­
tion dilatation coefficient of the b.c.c.-Fe lattice due to the presence of 
vacancies. 

To estimate roughly the ‘(electro)chemical’ interactions N–N (i.e., 
Ni–Ni, Ns–Ns, and Ns–Ni) inside the b.c.c.(t.)-Fe, the following simple 
model [98–100] is reasonable. The N ions at the octahedral interstices 
and/or sites of the b.c.t.-Fe interact with each other in almost the same 
way as N atoms in different molecules containing these atoms (e.g., with 
the atom–atom N–N-potential for N atoms of the N2 molecules). The 
potential of such a (direct) interaction of non-point N ions can be chosen 
in the form of a model ‘point’ Lennard-Jones potential with parameters 
adopted from Ref. [112].

The Fourier components 
el.chem( ) ( ) ( )vv vv vvV W= − ϕk k k 


 and 

N
  ( )iv
pV ′ k  

of the strain-induced interaction energies v–v and v–Ni (V
 νv(R − R′) and 
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N
  ( )iv
pV ′ ′−R R , respectively) can be calculated based on the theorem that, 

for the ‘(electro)chemical’ Me–Me and v–v interactions’ potentials, 
ϕMeMe(r) = 

el.chem( )vv rϕ , proved by Harrison [113, 114]. Following Refs. 

[92, 115], for T > TC, let us use the ‘pair potential’ for the total Me–

Me-pair interaction in b.c.c.-Me crystal (proposed by Machlin [116]):

	
4 8

( ) ( )
MeMe MeMe

MeMeMeMe A B
r r

r r
W ≅ ϕ ≈ − + ,	 (15)

where r = |R − R′|,
0

4 0 4
0 0 4

4

9
(0 K) 0.09939 (0 K) ( 22.63872)

4
MeMeA a a S

S

ε
= − ≅ − ε ≈ ,

0
8 0 8
0 0 8

8

81
(0 K) 0.0611 (0 K) ( 10.3552)

128
MeMeB a a S

S

ε
= − ≅ − ε ≈ ,

and ε0 is the cohesive binding energy; for α-Fe, ε0 ≅ −4.28 eV/atom [117, 
118].

Accordingly, for instance,

mix
el.chem el.chem

( ) ( ) ( ) 2 ( ) ( )

( ) ( ) ( ) ( ) ( ) 2 ( ).

Mev MeMe vv Mev

vv vv MeMe vv Mev

w W W W w

V V

= + − ≡ ≅

≅ + ϕ = + ϕ + ϕ − ϕ

k k k k k

k k k k k k

  

 

 

   

The ‘(electro)chemical’ contributions to the v–Ni and v–Ns interac­
tions, which are mainly of the Coulomb type, screened due to the pres­
ence of correlations between the distributed charges are acceptable to be 
neglected henceforth.

Using Eq. (15), one can also estimate the Fourier components 
FeFe ( )W k  and Fe FeFe( ) ( ) ( )v vvW W W≅ − ≈ −k k k    based on the model as­

sumptions of Girifalco–Weizer [119] and Yamamoto–Doyama [120]. To 
evaluate the parameters of ‘(electro)chemical’ Fe–Ns and Fe–Ni interac­
tions, we shall assume that these interactions between N and Fe ions at 
a separation of r in martensite are pairwise and centrally symmetric, 
and the interaction energy can be approximated by the following unified 
‘interpolation’ expression:

	

FeNFeN 0 0
FeN I 0 III 0

0
III

,  if 2 5 2;
( )

0,  if .

d rA e r a r r a
r

r r

− = ≤ ≤ =ϕ ≅ 
>

	 (16)

Then, using the conditions of a static mechanical equilibrium for 
the b.c.c.(t.)-lattice-based interstitial solution [92, 97]:

	

FeN 2 3
N N3 0

11 12 1 12 3

( )( )
( )

4

i

i ix xR h ar
C C L C L

r r

−∂ϕ  − ≈ + + ∂∑
R

,	 (17)
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( )

FeN 2 3
N N3 0

11 3 12 1

( )( )
2

4

i

i iz zR h ar
C L C L

r r

−∂ϕ
− ≈ +

∂∑
R

,	 (18)

and taking into account expression (16) and the assumed constraint on 
the N–Fe-interaction radius, one can find numerically values of the uni­
fied (for both Ni and Ns) fitting parameters AFeN and dFeN of function 
ϕFeN(r). Note that the Fe–N interaction ‘potential’ parameters obtained 
in this way will be substantially dependent on T due to the temperature 
dependence of the experimentally determined quantities Ñ11, Ñ12, and a0.

Using expression (16), one can calculate the Fourier components 
FeN ( )sW k  and FeN

   3 ( )iW k  of the interaction energies WFeNs (R  − R′)  ≅ 

≅ ϕFeNs (|R − R′|) and W̃FeNi (R − R′) ≅ ϕFeNi (|R − R′ − h3|) (within the strong 
assumption that the Fe–Ni and Fe–Ns interaction ‘potentials’ are identi­
cal with ϕFeN(r)). In addition, based on the obtained values of the Fe–N 
interaction ‘potential’ parameters, one can estimate the effective force 
with which the N atom substituting the b.c.c.(t.)-Fe lattice site would 
act on the Fe ion occupying some other neighbouring site. This fact 
opens a way [89, 92, 97] for calculation of the Fourier components 

N N ( )s sV k  and N N
    3 ( )s iV k  of the strain-induced Ns–Ns- and Ns–Ni-interac­

tion energies.
According to Refs. [89, 92], the specific energy associated with the 

‘expansion’ (‘compression’) of the ‘impurity ion’ α = v, Ns (Ni) intro­
duced into any site (any octahedral interstice) of the b.c.c.-Fe lattice is 

1
( )

2
vv vR V≅ − 0

 
or

 

N N N N N N
3  3 3

1 1
( )  ( ( ))

2 2
s s s i i iR V R V≅ − ≅ −0 0  ,

where ( )vvV 0 , N N ( )s sV 0  (and N N
 3 3 ( )i iV 0 ) are the Fourier components (at 

k = 0) of the respective strain-induced interaction energies.
Thus, one can estimate the energy parameters inherently entering 

into Eqs. (12) and (13).

5. Discussion of Obtained Results

5.1. Temperature-Dependent Interaction Energy

As shown in Refs. [98–100], the Fourier components N N
 3 3 ( )i iW k  and es­

pecially N N
 3 3 ( )i iV k  depend significantly on temperature T. As an exam­

ple, Fig. 6 shows the temperature dependences of the values FeN ( )sW 0  
and FeN

    3 ( )iW 0 . These Fourier components have the meaning of the total 
interaction energy of one selected N atom substituting a site or intrud­
ing into an octahedral interstice of the b.c.t.-Fe, respectively, with all 
other Fe ions at the sites. As seen from Fig. 6, these energy parameters 

FeN ( )sW 0  and FeN
    3 ( )iW 0  can increase overall (but non-monotonically) 

with increasing temperature.
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5.2. Correlation of the Spatial Redistribution  
of Interstitial Atoms in the Solid Solution with Its Tetragonality 

Solving Eq. (12), we have to take into account the temperature depend­
ences of energy parameters (entering to it), since both the elasticity 
moduli СIJ(T) and lattice parameter a0(T) of the ‘impurity-free’ b.c.c.-Fe 
are dependent on T.

Ignoring magnetic effects, Fig. 7 (left and right) demonstrates the 

N
N N ( )

i ic
c c T=  curves for two different values of the total N-atomic con­
tent cN. As follows from Fig. 7, even for T → 0 K (<<TC), part of the N 

atoms substitutes the b.c.t.-Fe lattice sites in equilibrium: 
 

N

0 K

N 10%
9%

i

T

c
c

→

=
≅  

and 
N

0 K

N 12%
9.9%

i

T

c
c

→

=
≅ . It means that, for N content of 10% ≤ cN ≤  12% 

(i.e., close to that in α″-Fe16N2), ≅ 82.5–90% (≅ 10–17.5%) of nitrogen 
atoms may be resided in the octahedral interstices (sites) for T → 0 K.

On further increase of T, Ni
c  decreases that results to the fact (clear 

seen from Fig. 7) that the ‘high-temperature’ value of Ni
c  can be by 

more than 10% less than its ‘low-temperature’ value. Particularly, 
 

N

1000 K

N 10%
8%

i

T

c
c

≈

=
≅  and 

 

N

1000 K

N 12%
9%

i

T

c
c

≈

=
≅ , that is ≅75–80% (≅20–25%) of N 

atoms can occupy interstitial (substitutional) positions.
Consequently (see Eq. (14)), with increasing temperature, a notice­

able decrease in the degree of tetragonality of the b.c.t.-Fe–N solution 
can take place (due to the redistribution of N atoms amongst one of the 
octahedral interstices’ sublattices of b.c.t.-Fe and its vacancy-filled site 
lattice).

In the temperature range T ∈ (4.2 K; 300 K), the non-monotonicity 
of the N N ( )

i i
c c T=  function is possible. Apparently, the shape of func­

tion N ( )
i

c T  here is explained here, in essence, by the non-monotonic 
temperature dependence of the energy parameters in Eq. (12). However, 
due to the smallness of these non-monotonicity effects, it is unlikely that 
such a behaviour of N ( )

i
c T  can cause 

a noticeable (in the experiment) 
change in tetragonality of iron–nitrogen 
martensite (for 4.2 K < T < 300 K). 

Some quantitative disagreements 
between the available experimental 

Fig. 6. The temperature-dependent absolu­
te values of the Fourier components  ̃WFeNs (0) 
(curve 1) and  ̃WFe

3
Ni (0) (curve 2) of the inter­

action energies WFeNs (R − R′) ≅ ϕFeNs (|R − R′|) 
and  W̃Fe

3
Ni (R − R′) ≅ ϕFeNi (|R − R′ − h3|), re­

spectively



606	 ISSN 1608-1021. Prog. Phys. Met., 2020, Vol. 21, No. 4

T.M. Radchenko, O.S. Gatsenko, V.V. Lizunov, and V.A. Tatarenko

and obtained theoretical results concerning the degree of tetragonality 
could be due, in part, to the use in the present study of restriction on 
the possibility of formation of complexions of N atoms at the b.c.t.-
Fe–N solid solution sites, the concentration of which (in contrast to 
other point defects) should decrease overall with decreasing tempera­
ture. It is the case that the transition of additional N atoms from inter­
stices to the site-‘traps’ is capable of leading to their local disordering, 
and as a result, to much more pronounced decrease (possibly, non-mo­
notonic) of the overall degree of tetragonality of the solution lattice.

5.3. Ratio of Residual and Thermally Activated Vacancies

It can be seen from Fig. 8 (see also Eq. (13)) that the concentration of 
site vacancies in the α′Fe–N alloy lattice, where the N atoms in the oc­
tahedral interstices (and partially at the sites) of b.c.t.-Fe are maxi­
mally ordered in the α″-Fe16N2-type phase, can substantially increase 
(even for T = const) with increasing the total concentration of N atoms 
intruded into α-Fe, so that it will no longer be possible to neglect com­
pletely the combination of vacant sites into the divacancies as another 
entropy–geometric factor of alloy thermodynamics). This agrees with 
theoretical predictions in Refs. [101, 121] for point defects in mono­
atomic crystals and diluted binary alloys, with results of preliminary 
study of the dependence of the concentration site monovacancies v on 
the increase (in a certain range) of the concentration of interstitial non-
metal X (X = N, H) atoms into octahedral interstices of f.c.c.-Fe (with­

Fig. 7. The temperature dependences of ‘relative’ concentration 
Ni

c  of nitrogen 
atoms remaining as interstitials in only one sublattice of octahedral interstices in 
the host b.c.t.-Fe crystal lattice for two values of the total content of N atoms: 
cN = 10% (left) and 12% (right)
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out account their transition to the 
sites, i.e., for 0

sXc ≡ ) [122], and 
others (see Ref. [91] and references 
therein).

The ‘enormous’ inflection of the 
solid curve ( 0/ vvс c ′) in Fig. 8 corre­
sponds approximately to those val­
ues of the ‘relative’ concentration 
cN, at which (for T = 1173 K) a spontaneous transition of part of the N 
atoms from octahedral interstices to b.c.t.-Fe sites takes place. Appar­
ently, during this process, the N atoms occupy part of the vacant b.c.t.-
lattice sites, and thereby, sharply decrease the number of (residual) 
vacancies v in the solution (see Fig. 8). For comparison, dashed line in 
Fig. 8 depicts a hypothetical dependence 0/ vvс c ′ on сN, which is obtained 
without taking into account the transition of N atoms from interstices 
to sites (i.e., for N 0

s
c ≡ ). As seen from comparison of the solid and 

dashed lines in Fig. 8, the transition of a significant fraction of N atoms 
to the b.c.t.-Fe lattice sites at the fixed temperature is possible only 
starting from a certain concentration сN of interstitial atoms (and some­
what higher).

6. Summary, Conclusions, Challenges

Reviewing and analysing the experimental and theoretical literature 
data dealing with metallic phases for permanent magnets, a special at­
tention is paid to studying the martensitic α″-Fe16N2-type phase due to 
its giant saturation magnetization, which exhibits it as a prospective 
material for fabrication of rare-earth-free permanent magnets without 
containing the critical chemical elements (practically non-renewable on 
the Earth). Among available in the literature attempts to explain the 
‘magnetic mystery’ of α″-Fe16N2 phase, we stress on the structural con­
tribution, i.e., the specific arrangement of nitrogen atoms within the 
host iron crystal lattice, to the magnetic characteristics. 

In order to develop the statistical-thermodynamic model of ‘hybrid’ 
b.c.t.-lattice-based interstitial–substitutional solid solution containing 
non-metal impurity atoms at both the interstices and the sites of the 
metal lattice, we took into account the discrete (atomic-crystalline) lat­
tice structure, the anisotropy of its elasticity, the ‘blocking’ and strain-

Fig. 8. The ratio 0
v vc c ′ (solid curve) vs. the 

total concentration cN of interstitial nitro­
gen atoms (for T = 1173 K); dashed line 
shows the hypothetical case of N 0

s
c ≡ .
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induced (‘size’) effects in the interactions of all atoms, which constitute 
the system. Adapting the model for a maximally ordered α″-Fe16N2-type 
structure with N atoms at the interstitial and substitutional positions 
in b.c.t.-Fe, we obtained the single-site occupation-probability functions 
for N-atomic distribution assuming some reasonable approximations. A 
set of equations is derived for calculation of the thermodynamically-
equilibrium concentrations of impurity N atoms in the interstices as 
compared to those moved to sites as well as of vacancies at the sites. To 
solve these equations, we have to possess information (mainly extract 
from the available literature data) on the temperature- and concentra­
tion-dependent interatomic-interaction energies’ parameters. Their ad­
equate magnitudes are necessary condition for obtaining reasonable and 
physically argued results.

The calculated results on the temperature-dependent content of im­
purity nitrogen atoms in the octahedral interstices of the b.c.t.-Fe lat­
tice confirm the expected predictions: even at a zero temperature, not 
all nitrogen atoms remain in the interstices, part of them move to the 
vacant sites of the host lattice. Further increasing the temperature just 
intensifies (makes stronger) this trend (process): for the nitrogen con­
centration within the range 10–12%, i.e., close to the Fe16N2 composi­
tion, the part impurity (N) atoms found in the sites of the host (Fe) 
lattice rises from ≅10–17.5% (for T ≈ 0 K) to ≅20–25% (for T ≈ 1000 K), 
and even higher at higher temperatures. Since the spatial arrangement 
of N atoms in the b.c.t.-Fe–N martensite correlates with its tetragonal­
ity, we can conclude that, by tuning (controlling) the temperature, one 
can manipulate the degree of tetragonality (for T > TC = TC(cNi

, cNs
 + cv) 

and, tentatively, even for T < TC).
The non-monotonic dependence of the site-vacancies’ concentration 

on the total content of impurity N atoms in Fe–N is observed. Initially, 
with increasing the nitrogen content, the vacancy concentration sub­
stantially increases (even for T = const). However, then (when part of 
nitrogen atoms spontaneously jump from the octahedral interstices into 
the host-lattice sites), the number of (residual) vacancies sharply de­
creases as a result of the occupation of virtually vacant sites by the N 
atoms. Such an ‘abrupt’ transition (of a significant part of N atoms to 
the b.c.t.-Fe lattice sites) at the fixed temperature is possible only at a 
certain concentration of interstitial impurity N atoms and somewhat 
higher ones, however, lower the stoichiometric composition in Fe16N2.

Based on the present work, its methodology, and obtained results, 
one of the next stages (challenges) in the studying the α″-Fe16N2-phase 
for much more clear understanding and explaining its properties and, 
particularly, ‘magnetic mystery’ is the explicit including of the spin 
exchange-interaction of Fe atoms in the mixing (interchange) energy 
expression to obtain results dependent on both atomic and magnetic 
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orderings at the given external impacts (temperature, pressure, or ap­
propriate deformation).
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МАРТЕНСИТНА ФАЗА ТИПУ αʺ-Fe16N2 НЕСТЕХІОМЕТРИЧНОГО
СКЛАДУ: НИНІШНІЙ СТАН ДОСЛІДЖЕНЬ І МІКРОСКОПІЧНИЙ 

СТАТИСТИЧНО-ТЕРМОДИНАМІЧНИЙ МОДЕЛЬ

Оглянуто та проаналізовано літературні (експериментальні та теоретичні) дані 
стосовно тетрагонального мартенситу з леґувальними елементами втілення–замі­
щення та вакансіями. Особливу увагу приділено вивченню мартенситної фази 
типу α″-Fe16N2 з унікальними та перспективними магнетними властивостями як
альтернативи рідкісноземельним інтерметалідам і пермендюру на світовому рин­
ку виробництва постійних магнетів. Охоплено період від часу відкриття її до 
нинішнього стану досліджень. Розвинуто статистично-термодинамічний модель 
«гібридного» твердого розчину втілення–заміщення на основі кристалічної ОЦТ-
ґратниці, де леґувальні неметалеві компоненти (домішкові атоми) можуть займа­
ти як міжвузля, так і вакантні вузли ОЦК(Т)-ґратниці металу. Враховано дис­
кретну (атомарно-кристалічну) будову ґратниці, анізотропію пружности, а також 
«блокувальні» та деформаційні (у тому числі «розмірні) ефекти у міжатомових 
взаємодіях. Модель адаптовано до максимально впорядкованої за типом α″-Fe16N2

нестехіометричної фази мартенситу Fe–N з атомами Нітроґену в октаедричних 
міжвузлях і на вузлах ОЦТ-заліза вище його температури Кюрі. Наголошено на 
важливості адекватного набору (залежних від температури та концентрації) на­
явних (у літературі) мікроскопічних енергетичних параметрів взаємодій атомів 
і вакансій. З’ясовано особливості змінення, а саме, немонотонного зменшення, 
за підвищення температури відносної концентрації атомів N в октаедричних 
міжвузлях ОЦТ-Fe, а тому й (корельованого з цією концентрацією) ступеня його 
тетрагональности. У широкому діяпазоні змінення загального вмісту втілених 
атомів N продемонстровано співвідношення рівноважної концентрації залишко- 
вих вузлових вакансій із концентрацією термічно активованих вакансій бездо­
мішкового ОЦК-Fe за фіксованої температури.

Ключові слова: фаза α″­Fe16N2, мартенсит Fe–N, твердий розчин втілення–замі­
щення, тетрагональність, вакансії, упорядкування атомів, нерідкісноземельні 
магíетні матеріяли, постійні магнети.


