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MODIFICATION OF THE ALGORITHM
FOR SELECTING A VARIABLE PARAMETER
OF THE GAUSSIAN INTERPOLATION FUNCTION

The paper presents an algorithm for selecting the optimal value of the variable parameter o. of the Gaussian interpolation function
to obtain the smallest possible error when interpolating the tabular data. The results of the algorithm are checked on a sample
of elementary mathematical functions. For comparison, the interpolation data of the Lagrange polynomial are given. The paper
presents the results of Gaussian interpolation at different a,, conclusions are made about the need to applying the algorithm for

selecting of its optimal value.
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Introduction

Nowadays, such powerful companies, as Microsoft,
Google, Amazon and others, as well as scientists-
researchers are quite active in processing large
amounts of information. In the process of working
with the data obtained during the research, there is
a construction of geometric shapes by plotting ap-
proximate curves at given points. There are many
methods to solve this problem: from classical poly-
nomials to different types of splines of any order.
One method of data densification is to build an in-
terpolation function based on exponential refere-
nce functions, which have a number of advantages,
namely, for example, resistance to small changes in

the input data. This means that the greater the dis-
tance from the points where the changes occurred,
the smaller the deviation. But when working with
this method, it turned out that in some areas inter-
polation gives large miscalculations.

Testing was performed on elementary mathe-
matical functions with different data: step, num-
ber of nodes, non-uniformity of nodes, etc. When
analyzing the obtained results and mathematical
apparatus, it became clear that these errors can be
avoided by influencing the variable parameter that
is present in the formula. To illustrate the results,
software was created that allowed the analysis of
the proposed modification of the Gaussian inter-
polation function.
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Analysis of Recent Research

To obtain an analytical form of curved lines, which
are given by a point framework, different methods
of interpolation can be implemented: piecewise
linear, polynomial interpolation, least squares
method [1, 2], rational curves, splines [3—6], sta-
tistical methods [7—10], and others. These me-
thods are used to restore (generate) objects at spec-
ified points in the frame.

The classical theoretical methods for solving
interpolation problems are Lagrange and Newton
polynomials. In practice, splines are more of-
ten used: first degree, parabolic splines, cubic,
Hermitian and others. Nonlinear splines are used
in solving technical problems.

Splines are also used to solve spatial interpo-
lation problems. For example, in [3] the method
of modeling of isotropic curves according to the
Pythagorean hodograph (PH-curves) using quater-
nions in the space R*is covered.

However, when modeling with splines there is
a significant drawback — the appearance of oscil-
lations. This necessitates the analysis of simulated
contours for the sign of curvature, analysis for the
presence of inflection points and the selection of
segments of the convexity of the curves.

Likewise, it is not possible to interpolate curves
with vertical tangents using the splines discussed
above.
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In addition to polynomial and spline methods,
interpolation can be performed using exponential
functions [7]. For example, methods using the nor-
mal Gaussian curve [8].

In this paper, we consider the problem of modi-
fying the Gaussian interpolation function to reduce
the calculation error.

The Gaussian Interpolation
Function Modification

There are many methods of interpolation, each of
which has its own drawbacks. A separate group of
methods is Gaussian interpolation. The purpose
of the study is to reduce the Gaussian interpola-
tion error by creating an algorithm for automatic
selection of the variable parameter o and creating
software to study the properties of Gaussian inter-
polation methods.

The formula of the interpolatory Gaussian func-
tion has the form [7]:

G(x)= },eiu(x*x‘)z + )7267(1(){7)(2)2 +ot }nefu(kx”)z'

From a geometric point of view, we have the sum
of support functions (Gaussian), which are built in
each interpolation node, as shown in Fig. 1.

To obtain an analytical record of the Gaussian
interpolation function, it is necessary to find the
values J,,V;,...,», that are the vertices of the
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Xi, i Fig. 1. Geometric interpretation of the
" Gaussian interpolation function
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Fig. 2. Parametric and total Gaussian functions

support Gaussians. To do this, we need to solve a
linear system of equations of the following form:

j/’,le’“(xl -x) + )72@*“(’51 —x) .+ yne*“(xlfxn) =y,
}lefu(xfx‘) +)7267“(x27x2) +...+)7nefa(x2’x”) =y,
yle’“(xn*«l)z +5} e a(x Xz)z 4 +J7,,€ a(x, =%, ) =y,

This system can be solved by any method of
solving systems of linear algebraic equations. On
the diagonal of the unit matrix, the matrix is also
symmetric with respect to the main diagonal. After
solving, we obtain the analytical Gaussian interpo-
lation function.

The parameterization of the Gaussian func-
tion [8] is performed as follows. Write the variables
through the parameter t:

x=x(r)
y=y(),
we obtain two Gaussian functions with respect to

x and y: , , ,
x(1)=% e izefa(’ftz) +...+ )Enefa(’ft") ,

y(t)= 5}'167‘1([711)2 + )726701([7[2)2 +ot )7,,641(17’")2_

There are two approaches to providing values of
the parameter ¢. If 7 takes the value 0, 1, ..., n—1,
then the function is called parametric; and if 7 is

equal to the total length of the polyline, then such a
Gaussian function is called total.

Parameterization of the Gaussian interpolation
function allows interpolation not only of unam-
biguous functions, when one x corresponds to only
one value of y, but also in the case of closed curves,
spirals and others (Fig. 2). The parametric function
gives the best results when the interpolation step is
constant, and the total function — when the step is
uneven.

The parameter o is present in the analytical no-
tation of the Gaussian interpolation function. A
priori it takes the value

i (n — 1)

= —
(xmax - xmin

where n is the number of interpolation nodes, x__,

x_ . — the maximum and minimum value of the ar-

gﬁlrnnent X.

With the help of the created software system the
results of interpolation by Gaussian functions for
various elementary mathematical functions were
obtained. For example, Fig. 3 presents the results
for the function In(x) with an uneven interpolation
step:

The interpolation errors in this case were:

Lagrange polynomial: 1788,0239165818600000,

Normal Gaussian function:

0,0828547075307030,
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Interpolation for y = F(lg(x) == log_e(x))
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Fig.3. Gaussian interpolation of the function In(x)

Parametric Gaussian function:
0,0001405535256958,
Total Gaussian function: 0,0002856116228337.

Optimization of Gaussian
Interpolation Methods

To reduce the interpolation error, it is proposed to
change the value of the parameter o, and find its op-
timal value.

24

—>X

The operation of algorithms of different
Gaussian interpolation methods can be optimized
by arbitrarily changing the values of the variable
parameter o.. The value of this parameter can be
inputted manually or using the scrolling function
implemented in the system. Thus it is possible to
influence the magnitude of the error for each of the
Gaussian methods. It should be noted that for dif-
ferent functions the value of the optimal (in terms
of error) parameter will be different.
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Interpolation for y = F(lg(x) == log_e(x))
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Fig.4. Modified Gaussian interpolation of the function In(x)

For many practical problems, the errors obtained
are not unacceptable, but in some cases it is neces-
sary to obtain more accurate results when the diffe-
rence of 0,001 for the error is significant. In this
case, it makes sense to input the maximum allow-
able error value o, and use a modified algorithm to
obtain the optimal value of the variable parameter.

Since a computer experiment showed that o usu-
ally takes values from 0 to 1, a modified algorithm
was created as follows:

1. The value of o increases from 0 to 1 with
steps of 0,1.

2. At each step, the maximum deviation (sum of
deviations) is calculated at two points of each inter-
polation segment.

3. We obtain a segment of values of a, on which
the sum of deviations takes the smallest value.

4. On the obtained segment we reduce the in-
crement of the values of a. For example, it will
now be 0,01.
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5. The process ends when the sum of the two de-
viations of each segment in this step does not ex-
ceed the previous sum by more than ¢.

6. The result is the last amount divided in half.

The result of the algorithm will be the error at
the optimal value of a.. It should be noted that the
selection of interval a, the increment value, and
the value of ¢ can be changed, depending on the
conditions of the objective.

With the help of this algorithm it was pos-
sible to obtain the errors of all three Gaussian
interpolation functions. The results are shown
in Fig. 4.

After modification, the interpolation errors are:

Normal Gaussian function
0,0017184070212567,

Parametric Gaussian function
0,0000565851388933,

Total Gaussian function 0,0001835633920919.
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MOIUDIKALIA AITOPUTMY BUBOPY BAPIATUBHOI'O
TMTAPAMETPA IHTEPTTIOJALIMHOI ®YHKIIIT TAYCA

Beryn. OmHyM 3 METOIB 3aryIlieHHs JaHUX € TMOOYIO0Ba iHTEPITOJIALIHOI (DYyHKIIii HA OCHOBI €KCTIOHEHIIITHUX OITOPHUX
(YHKIIIH, SIKi MaloTh psia TIepeBar, a came, HampuKIIa, CTilKIiCTh 0 HEBEJIMKUX 3MiH BXiTHMX AaHuX. [1pu poOoTi 3 1tum
METOJIOM BMSIBUJIOCH, 110 YHUKHYTH HeOa’kaHMX MOXMOOK MOXHA 3a PaxyHOK BIUIMBY Ha BapiaTUBHUU MapameTp, sIKUii
MNpUCYTHill B hopmyti. HaBoauThest airopuT™ BUOOPY ONTUMATBHOTO 3HAYEHHS BApiaTUBHOTO MapaMeTpa o, iHTepIoJIsILiiiHOT
dyHkuii [ayca mig oTpuMaHHs HaliMEHIIOI MOXUOKU TMPU iHTePIOJALLl TaOMMYHUX AaHUX. Pe3ynasratu poboTH aroputMy
MepeBipsIOTHCS. HAa BUOOPLLi eIEMEHTAPHUX MAaTEMATUYHUX (DYHKIIIH.

MeTo10 1OCTIIKEHHST € 3MEHIIEeHHS TToXuoku [ayc-iHTeproisiii 3a paxyHOK MOOYIOBU aJropuTMy aBTOMAaTUYHOIO
ninbopy BapiaTMBHOTO TMapaMeTpa o Ta CTBOPEHHSI MPOrpaMHOTO 3a0e3MeYeHHs /I BUBYEHHSI BJIACTUBOCTEN METOIIB
Tayc-iHTeprossiiii.

Pesyasratu. Ha ocHoOBi aHastizy po6otu MeToiB [ayca Oysio moOdynoBaHO MO GiKOBAHUI aJITOPUTM PO3PAXYHKY OTITH-
MaJIbHOTO 3HAUEHHS BapiaTUBHOTO MapaMeTpa o, HaBOASIThCS pe3yJibraTty [ayc-iHTeprnoJisiiiii pu pisHUX o, 3p00JIEHO BUC-
HOBKHM 1110J10 HEOOXiTHOCTi 3aCTOCYBaHHSI aJITOPUTMY B 3aJIEXKHOCTI BiJl yMOB [TOCTABJIEHOI 3a/1ayi.

BucHoBoOK. Y Bumanuky, KOJau MpU iHTEPIOJsALIi KIaCUUHMMU TMOJiHOMiaTbHUMU METOAaMU Ta CIulalHaMM BUHUKA-
IOTh OCLWJISALT, € CEHC BUKOPUMCTOBYBAaTH METOAM €KCITOHEHIIHOI iHTeprosllii, a came, Metoau layca: 3BuvaitHuit Ta
napaMeTpuuHi. /s 3MeHILeHHsT MOXUOKY iHTeprnosiiii MmeTomamu Tayca HeoOXigHO 3miHIOBaTH TapameTp o. Lle MmoxHa
pOOUTHU SIK Bpy4YHY, MiAOMpaloun HeoOXiHe 3HaYeHHSI, TaK i 3a JOIMOMOT0I0 MOAU(DIKOBAHOTO aJITOPUTMY MOIIYKY OITH-
MaJIbHOTO BapiaTUBHOTO MapaMeTpy. bysio mpoBeneHo HU3KY €KCIIEPUMEHTIB 3a I0ITIOMOI0I0 CTBOPEHOI MPOTPaMHOI CU-
CTEeMH, SIKi JOBEJIU NOLUUIbHICT BUKOPUCTAHHS 1IbOTO aArOpuTMy. 11 HAOYHOCTI OTPUMAHUX Pe3yJIbTaTiB y CTATTi Ha-
BEICHO TIPUKIIAaU POOOTH CUCTEMU.

Karouosi crosa: inmepnonsayis, inmepnosauyiina gyukuia layca, sapiamusnuil koegiuicnm, modugixayis eubopy napamempa, no-
Xubka inmepnonsyii.
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