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INTERPOLATION OF DIFFERENT TYPES OF SPIRAL-LIKE CURVES
BY GAUS-INTERPOLATION METHODS

The methods of Gaussian interpolation of helical curves are studied in the article. A comparative analysis with the standard
Lagrange method was carried out. The results of the work of Gaussian methods with different types of interpolation steps are
demonstrated. Recommendations on the optimal choice of method for spiral curves are offered. An analysis of each of the Gauss
interpolation methods on the most common types of spirals has been carried out. A solution for input data with a non-constant step

is proposed.

Keywords: interpolation, Gaussian interpolation function, spiral curves, interpolation step, interpolation error.

Introduction

Nowadays, more and more systems for proces-
sing large data arrays based on modern information
technologies are being created. The need to deve-
lop new effective methods for analysing, display-
ing, storing, and processing empirical data arise
with an increase in the amount of information and
the need to process it.

Interpolation of spiral curves causes scientific
and practical enthusiasm in the design of various
technical means. In fact there is different spheres
of life there are such curves: in the surrounding
nature, in agricultural machinery, in art, in space-
craft, in military equipment, etc. The spiral ap-
pears and is studied, and then these results are used
in the field of aircraft and shipbuilding, construc-
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tion, information encryption, designing railways
and roads, encoding confidential information, cal-
culating the movement of robots and drones, and
more. Therefore, the problem of interpolation of
spiral curves while minimizing the calculation er-
ror arose.

When creating a system for interpolating spiral
curves, the advantages and disadvantages of classi-
cal interpolation methods were taken into account.
The article provides a comparative analysis of the
Gaussian interpolation of spiral curves with inter-
polation by the Lagrange method, which is well
studied and quite often used in practice. For clarity
of the obtained results, a computer experiment was
carried out with different spiral curves, the results
of which are visualized.

Analysis of Recent Research

The mathematical formulation and various met-
hods for solving the interpolation problem are
given in many textbooks: classical [1], splines and
rational curves [2—4], Gauss methods [6—38], and
others. These methods are used to solve the prob-
lems of carcass thickening and replacing tabular
given functions with continuous ones.

Many practical problems are solved using splines
[2]. Recently, NURBS methods have been deve-
loped [3—4].

The need for interpolation of spirals arises
occurs when solving technical problems. Informa-
tion on this topic can be gleaned from a large num-
ber of sources. Here you can find information on
the overview and use of spirals, and find formulas
that describe them [5].

Large errors occurs when interpolating splines
using classical methods, so it is better to use other
approaches. One of the methods of exponential in-
terpolation developed by the authors of the article
is the Gauss method [6-8]. We are talking about the
usual Gaussian interpolation method and its para-
metric modifications.

Gauss methods gave acceptable results when in-
terpolating elementary algebraic curves [9] and in
the case of a non-uniform interpolation step [10].
In this paper, the problem of interpolating diffe-

rent types of spirals using the usual and parametric
Gaussian functions is considered.

The purpose of the investigation is to use the
Gaussian function when interpolating spiral curves,
to reduce the interpolation error with an uneven
step, and to create a software system for conduc-
ting a computer experiment to visually display the
results of the study, which will contribute to the
further development of methods for interpolating
spiral curves.

Application of Gaussian Methods to
the Interpolation of Spiral Curves

The Gauss method works correctly with an allo-
wable error on elementary algebraic functions,
such as polynomial, logarithmic, trigonometric,
where the curve does not significantly change the
radius of curvature with time. Spirals, in contrast
to elementary algebraic functions, are set by regu-
larities, which significantly change the shape of
the curve with time, which affects the accuracy of
calculations during interpolation. In this case, it is
preferable to use the parametric form of Gaussian
interpolation.

As an example, let's take a graph of the X-com-

posite Litus spiral Yy = % (Fig. 1). As an inter-

polation step, we take the following sequence, the
justification of which was made in previous studies
(1] X =X
step. = Z—m‘“N _ (D
l 0 T h
=1
where step, is the interpolation step, and step, €
€[l, N], N is the number of interpolation points,
x o, x . — maximum and minimum values of x
argument.

Thus, each next basic node (red triangles in Fig. 1)
moves away from the previous one by a certain dis-
tance. To compare the results in Fig. 1, you can
see four polynomials constructed by the methods:
Lagrange, Gauss, the parametric Gauss method
and the total one, against which the polynomi-
al constructed by the parametric Gauss method
stands out against the background of the calcula-
tion accuracy. In Fig. 1 and below, the following

4 ISSN 2706-8145, CHCcTeMH KepyBaHHA Ta KOMM'toTepH, 2022, N° 3



Interpolation of Different Types of Spiral-Like Curves by Gaus-Interpolation Methods

B+

-3 X(t)

.,
0 [ T T v S

Interpolation for y = F(1 / sgrt(Phi)) Lituus spiral

- 8
A

e

15 +

F b

4 ®
ll.

F(x) = Lagrange

Fix) = Gaussian Non Parametnic

F(x) = Gaussian Parametric Normal
F(x) = Gaussian Parametric Summary
Main_basis = 1/ sqn{Phi)

+
o]
—>t

Middle_basis = 1/ sgrt(Phi)

15

Fig. 1. Component X(7) of
the Litus spiral

marks are used: triangles (red) — reference points,
rhombuses (pink) — Lagrange polynomial, squares
(purple) — Gaussian polynomial, circles (blue co-
lor) — Gaussian parametric method polynomial,
crosses (green color) — the total method of Gauss.

This difference is more noticeable when inter-
polating the component of the Euler spiral (Fig. 2).

Given the above, and also, since spirals are not
single-valued functions, then for interpolation it is
necessary to use the Gaussian parametric method,
which can be described as follows.

. {f =x(t7)
x(@)=X({t)=7 _ 5

y =yt)

W)= Y(t) = {xN = X(t~)

y =y(t)

where X(r) and Y(r) are Gaussian interpolation

functions and look like this:
_ ~ 2 ~ _ _1\2 ~ _ _ 2
X (t)=Xe 0 +Xe DTy F e
n

~ o~ —a(t? |, o~ —a(t-1)? ~  —oft-n+ly’
y(@)=ye +ye +..t+ye ’

je[LN].
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This interpolation method has proven itself to
have the best results when interpolating closed
contours of various shapes. Therefore, this method
was used to interpolate helical curves.

During the research, the following spirals were
selected for analysis:

* Spiral of Archimedes 7(8)=a+ b6.

1

* Spiral Ferma r(0) =02.

+ i

« Fibonacci spiral (golden spiral) » =ap *

» Euler spiral (Clotoid) 1/ R~ L < R-L =const.
« Logarithmic spiral 7(0) = ae”.

» Hyperbolic spiral 7(0) = g.

1
* Litus spiral #(0) =6 2 and others.

During the study, these spirals were built, and
the points of these spirals were chosen as nodes.
First, points with a uniform interpolation step were
selected and the results of the Lagrange method
and three types of the Gaussian interpolation func-
tion were compared: ordinary, normal, and total.
The Gaussian normal and sum functions are para-

5



1u.V. Sydorenko, A.1. Onysko, O.V. Shaldenko, M.V. Horodetskyi

Interpolation for y = F() Clothoid (Euler spiral)
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metric. The total Gaussian function is constructed
in such a way that it takes into account the ratio of
distances between given points. That is, a parame-
ter is introduced that is equal to the running length
of the polyline constructed from the given nodes.

6

For different data types, the normal and total
Gaussian functions have different errors. Usually,
with a constant interpolation step, the best results
in terms of error are given by the normal paramet-
ric Gaussian function, and with an uneven one, the
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Interpolation for y = F() Golden spiral (Fibonacci)
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total one. Based on the results of the analysis, the
following conclusions can be drawn. If the inter-
polation is carried out over 6-8 equidistant nodes,
then the Lagrange method gives a slightly larger
error than the Gauss method. As an example, we
present the visualization and errors for the Fibo-
nacci spiral (Fig. 3).

Example 1. Fibonacci Spiral Interpolation with
Constant Step

To build the spiral shown in Fig. 3 was taken 7
points in the range ¢ €[0;2Pi-1,5] one and a half
turns of the spiral; o =0,12;0 =76°.

Using these 4 methods of interpolation of a hy-
perbolic spiral with a variable pitch, the resulting
errors of the algorithms are given in Table. 1.

With a small number of nodes (6 8) and with
a uniform step, the Lagrange method, like other
classical methods, gives quite an acceptable inter-
polation error.

In practice, the situation often arises when
the interpolation nodes are unevenly located.
In such a situation, classical methods oscillate,
which makes them unacceptable in calculations.
On elementary algebraic functions, the Gaussian
method has shown that it copes quite well with
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this problem. Therefore, it was applied to helical
curves. If at the same time a variable step is also
applied, then the results will be significantly better
than classical methods. So, we introduce the de-
pendence that with each step the distance between
the given points doubles and look at the results
using the example of the same Fibonacci spiral
(Fig. 4).

Example 2. Interpolating a Fibonacci Spiral with
Variable Pitch

To build the spiral shown in Fig. 4, formula (1) is
used to calculate the variable step between the basis

Table 1. Comparison of errors of hyperbolic spiral interpola-
tion algorithms with variable pitch

Ne | The method of interpolation Error estimation
1 Lagrang 0,0451959285064205;
2 Gaussian Non 0,0010235605135752;
Parametric
3 Gaussian Parametric 0,0010235605135752:
Normal
4 | Gavssian Parametric | o 006071 668917022.
Summary
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Fig. 5. Interpolation

Interpolation for y = F{a / Phi) Hyperbolic spiral
T T T T T
- -v —
e
08 + F ¥ T
-
-
[06] =+ g
LY
04 L Far ]
-
.
= }
A ¥
; [02] <+ g
" ]
-l .
- v
v
& 7% %
0 1 = ‘,'
v |y "
X v o
1 4
L%
[0z 4 ~. s W Mdain_bass = a/Phi
; B soed [l Middle_basis = al Phi
Fix) = Lagrange
88— Fix) = Gaussian Non Parametne
#— Fix) = Gaussian Parametric Hosmal
: i s Fix) = Gausssan Pararntric Surmemary
t T t T T
[-0.2] 0 0.2] 04 [0.8] 08
— X

of a hyperbolic spiral
7(0) = — with a variable

nodes, on the same range ¢ €[0;2Pi-1,5]] gave 15
points; o =0,12;0 = 76°.

Using these 4 methods of interpolation of a hy-
perbolic spiral with a variable pitch, the resulting
errors of the algorithms are given in Table. 2.

Example 3. Interpolation of a hyperbolic spiral
with variable pitch

To construct the spiral shown in Fig. 5, formula
(1) was used to calculate the variable step between
the basis nodes, on the range 7is [0,2; 2Pi-3] (three

Table 2. Comparison of errors of hyperbolic spiral interpola-
tion algorithms with variable pitch

step

turns of the spiral) gave 15 points (only 13 poly-
nomial points are shown in the figure through the
scale).

Using these 4 methods of interpolation of a hy-
perbolic spiral with a variable pitch, the resulting
errors of the algorithms are given in Table. 3.

The interpolation results show that the error of
the normal parametric Gauss method (0,15724)
is less than the error of the Lagrange polynomial
(698,52) by almost 5000 times.

Table 3. Comparison of errors of hyperbolic spiral interpola-
tion algorithms with variable pitch

Ne | The method of interpolation Error estimation

Ne | The method of interpolation Error estimation

1 Lagrang 3,3916373409034100

1 Lagrang 698,515281243606000

2 | Gaussian Non Parametric | 0, 0205570509558065

2 | Gaussian Non Parametric | 10,9556667590013000

Gaussian Parametric

Gaussian Parametric

3 0, 0045515392716726 3 0,1572418295350900
Normal Normal
4 | Gavssian Parametric | 5907511578897 4 | Gaussian Parametric | 3595551705050
Summary Summary
8 ISSN 2706-8145, CuCcTeMH KepyBaHHA Ta KOMIT'IOTepH, 2022, N° 3
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Conclusions The interpolation error turns out to be less than

the classical interpolation methods, and in the case

According to the results of the study, it turned out ~ Of an uneven step, this error becomes much smal-
that Gaussian interpolation methods can be used  ler, and these methods are quite acceptable for use

to interpolate helical curves. in solving spiral interpolation problems.
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IHTEPITOJIALIA PIBHUX BUAIB CITTPAJIEITOAIEHUX KPMBUX
METOOAMM TAYC-IHTEPITOJA LT

Beryn. Y Hamn yac cTBOpIOETbCS nefalli Oijibllie CMCTeM OOpOOKM BEJIMKMX MACHUBIB JaHMX Ha OCHOBI Cy4aCHMX
iHbopMaLiliHUX TeXHOJIOTii. 3i 30iabIIeHHSIM 00csry iHbopMallii Ta HEOOXiAHICTIO 11 00pOOJIITH, BUHUKAE TTOTpeda B
po3po01li HOBUX e(heKTUBHUX METO/IiB aHAJTi3Y, BilOOpaKeHHS1, 30epiraHHs Ta 00pOOKM eMIIpUYHUX JaHUX. [HTeprosiLis
cripanenofioOHUX KPUBUX CIIPUUYMHSIE HAYKOBO-MIPAKTUYHUI iHTEPEC IMiJl YaCc MPOEKTYBAHHS Pi3HUX TEXHIYHUX 3aCO0iB.
Criipaib 3’SIBISIETHCS Ta TOCTIIKYETHCS, a MOTIM 11i pe3yJIbTaT BUKOPHUCTOBYIOThCS Y Tajly3i JIiTaKo- Ta CyTHOOYIyBaHHSI,
Ha OyIiBHULTBI, Mia 4yac 1mmdpyBaHHs iHGoOpMallii, TPOEKTYBAaHHS 3ai3HUYHUX KOJiii Ta aBTOMOOIJbHUX IUISIXiB,
KOAyBaHHSI KOH(DineHLiitHOI iH(popMallii, po3paxyHKy pyXy poOoOTiB i IpoHiB Toio. Tomy mocraya 3agava iHTeproJisiiii
cripajenonioH1X KpMBMX 3a YMOBU MiHiMi3allii MOXMOKU OOUYMCIIEHbD.

MeTtow aochimkenns € 3actocyBaHHs [ayc-(yHKIii py iHTeproisiuii cripajenoniOHuX KpUBUX, ST 3MEHILIEHHS
MOXUOKHM iHTEPITOJISALIIT IIPY HEPIBHOMIPHOMY KPOIIi, Ta CTBOPEHHS ITPOTPaMHOI CUCTEMM JUTS 30iHCHEHHSI KOMIT IOTEPHOTO
€KCIIEPUMEHTY 3 METOI0 HAOYHOTO BiTOOpaXKeHHST pe3yJIbTaTiB AOCHIIKEHHS, 10 CIPUITUME MONAIbIIOMY PO3BUTKY
METO/IiB IHTEPIOJISLIIT CripasenoaiOHUX KPUBKX.

Metoau. [1;11 BUKOHAHHS LIbOTO IOCIiIKEHHSI 3aCTOCOBAHO MapaMeTpu3oBaHMii MeTox JlarpaHxka Ta pi3Hi cmocoou
Tayc-inTepnosiii cnipanenonioHUX KPUBKX, a caMe, 3BuYaiiHy pyHkIito [ayca, mapaMeTpuuHy Ta CyMapHy.

Pe3ynsratTi. Y crarTi J0OCHIIKYIOThCS criocoOu [ayc-iHTepriofisiii  criipajenogiOHuX KpUBUX, 3IiHCHIOETHCS
TIOPIBHSUTBHUI aHaJi3 3i CTAaHAApPTHUM MeTonoM JlarpaHa, HAOYHO TPONEMOHCTPOBAHO Pe3yabTaTH POOOTH METOIB
Tayca 3 pi3HUMM THNAMM KPOKY IHTEPMOJISLIl Ta HaJaHO TEBHI peKOMeHAaallii 110A0 ONTUMAaJbHOTO BUOOpPY METOLY
JUIS CIipajenoAiOHUX KpUBUX. 3AiMCHEHO aHaji3 KOXHOTOo i3 [ayc-mMeToniB iHTepIoisiii Ha HANIOIIMPEHIIINX BUIAX
cripajieit, 3aIpoIOHOBAHO PO3B’SI30K ISl BXiTHUX JaHUX i3 HEIMOCTIHHUM KPOKOM.

BucHoBku. 3a pe3ysibTaTamMu TOCHTIIXKEHHSI BUSBUJIOCS, 11O MeTOAM [ayc-iHTeprnosisiiii MOXHa 3aCTOCOBYBaTH JIsI
iHTeprnosisuii cripasienogioHux KkpuBux. [loxubka iHTeprosisiii BUSIBISIETbCS MEHIIOIO 32 KJIACUYHI METOIU IHTEPITOJIALLT,
a y BUMAJIKy HEpiBHOMIPHOTO KPOKY ISl TOXMOKA CTa€ 3HAYHO MEHIIIOK0, OTXKE, 1li METOIN € LIJTKOM MPUUHSTHUMU IS
3aCTOCYBaHHS Y PO3B’sI3aHHi 3a/1a4 iHTEePIIOJIALIII CITipaneii.

Karouosi caoea: inmepnonsuis, inmepnoasyiiina @yukuis layca, cnipanrenodioni kpuei, Kpox iHmepnoaayii, noxubka
iHmepnoasyii.
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