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POLYPOINT TRANSFORMATION DEPENDENCY
ON THE POLYFIBER CONFIGURATION

Applying polypoint transformation to a triangle mesh is a promising technique that deserves extensive exploration.
Unlike traditional deformation techiques used in 3D animation that are based on spatial interpolation, polypoint
transformation transforms not a set of points or mesh vertices, but a polyfiber — a set of planes that form an object of
transformation. This can be beneficial in practical applications such as computer animation, deformative modeling in
CAD, or deformation prediction in additive manufacturing since, with polypoint transformation, the object of deforma-
tion includes the topological information about the mesh and not just its vertex positions. The way a polyfiber can form
a triangle mesh is, however, an understudied problem.

This problem gets easier to study if we start from a 2D case where a structure that corresponds to a triangle mesh in
3D is a polyline or a conotur made of line segments. For this structure we can decompose the study into a set of explorable
questions one of them being: how the configuration of contour forming polyfiber affects the results of transformation,
or, more specifically, how an angle between two lines forming a vertex affects the translation of that vertex under a
polypoint transformation? Would this dependency prohibit the application of polypoint transformation to 3D mesh
deformation? This article answers both questions.

Keywords: epolycoordinate mappings, polypoint transformations, polygonal geometry, transformation basis, transfor-
mation object, closed contour.
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Introduction

One possible approach for complex point object
transofrmation is a polyfiber transformation [1-4].
The basis for a polyfiber transformation is a set of
lines in 2D space and a set of planes in 3D, the ob-
ject of transformation is a set of points. Any change
in the basis transforms the object. These transforma-
tions have well established themselves in defor-
mative modeling [5, 6].

The polypoint transformation is a transforma-
tion dual to polyfiber transformation. It was first
proposed in 2000 by Badaev and Sydorenko [7].
For the dual transformation, the basis is a set of
points, and the object of transformation is a set of
lines in 2D and planes in 3D.

There have been multiple proposals for how to
represent a point object with lines and planes to
make polypoint transformations applicable to defor-
ming point objects [8, 9]. There are however trans-
formable objects represented not only by their points
but by other primitives such as triangles. One of
these objects is a triangle mesh. Applying polypoint
transformations to triangle meshes is possible in two
major ways: one applies the transformation to each
vertex of the mesh in isolation, the vertex is then
represented as an intersection of 3 independent
planes; the other applies the polypoint transforma-
tion to all the triangles’ planes, and the vertices are
then computed as points closest to all the deformed
planes of its previously neighboring triangles.

Problem Setting

In the preceding article [10] the following way of
the transformation object specification was propo-
sed in which the transformation object in 2D is a
closed contour. The contour is given by a sequence
of N straight lines f3i. Every i-th segment of the con-
tour except the first and the last belongs to the straight
line B3, and is bounded by the two points of intersec-
tion: Bi-1 intersecting Bi and (i intersecting Bi+1.
We consider the contour closed, therefore, the last
point of intersection of the last segment coincides
with the first point of intersection of the first and
this point is the intersection of f1 and BN, see figure 1.

Anyhow the proposed method of the transforma-
tion object specification can be expanded to repre-

Fig 1. A closed contour with a sequence of N
straight lines i, i =1...11

sent a 3D triangle mesh. Then we can apply poly-
point transformation to deform a triangle mesh and
not just arbitrary polyfiber. This method of defor-
mation will differ from conventional methods, such
as RBF [11], or other methods of spatial interpola-
tion [12], because the information about the mesh
topology is included in the polypoint transforma-
tion. The deformation concerns planes, and trian-
gles that lie on these planes, and not just their verti-
ces. This is the novelty of the proposed solution.

At the same time, for any particular practical ap-
plication, the very fact that the transformation of
every point depends on its neighboring triangles
and not only on its own position can serve as both
negative and positive. We need to investigate how
exactly the result of the deformation depends on
the spatial configuration of the deformation object.
How does the result of the contour point transfor-
mation depend on the relative orientation of its
forming lines that undergo a polypoint transfor-
mation? To answer this question we conducted 2
experiments.

Within the framework of this experimentation,
a simplified case — a contour in 2D is investigated.
If the observed effect appears to prohibit applying
polypoint transformations to 2D contours, then
there is no reason to expand onto 3D triangle mesh
polypoint transformation.

Exploring the Transformation
of Regular Polygons

In the first experiment, a transformation object is
a contour of an n-edged regular polygon, the initial
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Fig 2. An initial basis and a contour to deform (left), both basises and a transformed con-

tour (right)

basis of a polypoint transformation is 5 points Bj,
j = 1...5, regularly spaced around the object, and
the transformed basis points Bj' represent a trans-
formation that combines scale and rotation.

The contour points Pi are then formed by the
neighboring edges of the n-edged regular polygon,
i = 1...N. We measure how the result of the trans-
formation of the first point P1 depends on the num-
ber of edges in the polygon and the angle the two
neighboring edges form respectively, see figure 2.

The motivation for this experiment is as follows.
Any practical application of polypoint transforma-
tions for a 3D triangle mesh deformation requires

Table 1. The distance of a P1 transformation vector
for the angle between its forming lines

that similar objects with different levels of detail
[13] should be deformed similarly. If we are hand-
ling several levels of detail of the same model si-
multaneously, then the deformation of these levels
should not differ drastically. And this is the case we
model with our experiment in 2D.

We collected 9 data points each representing a
deformation of the first contour point of a regular
polygon. The data is represented in table 1.

The same data is shown on a plot in Fig. 3.

So far, the data doesn’t show that the dependen-
cy the transformation has on the forming lines an-
gle is prohibiting the algorithm’s application in 3D.

Number of edges The angle between The angle between The distance between the initial
in a polygon P1 forming lines in radians P1 forming lines in degrees and the transformed position of P1

3 1.0471975511966 600 1.85269
4 1.5707963267949 90 1.85357
5 1.88495559215388 108 1.85399
6 2.0943951023932 120 1.85419
7 2.24399475256414 ~128.57 1.8543

8 2.35619449019234 135 1.85437
9 2.44346095279206 140 1.85441
10 2.51327412287183 144 1.85444
15 2.72271363311115 156 1.85451
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Fig 3. The dependency between the forming lines angle
in P1 and the distance between the original point posi-
tion and its position after the transformation

However, we only saw one acute angle in this ex-
periment so we have to consider the evidence in-
conclusive. We need to explore sharp angles values.

Exploring the Transformation
of an Isosceles Triangle

In the following experiment, a deformation object
is a single isosceles triangle made of vertices P4,
i=1...3 with a variable vertex angle. As in the pre-
vious experiment, the initial basis of a polypoint
transformation is also 5 points Bj, j = 1...5, regu-
larly spaced around the object, and the transfor-
med basis points Bj" just as well represent a trans-
formation that combines scale and rotation.

Bl
)
P1
B2 B5
° )
P2 P3
B3 B4
° .

B2’
°

Table 2. The distance of a P1 transformation
vector in accordance with the angle between
its forming lines measured for sharp angles

The angle between The distance between
P1 forming lines the initial and the transformed
in degrees position of P1
10 1.85182
20 1.85189
30 1.85201
40 1.85219
50 1.85241
60 1.85269
80 1.85329
100 1.85382

An example of such an experiment is shown in
figure 4.

We continue to investigate how the relative ori-
entation of the lines forming the vertex affects the
vertex's transformation, but with an isosceles trian-
gle, we can now look into sharp angles below 7/6.

The data gathered is presented in table 2.

The same data is shown on a plot in Fig. 5.

The data collected also shows that the depend-
ency under question doesn’t seem to have a pro-
hibiting effect on the usage of the algorithm for
mesh deformation in 3D.

B1l' B5'
[ ] [ ]
P1 .Bl
B2 B5
[ ] [ ]
P3
B4’
[ ]
B3 B4
[ ] [ ]
P2
.B3

Fig 4. An initial basis and a triangle before deformation (left), both basises and a trans-

formed triangle (right)
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Fig 5. The distance between the original point position
and its position after the transformation dependency on
the vertex angle

The complete data gathered both from regular po-
lygons and isosceles triangles is shown in figure 6.

There is certainly a dependency, after all, the al-
gorithm should take the topology of the deforma-
tion object into account by design, but the data
shows a near-linear trend with no oscillations, no
vertical asymptotes, and no special points of inte-
rest. It does resemble a sin(a-m/2) + b where a is the
forming line angle and b is the value of the trans-
formation distance in 7/2 but with a much lower
amplitude.
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Fig 6. The dependency between the forming lines angle
in P1 and its transformation distance for all data points

Conclusion

While there is certainly a dependency between the
forming lines angle in each point and the defor-
mation, which is a feature of the proposed method
of transformation object specification, it doesn’t
seem to be prohibiting its application in 3D mesh
deformation.

The trend the dependency data shows is nearly
linear and unlikely to impact transformations of
similar models with different levels of detail signi-
ficantly.
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3AJIEXKHICTD ITOJIITOYKOBMX ITEPETBOPEHD
TOYKOBOTO OB’ EKTA BIJT KOH®ITYPAIIIT IIOJITKAHVHN

Bceryn. [TowaTkoBuM i KiHI[eBMM 6a311COM [I/IsI IIOJIITOYKOBOTO IIEPETBOPEHHS € BiIIOBITHI HAGOPY TOYOK, a 00’€K-
TOM IIepETBOpPEHHs € MOMiTKaHMHa — Habip niHiit y 2D mpoctopi Ta Habip mwromuHd y 3D. 3mina 6asucy i3
IIOYATKOBOT'O B KiHI[eBMII CTaH IIePeTBOPIOE 00’€KT. 3a3Buyail, A fedopMaliii TpuaHryIboBaHOI HOBepXHi y 3D
IIPOCTOPi 3aCTOCOBYETHCSA NIEPETBOPEHHS He IIOIIMH, a TOYOK, ajie AKIIO 3aaTy TPUaHTy/IbOBaHy IIOBEPXHIO TPU-
KYTHUKaMI, Iie JO3BOIUTDH 3aCTOCOBYBaTH IO Hei caMe IIOMTITOYKOBi IepeTBOpeHH:A. BTiM, Ipy TakoMy 3aJjaHHi,
pe3y/bTaT MepPeTBOPEHHS KOXKHOI TOYKM TPMAHIY/IbOBAHOI II0OBEPXHI BIUIMBATME Ha CycifHi 06’exTn. ITorpibHO
IOCIIANTH, SIK caMe pe3y/IbTaT AedopMallii 3a/1eXXUTh Bifi IpocTOpoBoi KoHirypatil 06’ekra gedopmarii.

Mera crarri. ¥ 11ii1 po60Ti FOCTIKY€ETbCs BIUIUB CIIOCO0Y 3afjaHHs TreoMeTpil 06’ €KTa Ha IVIOLIVHI Ha pe3y/ipTar
HOJIITOYKOBUX NepeTBOpeHb. O6’€KTOM JOCIKEHH € KYT MiXK BifpiskaM, 3 AKMX CK/Ia/JA€ThCs KOHTYP (TOMIroH).
JocrmipKkeHHs 31/ICHIOETbCS Ha pIBHOCTOPOHHIX 6araTOKyTHMKAaX i pIBHOCTOPOHHIX TPUKYTHUKAX B OHAKOBOMY
II0YaTKOBOMY Ta KiHIleBOMY 0asuci, 110 jae 3MOTry IIpOaHajIi3yBaTy BIUIVB KyTa MK pOpMYBa/IbHYMY IPAMYMHI Ha
IIepPEeTBOPEHHA TOYKY, YTBOPEHOI UMU IPAMYMMA.

Meropn. MatemMaTiyHMiT aHaIi3, 0OYMCTIOBANTbHNUI eKCIIEPUMEHT.

PesynbraTu. IloxkasaHo 3a7e)XHICTh KyTa MiXK BifIpi3KaMJ Ta BifICTAHHIO MK ITIOYaTKOBMM ITOJIOXKEHHAM TOYKU
Ta ii TO/O>KEeHHAM IIiC/IA IepeTBOPEHH:A Ha IIPUK/Ia/jlaX piIBHOCTOPOHHIX n-KYTHUKIB. [loc/ipKeHO MOMITOYKOBI Te-
PeTBOpeHHs PiBHOOEPEHOro TPUKYTHMKA, AKi IOEAHYIOTh MacIITabyBaHHA Ta 00epTaHH, 3a]11 aHAJIi3y BIUIUBY
KyTa, MEHIIOTO 3a /6 Ha pe3y/IbTaT IepeTBOPEHHA. Y3arajabHeHi JaHi II0Ka3yloTh XapaKTep 3a/IeKHOCTI Ha BCbOMY
IIPOMIXKY Bif 0 1o Tt.

BucHoBxku. IIpu nposefeHHi aHamisy 610 BUABIEHO 3a/IeXHICTh MK KYTOM (POPMYIOUNX TIPSIMUX ¥ KOXKHIi
Touri Ta fepopmani€ero KiHIeBOro 06’eKra, siKa € 0COOMMBICTIO 3aIPOIIOHOBAHOTO CIIOCO0Y 3agaHHs 00’ €KTa Iepe-
TBOPEHH:1. 3aIIPOIIOHOBAHMIT METOJ 3aCTOCOBAHO /A AedopMallil TPiaHTyIbOBaHMX MOBEPXOHD Y 3D-IIPOCTOPi.

Kntouogi cnosa: nonikoopounammi 8ido6paxcerts, noiimouKkosi nepemeopents, noiicoHAIbHA 2eomempis, 6a3uc
nepemeopens, 00 €K nepemeopeHHsi, 3AMKHeHULI KOHIMYP.
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