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INFLUENCE OF INHOMOGENEITY
ON TRANSFORMATION AND RADIATION
PROCESSES IN PLASMA WITH UPPER HYBRID PUMP

On the basis of the kinetic theory of fluctuations, the processes of the longitudinal Langmuir
wave transformation into a transverse electromagnetic wave in the turbulent inhomogeneous
plasma have been studied. The plasma turbulence is assumed to arise owing to the paramet-
ric decay of the upper hybrid pump wave into a daughter wave and electron-drift oscilla-
tions. The transformation coefficient under the parametric instability saturation conditions is
determined. The intensity of the electromagnetic radiation emission from the plasma is calcu-
lated, and its dependence on the plasma and pump wave parameters is found.
K e yw o r d s: kinetic theory of fluctuations, turbulent plasma, upper hybrid pump, transfor-
mation, plasma radiation.

1. Introduction

The study of the scattering and transformation pro-
cesses is known to be challenging for both the re-
search of the fundamental plasma properties and the
solution of various practical problems dealing with
a plasma, e.g., the plasma diagnostics, the study of
the mechanisms of wave transformation, and the mea-
surement of the efficiency of the RF power dissipation
in a plasma. Rather important seems to be the study
of the role of fluctuations in those processes. It is ev-
ident that the intensity of the scattering or transfor-
mation will be quite substantial in a non-equilibrium
plasma, if the magnitude of fluctuations considerably
exceeds that of the thermal noise.

The plasma non-equilibrium state can be associ-
ated, e.g., with the development of parametric insta-
bilities induced by the influence of the pumping on a
plasma. Note that the study of various nonlinear pro-
cesses in a “plasma-with-pump” system is of perma-
nent interest, which is evidenced by recent researches
dealing with a laboratory plasma [1, 2], a plasma of
fusion devices [3, 4], and a quantum plasma [5].

The theory of the transformation and scattering
of electromagnetic waves in a plasma was developed
in works [6–9] and described in works [10, 11] in de-
tail. Various possibilities of using the scattering and
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transformation for the diagnostics of laboratory and
space plasmas were analyzed in work [12].

The kinetic theory of fluctuations in a plasma has
been developed in works [13–15]. The influence of the
electromagnetic radiation of various types (a dc elec-
tric field, an oscillating electric field with a finite am-
plitude, high-power radiation, a pump wave) on fluc-
tuations in a magnetoactive plasma was analyzed in
works [11,16–18]. The theory of fluctuations in a mag-
netized plasma in the presence of parametric instabil-
ities of pump waves in various frequency ranges was
developed further in works [19–21].

Various transformation processes in a magnetized
turbulent plasma with low hybrid pumps were con-
sidered in works [22,23]. The transformation in a tur-
bulent plasma with upper hybrid pump was studied
in work [24]. The results obtained in the cited works
made it possible to explain the mechanism of electro-
magnetic radiation emission from a plasma, in partic-
ular, the spontaneous radiation emission from Sun’s
corona at the double Langmuir frequency.

In this work, on the basis of the kinetic theory of
fluctuations, the processes of transformation of the
longitudinal Langmuir wave into an electromagnetic
wave in a magnetically inhomogeneous and paramet-
rically unstable plasma have been studied. The trans-
formation coefficient is obtained in the case where
electron-drift oscillations are parametrically excited
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by the upper hybrid pump. The intensity of the elec-
tromagnetic radiation emission from a plasma is cal-
culated, and its dependence on the plasma and pump
wave parameters is determined.

It should be noted that, in our previous works
devoted to the study of the processes of scattering
and transformation, the case of uniform plasma was
mainly considered. Under real laboratory conditions,
however, the plasma is always inhomogeneous. The-
refore, the application of the inhomogeneous plasma
model is very important, because it allows a number
of problems associated with the parametric excitation
of low-frequency oscillations in a plasma – in partic-
ular, various types of drift waves appearing owing to
the existence of the density and temperature gradi-
ents in a plasma – to be considered. An important
role of parametric instabilities in the frequency range
of the upper hybrid resonance was marked in works
[25, 26], in which the anomalous absorption of RF
power and the wave scattering processes in a turbu-
lent plasma were analyzed.

2. Formulation of the Problem

A dominant contribution to the differential cross-
section of transformation, 𝑑Σ𝑙→𝑡, is given by elec-
tron density fluctuations. At the same time, the
interaction between the incident Langmuir wave
and the fluctuations of electric and magnetic fields,
as well as the thermal velocity of electrons, can
be neglected. Therefore, the differential cross-section
𝑑Σ𝑙→𝑡 can be written as follows [11, 22]:

𝑑Σ𝑙→𝑡 =
1

2𝜋

(︂
𝑒2

𝑚𝑐2

)︂2
𝜔′4

𝜔4
𝑝𝑒

𝑁
⟨︀
𝛿𝑛2

𝑒

⟩︀
q,Δ𝜔 𝑑𝜔′′𝑑O, (1)

where Δ𝜔 = 𝜔′−𝜔′′; q = k′−k′′; (𝜔′,k′) and (𝜔′′,k′′)
are the frequencies and wave vectors of the incident
and transformed waves, respectively; O is the solid
angle; and

⟨︀
𝛿𝑛2

𝑒

⟩︀
q,Δ𝜔 is the correlator of electron den-

sity fluctuations at the combinational frequency Δ𝜔
(the formula for this parameter can be found, e.g., in
work [22]). The factor 𝑁 in formula (1) is determined
by the known expression [11, 24] and depends on the
direction of the incident and transformed waves with
respect to the magnetic field. Attention should also
be paid to that the frequencies and wave vectors of the
incident and transformed waves are mutually related
by the energy and momentum conservation laws,

𝜔′′ = 𝜔′ +Δ𝜔, k′′ = k′ + q. (2)

Let us consider the electron-ion plasma embedded
into an external magnetic field. The plasma is af-
fected by an HF pump field, which is directed perpen-
dicularly to the magnetic field. The pump field will
be considered in the dipole approximation, E0(𝑡) =
= 𝐸0y cos𝜔0𝑡, with the pump frequency being in the
upper hybrid frequency range, i.e., 𝜔0 ∝ 𝜔UH, where

𝜔UH = Ω𝑒

(︃
1 +

𝜔2
𝑝𝑒 sin

2 𝜃

2Ω2
𝑒

)︃
. (3)

Note that expression (3) is valid in the case of highly
magnetized plasma, when 𝜔𝑝𝑒 ≪ Ω𝑒. Let us also
assume that the decay decrement of the upper hybrid
wave equals 𝛾UH ≈ 𝜈𝑒𝑖.

The plasma inhomogeneity is characterized by an
exponential gradient of the density, when the corre-
sponding distribution function 𝑓0𝑒,𝑖 is proportional
to exp(𝛼𝑦) with the plasma inhomogeneity parame-
ter 𝛼 = (1/𝑛0)(𝑑𝑛0/𝑑𝑦). As was shown in work [27],
the ratio between the pressure and magnetic field in-
homogeneities is of an order of 𝐿𝑛/𝐿𝐵 ∝ 𝛽, where 𝐿𝑛

and 𝐿𝐵 are the characteristic scales of changes for the
plasma density and the magnetic field, respectively,
and 𝛽 is the ratio between the plasma and magnetic
pressures. The condition 𝛽 ≪ 1 is well obeyed in most
cases of a laboratory plasma, as well as for ionospheric
plasma. Therefore, the inhomogeneity of the mag-
netic field will be neglected in comparison with the in-
homogeneity of the plasma density. Temperature gra-
dients will also be neglected.

It is known [28] that, in a magnetoactive inhomo-
geneous plasma, there can exist electron-drift oscil-
lations, whose frequency and damping decrement are
determined by the formulas

𝜔𝐷 ≈ −𝑘⊥𝛼𝑇𝑒

𝑚𝑒Ω𝑒
, (4)

and

𝛾𝐷 = −
(︁𝜋
2

)︁1/2
𝜔𝐷

[︃
−𝜔𝐷𝑘2𝑥𝜌

2
𝑖 (1 + 𝑇𝑒/𝑇𝑖)

2𝑘||𝑣𝑇𝑒
+

+
𝑇𝑒

𝑇𝑖

𝜔𝐷(1 + 𝑇𝑖/𝑇𝑒)

2𝑘||𝑣𝑇𝑖
exp

(︃
− 𝜔2

𝐷𝑒

2𝑘2||𝑣
2
||

)︃]︃
, (5)

respectively. From Eq. (5), one can see that the in-
teraction of the intrinsic plasma waves with electrons
is a destabilizing factor, i.e. the excitation of oscil-
lations takes place, which is caused by the convec-
tion of resonance electrons, since the ion damping is
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exponentially low. Note, however, that the Landau
ion damping can be significant for a plasma in small
laboratory installations, where 𝑘|| acquires large val-
ues. Furthermore, the damping in installations with
a magnetic field shear is a result of the ion convec-
tion into the region, where 𝑘|| is large, whereas small
𝑘||-values occur only in narrow plasma layers [20].

Below, we will consider the case where the drift
oscillations fade, i.e. the contribution of the second
(ion) term in formula (5) is crucial.

3. Transformation of Langmuir
Wave in Turbulent Plasma

Let us consider the transformation process under
conditions of parametric instability, when the pump
wave decays into a daughter upper hybrid wave and
electron-drift oscillations:

𝜔0 = 𝜔UH + 𝜔𝐷. (6)

Note that the pump frequency 𝜔0 has to slightly ex-
ceed the upper hybrid frequency 𝜔UH, because the
relation 𝜔𝐷 ≪ (𝜔0, 𝜔UH) is obeyed.

Provided that the decay condition (6) is satisfied, it
is easy to obtain an expression for the threshold field
strength with respect to this parametric instability,

𝐸2
* ≈ 8𝜔2

0𝐵
2
0

𝑘2𝑐2
(𝑞𝑟𝐷𝑒)

2
𝜔2
𝑝𝑒

Ω2
𝑒

𝛾UH

𝜔UH

𝛾𝐷
𝜔𝐷

. (7)

By integrating expression (1) over 𝜔′′ and substi-
tuting values for the electron density correlator, the
transformation cross-section can be written in the
form [18, 19]

𝑑Σ𝑙→𝑡

𝑑O
=

𝑑Σ+

𝑑O
+

𝑑Σ_

𝑑O
, (8)

where

𝑑Σ±

𝑑O
≈ 3

16𝜋2

(︂
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)︂2
𝜔′4

𝜔4
𝑝𝑒

𝑁
𝜋

Im 𝜀𝐸×
𝜕 Re 𝜀𝐸
𝜕Δ𝜔

×

×

[︃⃒⃒⃒⃒
1 + 𝜒0

𝑖 +
𝜇2

4
𝜒0
𝑒𝜒

0
𝑖

1

𝜀_1

⃒⃒⃒⃒2 ⟨︀
𝛿𝑛2

𝑒

⟩︀
0
Δ𝜔,q +

+
⃒⃒
𝜒0
𝑒

⃒⃒2 ⟨︀
𝛿𝑛2

𝑖

⟩︀0
Δ𝜔,q

+

+
𝜇2

4

⃒⃒
𝜒0
𝑒

⃒⃒2 ⃒⃒
𝜒0
𝑖

⃒⃒2 ⟨︀𝛿E2
⟩︀
0
Δ𝜔∓𝜔0,q

|𝜀∓1|2

]︃
. (9)

Here, Δ𝜔 = 𝜔UH for the upper hybrid wave and Δ𝜔 =
= 𝜔𝐷 for the drift one, and 𝜒0

𝛼 (𝛼 = 𝑒, 𝑖) is the linear
susceptibility of a plasma. Note that the expression
for the nonlinear dielectric constant 𝜀𝐸 is given in
works [19, 20]. The parameter

𝜇 =
𝑘⊥𝐸0𝑐

𝜔0𝐵0
≪ 1.

This criterion can be considered as a restriction im-
posed from above on the pump wave field ampli-
tude. At the same time, there exists an analogous
restriction from below, since we consider the turbu-
lent plasma mode in the parametric instability region
above the threshold, i.e. when 𝐸0 > 𝐸*.

In formula (9), the quantities
⟨︀
𝛿𝑛2

𝛼

⟩︀0 and
⟨︀
𝛿E2

⟩︀0
are the known spectral correlation functions for the
plasma density and electric field fluctuations, respec-
tively, in the case of non-interacting particles in a
magnetized plasma and in the absence of an elec-
tric field [15, 18, 25]. In the above-threshold region
of parametric instability, the plasma transits into a
mode with developed fluctuations. In order to deter-
mine the saturation level for fluctuations, we use the
stabilization mechanism for the instability invoked by
the scattering of charged particles on turbulent fluc-
tuations of the electric field.

To characterize this scattering, let us introduce
the effective collision frequency 𝜈eff and assume that
𝜈eff > (𝛾UH, 𝛾𝐷). In this case, when calculating the
correlators for the density and electric fluctuations
regarded as characteristic plasma waves, we will con-
sider the quantities �̃� = 𝜔+ 𝑖𝜈eff and use the reevalu-
ated threshold field magnitude �̃�2

* ≈ 𝐸2
*𝜈

2
eff

𝛾UH𝛾𝐷
, where

𝜈eff =
𝐸2

0

𝐸2
*
(𝛾UH𝛾𝐷)1/2. This mechanism of instabil-

ity saturation, which considers the additional wave
damping, was described in works [18, 20] in detail. It
should be noted that, in the above-threshold region
of parametric instability and in the mode of turbulent
fluctuations, the effective collision frequency exceeds
the damping decrement of the upper hybrid and drift
waves, but remains undoubtedly lower than the ac-
tual frequencies of the waves that are decay products
[see Eq. (6)].

Let us discuss another issue. In this work, we do
not give expressions for the correlators of the density
and electric field fluctuations obtained in the previ-
ous works for a uniform plasma. It is known [11, 14]
that the spectral densities of the field and density
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fluctuations are expressed in terms of the correlators
of non-interacting particles, which depend, in turn,
on the correlator of source fluctuations. In an inho-
mogeneous plasma, the latter depends not only on
the difference r − r′, but also on the vectors r and
r′ separately. For a weakly inhomogeneous plasma,
the dependence of the source fluctuation correlator
on r− r′ is more abrupt than the dependence on the
coordinate r, since the former is associated with the
wavelength of drift oscillations 𝜆 = 2𝜋/𝑘⊥, whereas
the latter with the characteristic scale of the plasma
inhomogeneity 𝐿 = 1/𝛼. Therefore, the condition of
weak inhomogeneity, 𝜆 ≪ 𝐿, is satisfied.

4. Results of Calculations

As was done in the previous works [23, 26], low-
frequency electron-drift oscillations are assumed to
make a dominant contribution to the electron density
correlator

⟨︀
𝛿𝑛2

𝑒

⟩︀
q,Δ𝜔

and, thus, to the transformation
cross-section (9). In this case, we may set⃒⃒
𝜒0
𝑒

⃒⃒
≈ 1

𝑞2𝑟2𝐷𝑒

,

⃒⃒
𝜒0
𝑖

⃒⃒
≈ 1

𝑞2𝑟2𝐷𝑖

(︃
1 +

𝑘2||𝑣
2
𝑇𝑖

𝜔2

)︃
,

Im𝜀𝐸 ≈ 1

𝑞2𝑟2𝐷𝑒

𝛾𝐷
𝜔𝐷

(︂
1− 𝐸2

0

�̃�2
*

)︂
,

𝜕Re𝜀𝐸
𝜕𝜔𝐷

≈ 1

𝑞2𝑟2𝐷𝑒

1

𝜔𝐷
,

⟨𝛿E2⟩0Δ𝜔∓𝜔0,q ≈ 16𝜋𝑇𝑒
𝛾UH

𝜔2
𝑝𝑒

,

⟨𝛿𝑛2
𝑖 ⟩0𝜔𝐷,q =

𝑞2

16𝜋𝑒2
8𝜋

𝜔𝐷
𝑇𝑖

1

𝑞2𝑟2𝐷𝑒

𝛾𝐷
𝜔𝐷

.

(10)

Here, when calculating the electric field and density
correlators for non-interacting particles, we used the
fluctuation-dissipative theorem. Keeping only the res-
onance terms in Eq. (9) and making allowance for
formulas (10), the following expression for the trans-
formation cross-section is obtained:

𝑑Σ±

𝑑O
≈ 1

4𝜋

(︂
𝑒2

𝑚𝑐2

)︂2
𝜔′4

𝜔4
𝑝𝑒

𝑁
𝑇𝑖

𝑇𝑒
𝑛𝑒 ×

×
(︂
1 +

𝜇2

8

1

𝑞2𝑟2𝐷𝑒

𝑇𝑒

𝑇𝑖

Ω2
𝑒𝜔

2
𝐷

𝜔2
UH𝛾UH𝛾𝐷

)︂
. (11)

Let us evaluate this expression. For the typical pa-
rameters of a hot plasma 𝑇𝑒 = 5 keV, 𝐵0 = 50 kGs,

𝑛𝑒 = 1014 cm−3, and the pump field with an energy
flux density of 50 kW/cm2 [20], which is used for the
heating of such plasma, we obtain 𝜇 ∝ 10−1. We may
also put 𝑞𝑟𝐷𝑒 ≈ 10−1 and 𝜔𝐷/𝛾𝐷 ≥ 10 [29, 30]. The
corresponding calculations show that the main con-
tribution to the transformation coefficient is given
by the second term in the parentheses on the right-
hand side of expression (11). This term depends on
the pump field amplitude and can exceed 1 (this
value corresponds to the wave transformation induced
by the thermal noise) by several orders of magni-
tude. Note also that, in this case, the transformation
cross-section substantially depends on the plasma
density gradient (𝑑Σ𝑙→𝑡 ∝ 𝛼).

The transformation of longitudinal waves into elec-
tromagnetic ones also comprises a point of interest
as one of the possible mechanisms governing the en-
ergy emission from a plasma by means of electromag-
netic waves. Really, there are always stochastic Lang-
muir waves in a plasma, whose amplitudes are de-
termined by the electron temperature. By interacting
with turbulent drift oscillations, the Langmuir waves
can transform into electromagnetic ones, which are
emitted from the plasma afterward. The correspond-
ing radiation intensity is related to the transformation
coefficient by the relation [11]

𝐼 ≈ 𝑉

∫︁∫︁
𝑑Σ𝑙→𝑡𝑆

′
𝜔′,k′

𝑑3𝑘′

(2𝜋)3
𝑑𝜔′

2𝜋
, (12)

where 𝑉 is the plasma volume, and 𝑆′
𝜔′,k′ is the

energy flux density of fluctuating Langmuir waves,
which is determined by the expression

𝑆′
𝜔′,k′ ≈

𝑣𝑔𝑟
16

𝜕

𝜕𝜔′ (𝜀
𝑙𝜔′)

⟨︀
𝛿E2

⟩︀
0
𝜔′,k′ . (13)

In formula (13), 𝑣𝑔𝑟 = 3𝜔𝑝𝑒𝑟
2
𝐷𝑒𝑘

′ is the group velocity
of Langmuir waves, and

𝜀𝑙 = 1−
𝜔2
𝑝𝑒

𝜔2 − Ω2
𝑒

sin2 𝜃 −
𝜔2
𝑝𝑒

𝜔2
cos2 𝜃

is the dielectric constant for longitudinal Langmuir
waves.

We may take

𝜕

𝜕𝜔′ (𝜀
𝑙𝜔′) = 1 +

2𝜔2
𝑝𝑒

𝜔′2 ≈ 3

at 𝜔′ ≈ 𝜔𝑝𝑒 and assume that the inequality 𝑘′′ ≪ 𝑘′ ∝
∝ 𝑞 is satisfied for the process 𝑙 → 𝑡. Substituting
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only the dominant (field) term from Eq. (11) into
Eq. (12), taking into account that

∫︀ ⟨︀
𝛿E2

⟩︀
0
𝜔′,k′𝑑𝜔′ ∝

∝ 𝑇𝑒, and integrating over 𝑘′ in Eq. (12), we obtain
a final expression for the intensity of electromagnetic
radiation emission from a turbulent plasma:

𝐼 ≈ 𝑉

(︂
𝑒2

𝑚𝑐2

)︂2
𝑁𝑇𝑖𝑛𝑒𝜔𝑝𝑒(𝑘

′𝑟𝐷𝑒)
2 ×

×
(︂
1 +

𝜇2

8

1

𝑞2𝑟2𝐷𝑒

𝑇𝑒

𝑇𝑖

Ω2
𝑒𝜔

2
𝐷

𝜔2
UH𝛾UH𝛾𝐷

)︂
. (14)

The corresponding numerical calculations show
that, in the case of typical plasma parameters that
were used above to estimate expression (11), the value
of the electromagnetic radiation intensity given by
formula (14) is much larger than the corresponding
value obtained for a magnetized plasma in the ab-
sence of turbulence.

5. Conclusions

In this work, the processes of transformation of the
longitudinal wave into an electromagnetic one at tur-
bulent fluctuations in a magnetoactive plasma in the
above-threshold region of parametric instability have
been studied. The turbulent instability arises when
electron-drift oscillations are parametrically excited
by the upper hybrid pump wave. It is shown that the
main contribution to the transformation coefficient
and the intensity of radiation emission from a plasma
is made by the terms that depend on the frequency
and amplitude of the pump field. The dependences
of the indicated quantities on the density gradient
[Eqs. (11) and (14)] makes it possible to elucidate the
influence of the plasma inhomogeneity on the pro-
cesses of transformation in and radiation emission
from a turbulent plasma. In addition, by changing
the pump parameters, it is possible to control the
electromagnetic radiation emission from the plasma
medium, which can be important for the diagnostics
of laboratory and space plasmas.
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В.Г.Панченко, П.В.Порицький

ВПЛИВ НЕОДНОРIДНОСТI
НА ПРОЦЕСИ ТРАНСФОРМАЦIЇ
I ВИПРОМIНЮВАННЯ В ТУРБУЛЕНТНIЙ
ПЛАЗМI З ВЕРХНЬОГIБРИДНОЮ НАКАЧКОЮ

Р е з ю м е

На основi кiнетичної теорiї флуктуацiй вивченi процеси
трансформацiї поздовжньої ленгмюрiвської хвилi в еле-
ктромагнiтну хвилю в турбулентнiй неоднорiднiй пла-
змi. Турбулентнiсть плазми зумовлена параметричним
розпадом верхньогiбридної хвилi накачки на дочiрню
та електронно-дрейфовi коливання. Отримано коефiцiент
трансформацiї в умовах насичення параметричної нестiй-
костi. Обчислена iнтенсивнiсть електромагнiтного випромi-
нювання з плазми та знайдена її залежнiсть вiд параметрiв
плазми i хвилi накачки.
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