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POLARIZABILITY
OF A HEMISPHERICAL METAL NANOPARTICLE
LOCATED ON A DIELECTRIC SUBSTRATE

The frequency dependence of the dipole polarizability has been determined in the quadrupole
approximation for a metal hemisphere located on a dielectric substrate in the case where light
is normally incident on the substrate. Formulas for the effective relaxation time and for the
invisibility and surface plasmon resonance frequencies are obtained. The evolution of plasmon
resonances with a change in the hemisphere radius is studied. The origin of two resonances in
the imaginary part of the polarizability and the difference of the maxima in the imaginary part
of the polarizability of the hemispheres made of different metals are discussed. The character
and position of the resonances in the imaginary part of the polarizability of aluminum islands
are explained. Recommendations regarding the creation of an invisibility frequency band near
the metal nanoisland are given.
K e yw o r d s: metal hemisphere, polarizability, surface plasmon resonance, invisibility fre-
quency, quadrupole approximation.

1. Introduction
The rapid development of nanotechnology in recent
decades stimulated the emergence of nanoplasmonics
[1–9], which is an area located at the intersection of
optics and materials science, and which studies opti-
cal phenomena in solid-state nanostructures. One of
the phenomena appearing when light interacts with
surfaces or structures whose sizes are smaller than
the light wavelength is the localized surface plasmon
resonance (SPR) [1, 2, 5, 6, 8–13]. This unique phe-
nomenon, in turn, leads to the strong localization of
photons at the nanoscale level and allows such struc-
tures to be applied in advanced nanophotonic tech-
nologies [4, 6, 7, 14–17].

A special case of metal nanostructures, which are of
considerable practical interest, are metal island films
[18–20]. Such systems open wide prospects for the de-
velopment of spectrally selective absorbing coatings
[21], devices for enhanced fluorescence and infrared
spectroscopy [22, 23], polarizers and spectral filters
[24], methods of invasive optical sensing and cancer
therapy [7], as well as spectroscopic diagnostic studies
including surface-enhanced Raman scattering (SERS)
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[25,26]. In addition, separate islands and their groups
can be used to represent information units, which
allows the development of methods for optical data
storage with an ultrahigh recording density, an ex-
tremely long data storage life, and an ultralow power
consumption [27, 28]. Advanced techniques for trans-
ferring metal nanoislands onto a flexible substrate,
such as polymethylsiloxane [29, 30], open up oppor-
tunities for creating a new generation of devices in
such domains as medical diagnostics, food safety, and
environmental monitoring.

An important characteristic governing the optical
properties of nanostructures is their polarizability,
i.e., the ability of an electron cloud to change its
shape under the influence of an external field. The
frequencies of localized surface plasmons are known
to correspond to polarizability resonances, whereas
the invisibility frequencies to zero polarizability and,
accordingly, the absence of scattering. Therefore, by
calculating the polarizability of the system, it is pos-
sible to find the SPR frequencies and the invisibil-
ity ones.

When studying the influence of the shape of metal
nanoparticles on their optical properties, the au-
thors of a number of theoretical works assumed that
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Fig. 1. Schematic diagram of a hemisphere on a substrate

the dissipative processes inside the nanoparticle are
characterized by the scalar high-frequency conduc-
tivity. However, as was shown in works [31–33], if
the particle sizes are smaller than the electron free
path length, and if the particles are non-spherical
in shape, the optical conductivity becomes a tensor
quantity, and electron scattering at the nanoparti-
cle surface is substantial and must be taken into ac-
count. Furthermore, as was shown in works [34, 35],
the role of another dissipation channel increases with
the growth of the particle size; this is radiation damp-
ing, and analytical expressions were derived for its re-
laxation rate in the cases of spherical and ellipsoidal
nanoparticles. Expressions obtained in this theory
were adapted for metal nanocylinders and nanodisks
(see works [36, 37]), as well as for layered spherical
nanoparticles [38, 39]. However, the issue concerning
the relaxation mechanisms in metal islands on dielec-
tric substrates has not been studied yet.

Note that if nanoparticles are sufficiently large,
higher multipole resonances can play a substantial
role. Therefore, the analysis of the quadrupole contri-
bution to the dipole polarizability is also pertinent.

Since metal islands are usually obtained in exper-
iments in the form of hemispheres [40], the purpose
of this work is to calculate the polarizability of metal
hemispheres located on a dielectric substrate account-
ing simultaneously for the influence of the surface
and the radiation damping, as well as the quadrupole
contribution to the dipole polarizability. Another aim
consists in obtaining and analyzing expressions for
the SPR and invisibility frequencies.

2. Basic Relations

2.1. Polarizability of hemispherical
nanoparticle

Consider a metal nanoisland (medium 1 ) in the form
of a hemisphere with the radius 𝑅 and the dielectric
permittivity 𝜖 (𝜔) (see Fig. 1). The hemisphere is lo-
cated on a dielectric substrate with the dielectric per-
mittivity 𝜖d (medium 2 ). The dielectric permittivity
of the environment equals 𝜖m (medium 3 ). Auxiliary
region 4 in the substrate has the dielectric permittiv-
ity 𝜖d (medium 4 ).

Owing to the system anisotropy, there are two in-
dependent solutions: for the external field ℰ directed
perpendicularly or in parallel to the substrate plane
(Fig. 1). Therefore, there are two independent diag-
onal components in the polarizability tensor of the
hemispherical metal nanoparticle: the longitudinal
one, 𝛼‖, corresponding to the external field directed
perpendicularly to the substrate and in parallel to the
𝑂𝑧 axis (ℰ ‖ 𝑂𝑧); and the transverse one, 𝛼⊥, when
the external field is parallel to the substrate and per-
pendicular to the axis 𝑂𝑧 (ℰ ⊥ 𝑂𝑧). The latter case
corresponds to normal light incidence. Since this ge-
ometry is most often realized in plasmon experiments,
we consider the situation when the external field is di-
rected in parallel to the substrate and perpendicularly
to the 𝑂𝑧 axis.

If the size of the nanoparticle is much smaller than
the light wavelength, the quasistatic approximation
can be used to solve the problem. In this case, the po-
tential created by the hemisphere in the whole space
is described by the solutions of the Laplace equation

Δ𝜙 = 0 (1)

with the corresponding boundary conditions, namely,
the continuity of the potential and the normal com-
ponent of the electric induction vector across the in-
terfaces between the hemispheres and the half-spaces
(medium 1 -medium 3 and medium 2 -medium 4 ),

𝜙1|𝑟=𝑅 = 𝜙3|𝑟=𝑅;

𝜙2|𝑟=𝑅 = 𝜙4|𝑟=𝑅;

𝜖 (𝜔)
𝜕𝜙1

𝜕𝑟

⃒⃒⃒⃒
𝑟=𝑅

= 𝜖m
𝜕𝜙3

𝜕𝑟

⃒⃒⃒⃒
𝑟=𝑅

;

𝜕𝜙2

𝜕𝑟

⃒⃒⃒⃒
𝑟=𝑅

=
𝜕𝜙4

𝜕𝑟

⃒⃒⃒⃒
𝑟=𝑅

;

(2)
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and across the flat interfaces between the hemispheres
(medium 1 -medium 2 ) and between the half-spaces
(medium 3 -medium 4 ),

𝜙1|𝜃=𝜋
2
= 𝜙2|𝜃=𝜋

2
;

𝜙3|𝜃=𝜋
2
= 𝜙4|𝜃=𝜋

2
;

𝜖 (𝜔)
𝜕𝜙1

𝜕𝜃

⃒⃒⃒⃒
𝜃=𝜋

2

= 𝜖d
𝜕𝜙2

𝜕𝜃

⃒⃒⃒⃒
𝜃=𝜋

2

;

𝜖m
𝜕𝜙3

𝜕𝜃

⃒⃒⃒⃒
𝜃=𝜋

2

= 𝜖d
𝜕𝜙4

𝜕𝜃

⃒⃒⃒⃒
𝜃=𝜋

2

.

(3)

In the general case, the solutions of Eq. (1) for the
potentials inside and outside the hemisphere in the
dipole approximation have the form⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝜙1 = 𝐴𝑟 sin 𝜃 cos𝜑,

𝜙2 =

(︂
𝐵

𝑟2
− 𝐶ℰ0𝑟

)︂
sin 𝜃 cos𝜑,

𝜙3 =

(︂
𝐷

𝑟2
− ℰ0𝑟

)︂
sin 𝜃 cos𝜑,

𝜙4 = ℰ0𝑟 sin 𝜃 cos𝜑,

(4)

where 𝜑 is the polar angle, 𝜃 is the azimuthal angle,
𝑟 is the radial coordinate, and the constants 𝐴, 𝐵, 𝐶,
and 𝐷 are determined by the boundary conditions.

Substituting Eqs. (4) into Eqs. (2) and (3), we
obtain

𝐴𝑅 =
𝐷

𝑅2
− ℰ0𝑅;

𝐸𝑅 =
𝐵

𝑅2
− 𝐶ℰ0𝑅;

𝐴𝜖 (𝜔) = −
(︂
2𝐷

𝑅3
+ ℰ0

)︂
𝜖𝑚;

𝐸 = −2𝐵

𝑅3
− 𝐶ℰ0;

whence

𝛼⊥
dip =

𝐷

ℰ0𝑅3
=

𝜖⊥ (𝜔)− 𝜖𝑚
𝜖⊥(𝜔) + 2𝜖𝑚

. (5)

Here, the Drude dielectric function is used for the
metal,

𝜖⊥ (𝜔) = 𝜖∞−
𝜔2
𝑝

𝜔2+
(︀
𝜏⊥eff

)︀−2 + i
𝜔2
𝑝

𝜔
[︁
𝜔2 +

(︀
𝜏⊥eff

)︀−2
]︁ , (6)

where 𝜔𝑝 =
√︀

𝑒2𝑛𝑒/𝜖0𝑚* is the plasma frequency; 𝑒
and 𝑛𝑒 are the electron charge and concentration, re-
spectively; 𝑛𝑒 = 3/(4𝜋𝑟3𝑠); 𝑟𝑠 is the average distance
between the electrons; 𝜖0 is the electric constant; 𝑚*

is the effective electron mass; 𝜖∞ is the contribution
of the ionic core to the dielectric permittivity; and(︀
𝜏⊥eff

)︀−1 is the transverse component of the inverse
tensor of the effective relaxation time. The latter pa-
rameter is determined via the inverse times of the
bulk and surface relaxations and the radiation damp-
ing as follows:

1

𝜏⊥eff
=

1

𝜏bulk
+

1

𝜏⊥surf
+

1

𝜏⊥rad
. (7)

The tensor character of the inverse effective relax-
ation time and its components is associated with the
system anisotropy. The latter manifests itself in that
the optical response of the nanosystem is different in
the cases where the external electric field ℰ0 is parallel
or perpendicular to the dielectric substrate.

The relationships for the transverse components of
the tensors of the inverse surface relaxation times and
radiation damping for a hemispherical nanoparticle
can be written in the form [12]

1

𝜏⊥surf
=

ℒ⊥Re𝜎⊥

𝜖0 [𝜖m + ℒ⊥ (1− 𝜖m)]
, (8)

1

𝜏⊥rad
=

𝑉

6𝜋𝜖0

(︁𝜔𝑝

𝑐

)︁3 ℒ⊥Re𝜎⊥√︃
𝜖m

[︂
𝜖∞ +

(︂
1

ℒ⊥
− 1

)︂
𝜖m

]︂ , (9)

where 𝑐 is the speed of light, 𝑉 = 2𝜋𝑅3/3 is the
nanoparticle volume, ℒ⊥ is the depolarization factor,
and 𝜎⊥ is the transverse component of the conduc-
tivity tensor.

Substituting expressions (8) and (9) in formula (7),
we obtain

1

𝜏⊥eff
=

1

𝜏bulk
+

{︃
1

𝜖m + ℒ⊥ (1− 𝜖m)
+

𝑉

6𝜋

(︁𝜔𝑝

𝑐

)︁3
×

× 1√︁
𝜖m

[︀
𝜖∞ +

(︀
1

ℒ⊥
− 1

)︀
𝜖m

]︀
}︃
ℒ⊥

𝜖0
Re𝜎⊥, (10)

where Re𝜎⊥ does not differ from the corresponding
quantity for the spherical nanoparticle, i.e., it looks
like [41]

Re𝜎⊥ = Re𝜎sph =
3𝜖0
2

𝜈𝑠

(︁𝜔𝑝

𝜔

)︁2
×
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×
[︂
1− 2𝜈𝑠

𝜔
sin

𝜔

𝜈𝑠
+

2𝜈2𝑠
𝜔2

(︂
1− cos

𝜔

𝜈𝑠

)︂]︂
, (11)

where 𝜈𝑠 = 𝑣F/(2𝑅) is the frequency of individual
oscillations, and 𝑣F is the Fermi velocity of electrons.

Let us determine the depolarization factors ℒ⊥(‖).
According to the general formula [42],

ℒ‖ =
1

4𝜋

∫︁
𝑆

[r,n]𝑧
𝑟3

𝑑𝑆, (12)

where n is the vector normal to the hemisphere sur-
face, r is the radius vector, and the integration is
performed over the hemisphere’s surface. Calculating
the integral in the spherical coordinate system, we get

ℒ‖ =
1

4𝜋

∫︁
𝑆

𝑟

𝑟3
𝑟2 sin 𝜃𝑑𝜃𝑑𝜙 =

=
1

4𝜋

2𝜋∫︁
0

𝑑𝜙

𝜋
2∫︁

0

sin 𝜃𝑑𝜃 =
1

2
. (13)

Taking into account that the depolarization factors
satisfy the relation 2ℒ⊥ + ℒ‖ = 1, we obtain that
ℒ⊥ = 1/4 for hemispherical islands. Substituting this
expressions for ℒ⊥ and expression (11) for Re 𝜎⊥ in
formula (10), we obtain the final expression for the
inverse transverse effective relaxation time,

1

𝜏⊥eff
=

1

𝜏bulk
+

3

8
𝜈𝑠

(︁𝜔𝑝

𝜔

)︁2
×

×

[︃
4

3𝜖m + 1
+

𝑉

6𝜋

(︁𝜔𝑝

𝑐

)︁3 1√︀
𝜖m [3𝜖m + 𝜖∞]

]︃
×

×
[︂
1− 2𝜈𝑠

𝜔
sin

𝜔

𝜈𝑠
+

2𝜈2𝑠
𝜔2

(︂
1− cos

𝜔

𝜈𝑠

)︂]︂
. (14)

Note that expression (14) describes the frequency de-
pendence of the effective electron relaxation time in
a hemispherical metal island with a fixed size.

Thus, in the dipole approximation, the formu-
las for the polarizability of a homogeneous spherical
nanoparticle and a hemispherical nanoparticle on a
substrate formally coincide, although 𝜖semisph (𝜔) ̸=
̸= 𝜖sph (𝜔) owing to different values of the inverse ef-
fective relaxation times.

Now, let us obtain an expression for the dipole
polarizability in the quadrupole approximation. The

corresponding solutions of the Laplace equation in
media 1, 2, 3, and 4 look like

𝜙1 =
[︀
𝐴1𝑟𝑃

1
1 (cos 𝜃) +𝐴2𝑟

2𝑃 1
2 (cos 𝜃)

]︀
cos𝜑, (15)

𝜙2 =

[︂
𝐵1

𝑟2
𝑃 1
1 (cos 𝜃)+

+
𝐵2

𝑟3
𝑃 1
2 (cos 𝜃)− ℰ0𝑟𝑃 1

1 (cos 𝜃)

]︂
cos𝜑, (16)

𝜙3 =

[︂
𝐶1

𝑟2
𝑃 1
1 (cos 𝜃)+

+
𝐶2

𝑟3
𝑃 1
2 (cos 𝜃)− ℰ0𝑟𝑃 1

1 (cos 𝜃)

]︂
cos𝜑, (17)

𝜙4 =
[︀
𝐷1𝑟𝑃

1
1 (cos 𝜃) +𝐷2𝑟

2𝑃2 (cos 𝜃)
]︀
cos𝜑, (18)

where the explicit expressions for the required Legen-
dre polynomials are as follows [43]:

𝑃 1
1 (cos 𝜃) = sin 𝜃, (19)

𝑃 1
2 (cos 𝜃) =

3

2
sin 2𝜃 = 3 sin 𝜃 cos 𝜃. (20)

Then, the expression for the dimensionless trans-
verse component of the dipole polarizability tensor,
in which the dipole and quadrupole contributions are
taken into account, has the form (see Appendix)

�̃�⊥
q =

Λ

Ξ
, (21)

where the following notations were introduced:

Λ = (𝜖d + 5𝜖m) 𝜖
2 (𝜔) +

+ (3𝜖d + 5𝜖m) 𝜖m𝜖 (𝜔)− 4𝜖d𝜖
2
m, (22)

Ξ = (4𝜖d + 5𝜖m) 𝜖
2 (𝜔) +

+2
(︀
3𝜖2d + 5𝜖2m + 9𝜖d𝜖m

)︀
𝜖 (𝜔) +

+2𝜖d𝜖m (3𝜖d + 4𝜖m). (23)

Relations (5) and (21)–(23), as well as expressions
(6) and (14), are used below to calculate the fre-
quency dependences of the transverse component of
the polarizability tensor in the dipole and quadrupole
approximations.
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2.2. Invisibility and surface
plasmon resonance frequencies

Let the imaginary part of the dielectric function be
much smaller than the real part, and 𝜔𝜏⊥eff ≫ 1. Then,
expression (6) takes the form

𝜖 (𝜔) = 𝜖∞ −
𝜔2
𝑝

𝜔2
. (24)

By factorizing the numerator and denominator in ex-
pression (21)

�̃�⊥ =

(︀
𝜖 (𝜔)− 𝜖(+)

)︀ (︀
𝜖 (𝜔)− 𝜖(−)

)︀(︀
𝜖 (𝜔)− 𝜖(+)

)︀ (︀
𝜖 (𝜔)− 𝜖(−)

)︀ , (25)

putting 𝜖 (𝜔) = 𝜖(±), and substituting in formula (24),
we obtain the following expression for the surface
plasmon frequencies:

𝜔(±)
sp =

𝜔p√
𝜖∞ − 𝜖(±)

, (26)

where

𝜖(±) =
−3𝜖2𝑑 − 9𝜖𝑑𝜖m − 5𝜖2m

4𝜖𝑑 + 5𝜖m
±

±
√︀
9𝜖4𝑑 + 30𝜖3𝑑𝜖m + 49𝜖2𝑑𝜖

2
m + 50𝜖𝑑𝜖3m + 25𝜖4m

4𝜖𝑑 + 5𝜖m
. (27)

Let 𝜖∞ = 𝜖m = 1. Then,

𝜖(±) =
1

4𝜖𝑑 + 5

(︁
− 3𝜖2𝑑 − 9𝜖𝑑 − 5±

±
√︁
9𝜖4𝑑 + 30𝜖3𝑑 + 49𝜖2𝑑 + 50𝜖𝑑 + 25

)︁
, (28)

and the splitting of the SPR frequencies equals

Δ𝜔sp = 𝜔(+)
sp − 𝜔(−)

sp =

= 𝜔p

(︂
1√

1− 𝜖(+)
− 1√

1− 𝜖(−)

)︂
. (29)

The invisibility condition is obtained by zeroing the
numerator in expression (25), i.e., by putting

𝜖
(︀
𝜔#

)︀
= 𝜖(±), (30)

where
𝜔#(±) =

𝜔p√
𝜖∞ − 𝜖(±)

(31)

and
𝜖(±) =

−𝜖m (3𝜖𝑑 + 5𝜖m)

2 (𝜖𝑑 + 5𝜖m)
±

±
𝜖m

√︀
5 (5𝜖2𝑑 + 27𝜖𝑑𝜖m + 5𝜖2m)

2 (𝜖𝑑 + 5𝜖m)
. (32)

Let 𝜖∞ = 𝜖m = 1. Then we have

𝜖(±) =
−3𝜖𝑑 − 5±

√︀
5 (5𝜖2𝑑 + 27𝜖𝑑 + 5)

2 (𝜖𝑑 + 5)
, (33)

and the difference between the invisibility frequencies
equals

Δ𝜔# = 𝜔#(+) − 𝜔#(−)
=

= 𝜔p

(︂
1√

1− 𝜖(+)
− 1√

1− 𝜖(−)

)︂
. (34)

Relations (26), (28), (29), (31), (33), and (34) are
used below to calculate the invisibility and SPR fre-
quencies, as well as their splitting.

3. Calculation Results and Their Discussion

Specific calculations were carried out for Al, Cu, Au,
Ag, Pt, and Pd nanoislands located on a glass sub-
strate (𝜖d = 2.25) and in various environments. The
parameters of metals and matrices are quoted in Ta-
bles 1 and 2, respectively.

Figure 2 demonstrates the frequency dependences
of the real and imaginary parts of the transverse
component of the polarizability tensor for Au hemi-
spheres of various sizes, which were calculated in
the dipole approximation. Note that Re �̃�⊥

dip (~𝜔) is
a sign-changing function of the frequency (Fig. 2, a),
whereas Im �̃�⊥

dip (~𝜔) > 0 in the whole examined fre-
quency interval (Fig. 2, b). In addition, as the size

Table 1. Parameters of metals
(see, e.g., works [36, 37] and references therein)

Parameter Al Cu Au Ag Pt Pd

𝑟𝑠/𝑎0 2.07 2.11 3.01 3.02 3.27 4.00
𝑚*/𝑚𝑒 1.06 1.49 0.99 0.96 0.54 0.37
𝜖∞ 0.7 12.03 9.84 3.7 4.42 2.52
𝜏bulk, fs 8 27 29 40 9.5 7.2

Table 2. Dielectric permittivities of matrices [44]

Matrix Air CaF2 Teflon TiO2 C60

𝜖𝑚 1 1.54 2.3 4.0 6.0
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Fig. 2. Frequency dependences of the real and imaginary parts
of the transverse component of the polarizability tensor calcu-
lated in the dipole approximation for Au hemispheres of various
radii 𝑅 = 10 (1 ), 20 (2 ), and 50 nm (3 )

Fig. 3. The same dependences as in Fig. 2, but calculated in
the quadrupole approximation. The environment is air

of nanoislands increases, the absolute values of the
minima and maxima in Re �̃�⊥

dip (~𝜔) and the maxima
in Im �̃�⊥

dip (~𝜔) grow. Such a behavior of the func-

Fig. 4. The same as in Fig. 4 but for Pt nanoislands

tions Re �̃�⊥
dip (~𝜔) and Im �̃�⊥

dip (~𝜔) is similar to that
of the functions Re �̃�dip (~𝜔) and Im �̃�dip (~𝜔) for the
metal ball.

The calculation results obtained for the fre-
quency dependences of the real and imaginary parts
of the transverse polarizability component in the
quadrupole approximation for Au nanoislands are
shown in Fig. 3. The numbers of minima and max-
ima and their values for Re �̃�⊥

q and Im �̃�⊥
q depend

substantially on the island radius 𝑅. In particular,
the number of extrema and their absolute values in-
crease with the growth of 𝑅. For the island radius
𝑅 = 10 nm, the curves Re �̃�⊥

q have one maximum and
one minimum (Fig. 3 a), and the curves Im �̃�⊥

q have
one maximum (Fig. 3, b). As the radius grows (curves
2 and 3 in Fig. 3), there arise additional extrema
in the dependencies Re �̃�⊥

q (~𝜔) and Im �̃�⊥
q (~𝜔), and

the first minimum of Re �̃�⊥
q corresponds to the first

maximum of Im �̃�⊥
q (~𝜔). The maxima of the imag-

inary part of the polarizability correspond to the
surface plasmon resonance, and the presence of two
peaks is associated with the dipole and quadrupole
contributions.

The frequency dependences of the real and imagi-
nary parts of the transverse polarizability component
for Pt nanoislands (Fig. 4) are qualitatively similar
to their counterparts for Au nanoislands, but the ab-
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Fig. 5. Frequency dependences of the imaginary part of
the transverse component of the polarizability tensor for
(a) nanoislands of various metals, (b) Au nanoislands in vari-
ous environments, and (c) Al nanoislands with various effective
electron masses. In all cases, the environment is air (𝜖m = 1)
and the nanoisland radius 𝑅 = 20 nm

solute values of the extrema in the Pt case are larger,
and the second maximum of the imaginary part is
more pronounced. This is a result of a substantial dif-
ference between the values of the optical parameters
for these materials.

In Fig. 5, a, the frequency dependences of the
imaginary part of the polarization for hemispheri-
cal nanoislands of various metals with the radius
𝑅 = 20 nm are exhibited. It is interesting that the
second maximum for Au or Cu nanoislands is weakly
pronounced, in contrast to Ag, Pd, and Pt islands
with the same radius. This is also a result of a sub-
stantial difference between the frequencies of bulk

Fig. 6. Dependences of the upper and lower branches of
(a) the invisibility frequencies and (b) the SPR frequencies
on the substrate dielectric permittivity for Au hemispheres

plasmons and the contributions of the crystal lattice
to the dielectric permittivity.

The frequency dependences of the imaginary part
of the transverse component of the polarizability ten-
sor for Au nanoislands on a glass substrate and in
various environments are shown in Fig. 5, b. The re-
sults of calculations demonstrate that as 𝜖m increases,
the maximum values of Im �̃�⊥

q and the distance be-
tween the first and second maxima also increase,
whereas the difference between the maximum values
decreases, i.e., the amplitude of the second maximum
approaches the amplitude of the first maximum. This
occurs, because the quadrupole contribution to the
polarizability becomes comparable to the dipole one.

Figure 5, c demonstrates analogous curves for Al
islands with 𝑅 = 20 nm and for various effective elec-
tron masses. One can see that the effective-mass re-
duction gives rise to a “blue” shift of the frequency
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Fig. 7. Dependences of the SPR and invisibility frequency dif-
ferences on the substrate dielectric permittivity for Au hemi-
spheres

maxima in the imaginary part of the polarizabil-
ity, because the frequency of bulk plasmons and,
therefore, the SPR frequency decrease in this case. It
should also be noted that the peaks are sharp and
their broadening is small, which testifies that the ef-
fective relaxation time in Al islands is longer than in
islands of other metals.

The dependences of the invisibility and SPR fre-
quencies on the substrate dielectric permittivity 𝜖d
are shown in Fig. 6. It follows from Eqs. (26) and
(31) that a hemispherical island has two invisibil-
ity frequencies 𝜔

(±)
# and two SPR frequencies 𝜔

(±)
𝑠𝑝 ,

i.e., the splitting of the invisibility and SPR frequen-
cies takes place. Note that the invisibility frequency
𝜔
(+)
# weakly increases, whereas the invisibility fre-

quency 𝜔
(−)
# slightly decreases with the growth of the

substrate dielectric permittivity (Fig. 6, a). At the
same time, the SPR frequency 𝜔

(+)
𝑠𝑝 decreases weakly

and the SPR frequency 𝜔
(−)
𝑠𝑝 decreases strongly, as 𝜖d

grows (Fig. 6, b).
Regarding the splitting magnitudes of the invisibil-

ity frequencies, Δ𝜔#, and the SPR frequencies, Δ𝜔𝑠𝑝,
it is worth noting (Fig. 7) that the difference Δ𝜔# in-
creases very weakly with the growth of the substrate
dielectric permittivity; on the contrary, the splitting
Δ𝜔𝑠𝑝 increases substantially. Thus, for the formation
of an “invisibility” frequency band, it is necessary to
use substrates with the dielectric permeability as low
as possible.

4. Conclusions

The electrostatic problem of determining the poten-
tial in the system “a hemispherical metal nanoparticle
on a dielectric substrate” has been solved in the qua-
sistatic quadrupole approximation. The frequency de-
pendences of the transverse component of the polariz-
ability tensor and expressions for the invisibility and
SPR frequencies are obtained taking the dipole and
quadrupole contributions into account.

It is shown that the growth of the nanoparti-
cle radius 𝑅 makes plasmon resonances more pro-
nounced, with the second resonance appearing at
𝑅 ≈ 20 nm. The presence of two resonances can
be explained by the excitation of the dipole and
quadrupole modes of the surface plasmon resonance.

Owing to different bulk plasmon frequencies, as
well as crystal-lattice contributions, the second max-
imum in the imaginary part of the polarizability for
Ag, Pd, and Pt islands is more pronounced than that
for Au and Cu islands.

The peaks in the frequency dependences of the
imaginary part of the polarization for Al islands are
sharp, and their broadening is low because of the long
relaxation time and the small value of 𝜖∞. As a re-
sult, a substantial splitting of the surface plasmon
resonance takes place.

It is found that, for the formation of an “invisibility
band” in some space region in the immediate vicinity
of the metal nanoisland, substrates made of materi-
als with the lowest values of dielectric permittivity
should be used.

APPENDIX
Expressions for the frequency
dependence pof olarizability accounting for the dipole
and quadrupole contributions

From the boundary conditions (3) at 𝜃 = 𝜋
2
, it follows that⎧⎪⎪⎪⎨⎪⎪⎪⎩

𝐴1 = 𝐷1;

𝐵1 = 𝐶1;

𝜖 (𝜔)𝐴2 = 𝜖𝑑𝐷2;

𝜖𝑑𝐵2 = 𝜖𝑚𝐶2.

(A.1)

In order to apply the boundary conditions at the spherical
surface (𝑟 = 𝑅), let us multiply each term in expressions (15)–
(18) by sin 𝜃𝑃 1

2 (cos 𝜃) and integrate the results over 𝜃 in the
upper half-plane from 0 to 𝜋

2
, and in the lower one from 𝜋

2
to

𝜋. In view of formulas (19) and (20), we obtain
𝜋
2∫︁

0

sin 𝜃𝑃 1
1 (cos 𝜃)𝑃 1

2 (cos 𝜃) 𝑑𝜃 = 3

𝜋
2∫︁

0

sin3 𝜃 cos 𝜃𝑑𝜃 =
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= 3

𝜋
2∫︁

0

sin3 𝜃𝑑 (sin 𝜃) =
3

4
;

𝜋
2∫︁

0

sin 𝜃
[︀
𝑃 1
2 (cos 𝜃)

]︀2
𝑑𝜃 = 9

𝜋
2∫︁

0

sin3 𝜃 cos2 𝜃𝑑𝜃 =

= −9

𝜋
2∫︁

0

(︀
1− cos2 𝜃

)︀
cos2 𝜃𝑑 (cos 𝜃) =

6

5
;

𝜋∫︁
𝜋
2

sin 𝜃𝑃 1
1 (cos 𝜃)𝑃 1

2 (cos 𝜃) 𝑑𝜃 = 3

𝜋∫︁
𝜋
2

sin3 𝜃 cos 𝜃𝑑𝜃

= 3

𝜋∫︁
𝜋
2

sin3 𝜃𝑑 (sin 𝜃) = −
3

4
;

𝜋∫︁
𝜋
2

sin 𝜃
[︀
𝑃 1
2 (cos 𝜃)

]︀2
𝑑𝜃 = 9

𝜋∫︁
𝜋
2

sin3 𝜃 cos2 𝜃𝑑𝜃

= −9

𝜋∫︁
𝜋
2

(1− cos 𝜃) cos2 𝜃𝑑 (cos 𝜃) =
6

5
.

Therefore,

𝜙1 =

𝜋
2∫︁

0

𝜙1 (𝑟, 𝜃, 𝜑) sin 𝜃𝑃 1
2 (cos 𝜃) 𝑑𝜃 =

=

[︂
3

4
𝐴1𝑟 +

6

5
𝐴2𝑟

2

]︂
cos𝜑;

𝜙2 =

𝜋∫︁
𝜋
2

𝜙2 (𝑟, 𝜃, 𝜑) sin 𝜃𝑃 1
2 (cos 𝜃) 𝑑𝜃 =

=

[︂
−
3

4

𝐵1

𝑟2
+

6

5

𝐵2

𝑟3
+

3

4
ℰ0𝑟

]︂
cos𝜑;

𝜙3 =

𝜋∫︁
𝜋
2

𝜙3 (𝑟, 𝜃, 𝜑) sin 𝜃𝑃 1
2 (cos 𝜃) 𝑑𝜃 =

=

[︂
3

4

𝐶1

𝑟2
+

6

5

𝐶2

𝑟3
+

3

4
ℰ0𝑟

]︂
cos𝜑;

𝜙4 =

𝜋∫︁
𝜋
2

𝜙4 (𝑟, 𝜃, 𝜑) sin 𝜃𝑃 1
2 (cos 𝜃) 𝑑𝜃 =

=

[︂
−
3

4
𝐷1𝑟 +

6

5
𝐷2𝑟

2

]︂
cos𝜑.

Substituting these expressions into the boundary conditions
(2) at the surface of the sphere, we obtain four more equations,⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

3

4
𝐴1𝑅+

6

5
𝐴2𝑅

2 =
3

4

𝐶1

𝑅2
+

6

5

𝐶2

𝑅3
−

3

4
ℰ0𝑅,

−
3

4

𝐵

𝑅2
+

6

5

𝐵2

𝑅3
+

3

4
ℰ0𝑅 = −

3

4
𝐷1𝑅+

6

5
𝐷2𝑅

2,

−
3

4
𝐷1 +

12

5
𝐷2𝑅 =

3

2

𝐵1

𝑅3
−

18

5

𝐵2

𝑅4
+

3

4
ℰ0,

𝜖 (𝜔)

[︂
3

4
𝐴1 +

12

5
𝐴2𝑅

]︂
= 𝜖𝑚

[︂
−
3

2

𝐶1

𝑅3
−

18

5

𝐶2

𝑅4
−

3

4
ℰ0

]︂
.

(A.2)

Relations (A.1) and (A.2) compose a system of eight equations
for eight unknowns: 𝐴1,2, 𝐵1,2, 𝐶1,2, and 𝐷1,2. By determin-
ing the quantity 𝐶1 and substituting it into the expression

�̃� =
𝐶1

2𝑅3ℰ0
for the dimensionless polarizability, we arrive at formulas
(21)–(23).
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ПОЛЯРИЗОВНIСТЬ МЕТАЛЕВОЇ
НАПIВСФЕРИЧНОЇ НАНОЧАСТИНКИ
НА ДIЕЛЕКТРИЧНIЙ ПIДКЛАДИНЦI

За умови нормального падiння свiтла на дiелектричну пiд-
кладинку, у квадрупольному наближеннi визначено часто-
тну залежнiсть дипольної поляризовностi металевої пiвку-

лi, розташованої на дiелектричнiй пiдкладинцi. Отримано
спiввiдношення для ефективного часу релаксацiї, а також
для частот невидимостi та поверхневого плазмонного ре-
зонансу. Дослiджено еволюцiю плазмонних резонансiв при
змiнi радiусiв пiвкуль. Обговорюються причини появи двох
резонансiв уявної частини поляризовностi та вiдмiнностей
величини максимумiв уявної частини поляризовностi пiв-
куль рiзних металiв. Пояснюється характер i положення ре-
зонансiв уявної частини поляризовностi для острiвцiв алю-
мiнiю. Наводяться рекомендацiї стосовно створення часто-
тної смуги невидимостi поблизу металевого наноострiвця.

Ключ о в i с л о в а: металева пiвкуля, поляризовнiсть, по-
верхневий плазмонний резонанс, частота невидимостi, ква-
друпольне наближення.
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