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COULOMB C2 AND C4
FORM FACTORS OF 18O, 20,22Ne NUCLEI USING
BOHR–MOTTELSON COLLECTIVE MODEL

Coulomb C2 and C4 form factors with core-polarization effects to 2+ and 4+ states in 18O
and 20,22Ne have been studied using shell model calculations. The two-body effective Wilden-
thal interaction and universal sd-shell interaction A (USDA) are used for sd-shell orbits. Core-
polarization effects are calculated using the Coulomb valance Tassie model (CVTM) and Bohr–
Mottelson (BM) collective model. Some wave functions of the radial single-particle matrix el-
ements have been calculated with harmonic oscillator (HO), Wood–Saxon (WS), and SKX
potentials. The inclusions of core-polarization effects give good agreements with experimen-
tal data as comparing with model space calculations. The results for different potentials are
compared.
K e yw o r d s: 𝑠𝑑-shell nuclei, longitudinal form factors, Coulomb form factors, Nushellx@MUS
code.

1. Introduction

The shell model remains the important theoretical
tool for understanding the properties of nuclei. It can
be used to provide the qualitative understanding in
its simplest single-particle form, but it is also used as
a basis for calculations that are much more complex
and complete. The expansion of its application seems
to be limited in the near future. The shell model takes
a particularly important position, basically because
the shell model is a more fundamental framework
based on a minimum number of assumptions in ad-
dition to the fact that the shell model has been ex-
tremely successful in describing the light nuclei at low
excitation energies. The shell-model assumption says
that we can separate the system into a core part and
a valence part, and describe the interaction between
the core and the valence particle, and that among
the valence particles. The interaction between them
will excite the core. This process, known as the core
excitation, will then give rise to an effective force be-
tween the valence particles, since two of them will
have their state to be shifted as a consequence of
their interaction with the core, while the core has
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returned to the original state. This process can be
described as a polarization of the core by one of the
valence particles. The scattering of high-energy elec-
trons by the nucleus is very useful as a means of
elucidating the nuclear structure [1]. Nuclear size es-
timates were made using the scattering energy be-
low 50 MeV, but the most significant contributions
were made to electron energies in the interval 100 to
900 MeV, so that the amount of information that can
be extracted from the energy electron scattering de-
pends on the magnitude of the de Broglie wavelength
of the incident electrons compared to the radius of
the scattering nucleus, so that the electron acts as a
probe for the study of the nuclear structure [1]. There
are many reasons, why the electron-nucleus scatter-
ing is considered to be an excellent tool to study
the nuclear structure. The basic interaction between
the electron and the target nucleus is known. Since
the interaction is relatively weak, one can make mea-
surements on the target nucleus without greatly dis-
turbing its structure. The universal sd-shell interac-
tion (USD) Hamiltonian [2] provided realistic sd-shell
(1𝑑5/2, 1𝑑3/2) wave functions for use in nuclear struc-
ture models, nuclear spectroscopy, and nuclear astro-
physics for over two decades. It is also an important
part of the Hamiltonian used for the p-sd [3] and sd-pf
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[4–6] model spaces[7]. The USD Hamiltonian is con-
struct by 63 two-body matrix elements (TBME) and
three single-particle energies (SPE) given in Table
I of Ref. [8]. The USDA (universal sd-shell interac-
tion A) interaction [7] is a new USD-type Hamilto-
nian based on 66 parameters to fit 608 energy data in
sd-shell nuclei (A = 16–40) with a root mean square
(rms) deviation of 130 KeV and 170 KeV, respectively
[7]. This interaction has been resolved the fluorine
problem and as well as all of the oxygen isotopes are
unbound. The single-particle energies for USDB are
2.1117 MeV, –3.9257 MeV, and –3.2079 MeV for the
1𝑑5/2, 1𝑑3/2, and 2𝑠1/2 orbitals. Richter and Brown
[9] have made a comparison between the experimental
and theoretical results of corresponding levels in 26Mg
levels based on energies, electron scattering form fac-
tor. Results based on the new sd -shell interactions
USDA and USDB.

Coulomb form factors of C4 transitions in even-
even 𝑁 = 𝑍 sd -shell nuclei (24Mg, 28Si and 32S)
have been investigated by R.A. Radhi [10] by in-
volving the higher-energy configurations outside the
sd-shell model space which are called core polariza-
tion effects. The calculated of Coulomb and longitu-
dinal form factors with different model spaces have
attracted much attention of many authors like in
[11]. Some theoretical papers on electron scattering
form factors in p-shell [12, 13], sd and fp-shells [14–
17] and Sn isotopes [18] have been studied and give
agreement comparing with experimental data.

2. Theory

The Tassie model (TM) used for the core polarization
in Nushellx@MUS is a modeling of more elasticity
and modification that allows a non-uniform mass and
charge density distributions [13]. The polarization of
the core (CP) charge density in TM model depends on
the ground state charge density of the nucleus. The
ground-state charge density is expressed in terms of
the two-body charge density for all occupied shells
including the core. Based on the collective modes of
the nuclei, the Tassie shape CP transition density is
given by [19],

𝜌core𝐽𝑡𝑧 (𝑖, 𝑓, 𝑟) =
1

2
𝐶(1 + 𝜏𝑧)𝑟

𝐽−1 𝑑𝜌0(𝑖, 𝑓, 𝑟)

𝑑𝑟
, (1)

where 𝐶 is a proportionality constant, and 𝜌0 is the
ground state two-body charge density distribution,

which is given [21],

𝜌0 =
⟨
𝜓|𝜌(2)eff (r)|𝜓

⟩
=

=
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where
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where 𝑖 and 𝑗 are all the required quantum numbers,
i.e., the functions 𝑓(𝑟𝑖𝑗) are the two-body short-range
correlation (SRC). In this work, a simple model form
of short-range correlation has been adopted, i.e. [19],

𝑓(𝑟𝑖𝑗) = 1− exp[−𝛽(𝑟𝑖𝑗 − 𝑟𝑐)
2], (4)

where 𝑟𝑐 is the radius of a suitable hard core, and 𝛽
is a correlation parameter.

The Coulomb form factor for this model be-
comes [20]:
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where the first term gives zero contribution, the sec-
ond and third terms can be combined together as [19],

−𝑞
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0

𝑟𝐽+1𝜌0(𝑖, 𝑓, 𝑟)
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Fig. 1. The longitudinal C2 form factors for the transition
of the 2+1 (1.982 MeV) state in 18O, using the BM collective
model and Tassie model with HO potential

Fig. 2. The longitudinal C2 form factors for the transition of
the 2+1 (1.982 MeV) state in 18O, with the BM collective model
and Tassie model, with Wood-Saxon (WS) potential

from the recursion of the spherical Bessel func-
tion [19],[︂
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Therefore, the form factor of Eq. (5) takes the
form [21]:
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The proportionality constant 𝐶 can be determined
from the form factor evaluated at 𝑞 = 𝑘, i.e. sub-
stituting 𝑞 = 𝑘 in the above equation, we ob-
tained [21],
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. (11)

3. Results and Discussion

Calculations are presented 2+ in 18𝑂 and 22Ne with
excitation energies of 1.982 and 1.725 MeV, respec-
tively, and 4+ states in 20Ne nuclei with excitation
energies of 4.247 MeV. These calculations are per-
formed using Wildenthal (W) and USDA effective
interactions for the sd-shell model to generate the
OBDM. These calculations are performed using the
shell model Nushellx@MUS code [22]. The wave func-
tions for single particles are those for the HO, WS,
and SKX potentials. According to the sd-shell model
concepts, it is described as an inert core of 16O plus
2, 4,and 6 nucleons for 18O, 20Ne, and 22Ne, respec-
tively, which are distributed over the sd-shell. The
comparison between the theoretical and experimen-
tal C2 and C4 form factors shows a goodagreement.

The longitudinal C2 form factors for 2+

(1.982 MeV) state in 18O nucleus calculated three po-
tentials: HO, WS, and SKX on sd-shell model wave
functions, which are shown in Figs. 1–5. The CP
effects with the Tassie model and Bohr–Mottelson
collective. The USDA interaction has been used to
calculate the coulomb C2. Figures 1, 2, and 3 show
a comparison between the calculated form factors
with the inclusion of CP effects by the Tassie model
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Fig. 3. The longitudinal C2 form factors for the transition of
the 2+1 (1.982 MeV) state in 18O, with the BM collective model
and Tassie model (TM), with SKX potential

Fig. 4. The longitudinal C2 form factors for the transition of
the 2+1 (1.982 MeV) state in 18O, with the Tassie model, with
HO, WS, and SKX potentials

(dashed curve) and BM model (solid curves) for
three potentials. The C2 form factor with the BM
model which is shown by the solid curve in Fig. 1,
where the data are in a good agreement for the
momentum transfer interval (1.5–2) fm−1 comparing
with calculations with Tassie model. All calculations
were performed using the HO wave function with
size parameter 𝑏 = 1.80 fm [23]. In Fig. 2, the

Fig. 5. The longitudinal C2 form factors for the transition
of the 2+1 (1.982 MeV) state in 18O, with the BM collective
model, with HO, WS, and SKX potentials

Fig. 6. The longitudinal C2 form factors for the transition of
the 2+2 (3.919 MeV) state in 18O, with the BM collective model
and Tassie model (TM), with HO potential

calculations in the BM collective model with the WS
potential give a good agreements for the momentum
transfer interval between (0.5–1.6) fm−1 comparisons
with the Tassie model, while TM enhances the form
factor and reproduces the measured form factors in
the region between (1.6 < 𝑞 < 2.5) fm−1. Figure 3
shows that the inclusion of CP effects using the BM
collective model with SKX potential give agreements
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Fig. 7. The longitudinal C2 form factors for the transition of
the 2+2 (3.919 MeV) state in 18O, with the BM collective model
and TM, with SKX potential

Fig. 8. The longitudinal C4 form factors for the transition
of the 4+1 (4.247 MeV) state in 20Ne, with the BM collective
model and Tassie model (TM), with Wildenthal (W) effective
interaction

with the experimental data for the first maximum
region between (0.5–2) fm−1, while, in the second
maximum region (2–2.7) fm−1, we observe that
the TM gives a good agreement comparing with
the BM collective model which fails to describe the
experimental data [24].

The C2 form factors for 22+ (3.919 MeV) state in
18O nucleus are calculated with two potentials: WS

Fig. 9. The longitudinal C4 form factors for the transition
of the 4+1 (4.247 MeV) state in 20Ne, with the BM collective
model and TM, with the USDA effective interaction

Fig. 10. The longitudinal C2 form factors for the transition
of the 2+1 (1.275 MeV) state in 22Ne, with the BM collective
model and Tassie model, with the HO potential

and SKX in the sd-shell model wave function, which
are shown in Figs. 4–7. In Fig. 4 and 5, which repre-
sented the relation between C2 form factor as a func-
tion of the momentum transfer, we notice that the
calculations in the BM collective model with the HO
and WS potentials give a good agreements in the first
maximum momentum transfer region between (0.5–
1.6) fm−1, comparisons with the experimental data
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Fig. 11. The longitudinal C2 form factors for the transition
of the 2+1 (1.275 MeV) state in 22Ne, with the BM collective
model and Tassie model, with the WS potential

interval between (0–2.5) fm−1. The calculations with
TM fails to describe the experimental data [24] in the
whole momentum transfer region.

The longitudinal C4 form factors for 4+1
(4.247 MeV) state in 20𝑁 nucleus with the HO
potential. These calculations are performed using
the Wildenthal (W) and USDA effective interactions
for the sd-shell model to generate the OBDM. Fi-
gures 8, 9 show that the calculation with model
space only fails to describe the experimental data
up to a momentum transfer of 1.5 fm−1, while the
C4 form factors using the TM and BM collective
models give agreements in the region of momentum
transfer between (0.8–1.4) fm−1. The model space
after 1.5 fm−1 gives acceptable agreement with
experimental data [25].

The Coulomb (C2) form factor as a function of the
momentum transfer (q) for 21+ (1.275 MeV) in 22Ne is
shown in Figs. 10 and 11, where the solid curve and
dashed curve are represent calculations using the BM
collective model and TM, respectively. These calcu-
lations are performed using the HO and WS poten-
tials to calculate the wave functions of radial single-
particle matrix elements. The theoretical results for
the BM collective model and TM in first peak are
successful to describe the experimental data [26] using
the HO and WS potentials at the momentum transfer
region between (0.5–1.3) fm−1.

In general, the importance of the core polarization
effects in some longitudinal components of form fac-
tors remains as an open question. The calculations
with core polarization effects may be affected by some
important parameters such as effective charges (pro-
tons and neutrons), the size parameters for the HO
potential, the type of potentials and the type of ef-
fective charge which is used in calculations. However,
our aim in this work is to study the BM collective
model and TM contributions without adjusting any
parameter.

4. Conclusions

Coulomb C2 form factors are calculate for 2+ in
18O and 22Ne with excitation energies of 1.982 and
1.725 MeV, respectively, and C4 in 20Ne nuclei with
excitation energies 4.247 MeV. The Wildenthal (W)
and USDB interactions for the sd-shell are used with
the TM model and the BM collective one for the
core polarization calculations. The core polarization
effects on form factors with using the BM collective
model and the TM one are found to be very needful
in the calculations of the C2 and C4 form factors and
gives good agreement over the sd-shell model calcula-
tions for the form factors. The results of C2 form fac-
tors for 2+1 (1.982 MeV) of 18O fail to describe the ex-
perimental data in the second maximum region. The
C4 results for 4+1 state for 20Ne nucleus deviated from
the experimental data at the momentum transfer re-
gion after 1.5 fm−1. In this work, the calculations are
performed without adjusting any parameter.
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КУЛОНIВСЬКI C2 ТА C4
ФОРМФАКТОРИ ЯДЕР 18O, 20,22Ne
У КОЛЕКТИВНIЙ МОДЕЛI БОРА–МОТТЕЛЬСОНА

В рамках оболонкової моделi розраховано кулонiвськi C2
та C4 формфактори ядер 18O i 20,22Ne з урахуванням
ефектiв вiд поляризацiї кора в 2+ та 4+ станах 18O i
20,22Ne ядер розрахованi в рамках оболонкової моделi. Ви-
користано двочастинкову ефективну взаємодiю Вiлдента-
ля i унiверсальну взаємодiю А в sd-оболонцi (USDA). Для
розрахунку ефектiв вiд поляризацiї кора використано мо-
дель Тассi з кулонiвською взаємодiєю та колективну модель
Бора–Моттельсона. Для потенцiалiв гармонiчного осциля-
тора, Вуда–Саксона та SKX знайдено хвильовi функцiї, якi
входять до радiальних одночастинкових матричних елемен-
тiв. Врахування ефектiв вiд поляризацiї кора дає краще
узгодження з експериментальними даними в порiвняннi з
iншими просторовими моделями. Спiвставлено результати
для рiзних потенцiалiв.

Ключ о в i с л о в а: ядра з 𝑠𝑑-оболонкою, поздовжнi
формфактори, кулонiвськi формфактори, програмний код
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