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MIRROR SYMMETRY

AS AN OPERATOR ALGEBRA
IN THE NONCOMMUTATIVE SPACE-TIME GEOMETRY

The analysis of the geometric and algebraic properties of mirror mappings allowed the latter to
be used as the operator algebra of a noncommutative geometry. The coordinates of the noncom-
mutative geometry are auto- or cross-correlation coordinates in the mirror-mapped spaces. A
particular case of the six-dimensional Kdihler manifold which is mapped on the noncommutative
geometry with the vector Clifford algebra Cly has been considered. This mapping corresponds
to a tetraquark composed from two quark—anti-quark pairs with the charges :I:%q taken from

different generations.
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1. Introduction

Recent decades have been marked by substantial ad-
vances reached in the application of geometric meth-
ods to physics. First of all, it concerns the appearance
of the string theory of space-time [1,2]. In the frame-
work of this theory, the mirror symmetry of the geo-
metric parameters of the Calabi—Yau spaces was dis-
covered [3], which considerably simplified the obtain-
ing of the solutions of the approximate equations of
the theory in the mirror approach, whereas the physi-
cal content of the results remained the same. Despite
the impressive results, the string theory still remains
incomplete, because nobody knows which of the vast
number of possible six(or more)-dimensional spaces
corresponds to the physics of our space-time. Ho-
wever, the fathers of string theory do not lose their
optimism and hope for that the further progress is
possible by means of replacing the conventional ge-
ometry with a new apparatus, the noncommutative
geometry.

The fundamentals of the noncommutative geome-
try have been developed by Alain Connes [4] for quan-
tum fields. He used an operational algebra to describe
the geometry. However, in this approach, some dif-
ficulties concerning the primordial state description
still remain unresolved [5].

The aim of this work was to study the methods
by means of which the mirror symmetry can map a
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six-dimensional complex space into a noncommuta-
tive geometry, as well as to find which physical pro-
cesses can correspond to this procedure. The results
of the work can be applied in nuclear physics, quan-
tum mechanics, quantum electrodynamics, string the-
ory, gravitation theory, and astrophysics.

2. Geometry and Algebra
of Mirror Mapping

2.1. Fundamentals of the geometry

Mathematics gives us examples of the mirror symme-
try. Positive and negative numbers form mirror pairs
of the sinverse symmetry with respect to zero. A com-
plex number z and the conjugate one z* form a mirror
pair with respect to the real axis. A combination of
the inverse and permutation symmetries with respect
to the unit circle is demonstrated by the mirror pair
z and 1/z*.

In geometry, historically, let us proceed a posteri-
ori. Figure 1 demonstrates mirror mappings (mirror
symmetries) of a plane located in a coordinate frame
with the orthogonal basis vectors 1 and 2. The ori-
entation ¢ of the plane “mirror” is the multiple of a
rotation by an angle of 45°, i.e., ¢ = kw/4, where
k=0,1,2,3. If ¢ > 7, the reflection in the “mirror”
has no sense. The discrete orientation of the “mirrors”
and the pronounced symmetries of the initial and re-
flected basis vectors are interrelated and correspond
to different properties of the mirror mapping, the in-
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Fig. 1. Mirror mappings of oriented planes

1 2
I I 111
Q ®
Ag/l2

Fig. 2. “Translation” by means of two mirrors

verse and permutation symmetries. In addition, the
reflected mirror symmetries (see Figs. 1, ¢ and d)
are opposite to the symmetries shown in Figs. 1, a
and b. Note that, for opposite symmetries, the orien-
tations of the “mirrors” are orthogonal in the phase
space of their rotation.

There is another, rather unusual geometric symme-
try, which can be called “translation”. This symmetry
consists of a kit of two plane mirrors separated by
the “distance” Ag/2 (Fig. 2). It has some specific fea-
tures. The sizes of zones I-1II, where this symmetry is
valid, are identical and equal to Ag/2. An arbitrary
point in zone I can be transferred by the distance
Aq to turn out in zone III. An unusual character of
this symmetry consists in the dimension of the physi-
cal quantity Ag. Indeed, let us define a 2-dimensional
unit vector in zone I. In polar coordinates, it is de-
scribed by a single parameter Aq = ¢. Assuming that
p=an/2(a=0,1,2,3) in zone II, we obtain another
geometric representation for Figs. 1, a to d.

This is a rather trivial result, which illustrates that
the same result can be achieved by rotating either
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the “mirror” or the reflected coordinate system (by
rotating a unit vector in the fixed coordinate sys-
tem). However, there is a significant difference be-
tween those rotations: the vector rotates by the angle
Ay, whereas the “mirrors” must be rotated by the an-
gle Ap/2. The situation becomes complicated, if the
coordinates (7, ) are determined in zone I, and they
can be reduced to the previous ones, if the first mir-
ror is “normalized” by 1/r2. However, a manifold with
the coordinates (1/r, ) is mapped in zone III in this
case. This example describes one of the variants of
the appearance of the so-called T-duality in the string
theory, which was considered in work [6]. Finally, one
can imagine a scenario with generalized “mirrors”, the
distance between which is measured in action units h,
where h is the Planck constant. In this case, Fig. 2 is
a good illustration of the uncertainty relation.

2.2. Properties of mirror-image operators

The symmetry of vectors in Figs. 1, a and b can be
expressed via the mirror-image operators s; and so. If
the notation in the form of ket and bra vectors, 1
|+) and 2 — |—), are used for the vectors in Fig. 1,
then, immediately from Figs. 1, a and b follows the
action of these operators on the indicated vectors:

sil4) =+1]4),  si|-) =-1]-),

so|+) = +1|-), So|—) = +1]+). (1)

The basis vectors |[+) and |—) are eigenvectors of the
operator s; with the eigenvalues A\, = +1. For nor-
malized orthogonal basis vectors, their scalar product
is defined as (£|+) =1 and (+|F) = 0.

From the last expression, it is possible to directly
obtain a matrix representation for the Hermitian op-
erators of mirror mappings,

S1 = ((1) _01>7 S2 = <(1) (1)> (2)

These operators form a rectangular basis of the vec-
tor Clifford algebra Cls, where the scalar product is
defined as the anticommutator so that

1 1
S1 82 = §[Sl,sz]+ = 5(8182 +s981) =0,
and the external (vector) product as the commutator
so that

1

1
S1 A So = i[sl,sﬂ = 5(5152 — SQSl) = S1S2.

ISSN 2071-0186. Ukr. J. Phys. 2022. Vol. 67, No. 2



Mairror Symmetry as an Operator Algebra

In the vector algebra Cls, the quantity s;s; is a bivec-
tor or an axial vector, and the operators +s;s, de-
termine J-transformations, i.e., rotations by angles
+90°. In particular, (s1s2)s1 = —sg is the left turn,
and (s2s1)s; = so the right one. This operator can
also be represented in the form sys, = is3, where s3
complements the basis vectors in Cly to the vector
algebra Cls. The complete algebra Cls has eight lin-
early independent basis elements, additionally includ-
ing the scalar 1, three bivectors by = is; = €xi;S;s,
where €;; is the Levi-Civita symbol, and the pseu-
doscalar I = sys983 = ¢1. The Cl3 algebra possesses
a new symmetry, ¢1, which, for example, transforms
the real plane into the purely imaginary one.

Combinations with new symmetries generate a new
kind of symmetry, projectors Pj. Let us form the op-
erator Pyy = %(1 + si) with the following proper-
ties: (Py+)? = Piy and P Pj_ = 0. The result
of its action, for example, on the basis vectors looks
like P14 (|4+) + |—)) = |+). To put it differently, in
the “mirror-world”, the projector P distinguishes (re-
moves) one dimension from the plane.

It should be noted that the combinations of the
scalar 1 with the mirror-image operators in the al-
gebra Cly made it possible to determine all three
known systems of complex numbers depending on
the properties of the squared imaginary unit: €2 =
= 0,21 [7]. On the other hand, the geometrical mir-
ror symmetries in Fig. 1 indicate the existence of mir-
ror symmetries generated by the operators s; (the or-
dinary “mirror”) and —s; (the “anti-mirror”). Here, we
may naturally add 1 — sg (the “identical mirror”) and
i1 (the “imaginary mirror”), as well as the bivectors
by, as the elements of J-transformation.

The formalization of mirror mappings using the
vector Clifford algebra made it possible to consid-
erably extend our understanding of mirror symme-
try. That is why it is expedient to consider the alge-
bra Cls as a generalized formulation of mirror sym-
metry and consider its properties and the operations
in it as a consequence of the extended law of mirror
symmetry.

The operator notations —s; and —sg are not acci-
dental, because the spectral mapping

Fi(y) =V (g’) s, V™! (;p) (3)

is defined for the matrix representation of the diag-
onal operator s;, where V (%) is the corresponding
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2
crete rotation angles ¢ = am/2, where o = 0,1,2,3,
the “spectrum” of s; has the form

rotation matrix and V (%) A\ (ﬂ) = 1. For the dis-

F1 = {sl,sz,—sl,fSQ}. (4)

From whence, it follows that the discreteness of the
rotation angle Ay = 7/2 as an element of J-trans-
formation is associated with the conservation condi-
tion for the inverse and permutation symmetries.

The mirror symmetry implies the presence of an
initial space and a mapped one (a “mirror world”).
The initial space is constructed on the eigenvectors
gplf)2 of the mirror-image operators sy, which, in turn,
belong to the three-dimensional Kéhler manifold with
the components (£,7), where £ = = + iz and n =
= y—iz [7]. Let us introduce a multi-dimensional vec-
tor space H(x?,x!,...) and a vector |R) in it, which
is projected onto the plane of eigenvectors of the op-
erators sy,

|R) = |r*) = rilet) +r31¢5), (®)

where |r¥) is the k-representation of the vector |R),
and r¥ = (¢F|R) are the covariant coordinates of
|R) in the basis |pk) of eigenvectors of the opera-
tors sy. For complex coordinates, the Hermitian op-
erators sj give real values for the quantities like
G¥ = (r¥|si|r*) = |r¥|? + |r5|. The latter expression
is the scalar product of the vector |r¥) and the vec-
tor (r*| belonging to the conjugate space and mirror-
mapped by the operator s, (r*|..t = (r¥|s,. This ex-
pression corresponds to the mutual correlation (cross-
correlation) of vectors at the mirror mapping.

3. Spectral Representation
of Mirror-Image Operators
and the Quantization in the “Mirror World”

3.1. Spectral-representation operators

Under the conservation condition for the inverse and
permutation symmetries for mirror mappings, the
spectral representation of the mirror mapping opera-
tor s; (4) has to be considered discrete. In this case,
the spectral components of s; » and —s; 2, which are
positive and negative “spectral frequencies”, have to
be separated in some way. Figure 1 suggests that such
a possibility does exist if each pair (s 2, —s1,2) of the
orthogonal basis vectors generates a (hyper) plane
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and serves as a basis in a new vector space; in other
WOI‘dS, if (51’2, —SLQ) = €e1,2.

The discreteness of the “spectrum” can be intro-
duced in the following manner. In expression (3) for
the “spectrum” of the diagonal operator s, the rota-
tion matrices can be expressed in terms of quaternion
and the result can be reduced to the form

Fi{s1} = exp(—is3zip)s1 = F3(¢)s1, (6)

where the bivector s;so = is3 is defined as a quater-
nionic imaginary unit, and F3(¢)) denotes a spectral
transformation operator. Let us express the latter in
the form of an integral which performs the required
discretization and reflects the action of the +s oper-
ators in various spaces,

Fs=o / dip O (1)) ® exp(—iszp), (7)
0

where O,(¢) has the structure of the matrices
Sq (@ = 0,1,2,3) consisting of Dirac delta functions
5(¢), and ® denotes the Kronecker product. Using
the operator sy in the matrix representation, we ob-
tain one of possible discrete representations for @ (v)
in the form

1 (50 —n2n
@0(¢):2( (v 0 2m) 5(¢—7?—n27r)>+
1 (6(¢— 5 —n2m) 0
+2( 0 (5(1/)—32“—71277)) (8)

where the periodicity of the quaternionic variable is
taken into account and n =0, 1,2, .... For ©,(¢), the
normalization condition looks like

o)
1

N{so} = %/dzb@o(ib) ®@sp = (SOO S%) =ep. (9)

0

Then, from formula (7), we obtain

A= |5 %) (5% as)] e

® exp(—iszn 2m). (10)
In this expression, the quantity exp(—iszn2m) = sg
and does not affect the form of the matrices. But
it shows that a discrete series of operators F in the
s1sa-bivector coordinate is formed. The action of the
operator F3 on s; is defined as F3 ® s; and brings
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about the basis vectors F3 ® s; = 3(e; + e) and
F3 Q89 = %(—el + e2), where the new basis vectors

are

_ (s1 0 _ (82 0
€1 = (O —sl)’ €2 = (0 —s9 °
Expressions (8) and (10) illustrate an example of ge-
ometric discretization along the bivector axis.

Spectral representation (7) of O, (¢)) with the ma-
trix sg is a discrete analog of the mathematical def-
inition of the spectrum of diagonal matrices and the
geometric interpretation of the orthogonality concept
for the mirror-symmetry operators s; o and —sj 2. In
integral (7), the matrix ©,(¢)) can be generalized to
all matrices of the basis vectors s, in the Cls alge-
bra but the spectral representation is realized only
for even «-values, i.e., @ = 0 and 2. This fact makes
it possible to obtain various spectral representations
for 4 x 4 matrices, including those that are applied in
quantum mechanics (the Majorana and Dirac repre-
sentations). Really, for ©3(1), the above operations
give

_ 0 S1 _ 0 So
oL %) - (5 %)
where 71 2 are the Dirac matrices in the indexing of

mirror-symmetry operators. The normalization inte-
gral produces a new vector,

oo

(11)

(12)

1

Nafso) = o [ dwesw)mso= (8 F) —es

0

(13)

The matrices ;2 are bivectors because (712)? =
= —eg. They can be expressed in terms of the new
vector e4 in the form 7, = eje4 and v = eqey.

The quaternion Q3 = exp(—is3y) determines rota-
tions in the plane {s1,s2} of the basis vectors s; and
s2. In work [7], it was shown that the quaternions
Q1 = exp(—is1¥) and Qo = exp(—iszt)) determine
rotations in the planes {ss,s3} and {ss,s;}, respec-
tively. The application of these rotations in Eq. (7)
allows one to obtain additional spectral representa-
tions for the mirror-symmetry operators:

1
F1®sy = 5(32 +e3),

1
Fi1®s3 = 5(—92 +e3),

1
Fo®s3 = 5(63 +e1),

1
]:2 K81 = 5(—93 + el).
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The operators e, (« = 0, 1,2, 3,4) form the basis vec-
tors of the Cly algebra in noncommutative geometry.

3.2. Spectral representation
in terms of physical variables

Integral (7), which implements the discrete spec-
tral representation of mirror-symmetry operators, is
based on the mathematical and geometric proper-
ties of these operators. As a result of application of
the spectral representation, there appeared an ad-
ditional geometric discretization along the bivector
axes, which is associated with the periodicity of ro-
tation processes. These discrete properties of non-
commutative geometry require that possible physi-
cal processes ensuring their emergence should be ana-
lyzed. Physical variables appear when factorizing the
phase ¢ = wt = 2xt/T, where T is the rotation
period, or, in the other notation, ¢ = 2xEt/h =
= 27S/h, where F is the energy of the rotation pro-
cess, 2rE/h = w, S has the action meaning, and the
normalizing constant h is assumed to be equal to the
Planck constant. In such cases, the integration vari-
ables in Eq. (7) change to t or S, and the quantities
1/T and 1/h transform into the factors (1/7)~! and
(1/h)~1, respectively, in the operators e,. By anal-
ogy with the quantum-mechanical operators of coor-
dinate, q, and momentum, p, these two types of fac-
torization lead to spectral representations that can be
called the “frequency” or the “quantum” representa-
tion, respectively.

There are conditions under which those two rep-
resentations are equivalent. Let us assume that the
rotation process itself is a physical process when the
exponential factor in Eq. (7) is substituted by the
operator R = F exp(—isgwt), where F is the energy
of the process R. In the course of this process, the
parameters E and w vary within certain limits. The
condition that the spectral representation is indepen-
dent of the R-process parameters can be formulated
from Eq. (7), in particular, in the form
(E1T1 — EQTQ)(el + 62) =0. (14)
Whence it follows that E1T7 = EsT5 = const. If we
put this constant equal to the Planck constant A, then
it follows that E = hr and R is a non-classical rota-
tion process. As a basic integral for the spectral rep-
resentation in terms of physical variables, we adopt
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the following expression with wt:

Fi = 27r/dt90)2(t) ® exp(—isywt).
0

(15)

It should be noted that when factorizing the phase
¥ = 2wS/h and integrating over the variable S,
the arguments of the delta-functions take the form
S — imh — nh, where m = 0, 1,2, 3. This expression
shows that s, and —sj in terms of action differ from
each other by half the action quantum, %h This fact
confirms a possibility of the physical realization of

Fig. 2 with Ag/2 = h/2.

4. Correlation Representation of Mirror
Mappings in Noncommutative Geometry

Let us introduce autocorrelation operators GF =
= |r*)(r*|. For normalized vectors |r*), they have the
projector property (G¥)2 = GF. Let us also define
the operators K¥, = GFs,s;..., which correspond
to the mutual correlation (cross-correlation) between
the vector |r*) and the vector (r¥| located in the
conjugate space and mirror-mapped by the operators
$,8;..., i.e., (r¥|ret = (r¥|s,s;.... The operators Kfl
possess the following property:

Ky [ty = pr vy, i = lsese ), (16)
where pF, are the eigenvalues of the cross-correlation
operator K¥, . These numbers are scalar products
of vectors in the initial and mirror spaces. This con-
dition guarantees the existence of the operator ex-
pression pX s.s;... and the representation of the
cross-correlation operator eigenvalues up to constant
factors A, that are eigenvalues of the operators
$,8;.... It is this circumstance that makes it possible
to change from the operator representation of s, to
a pure vector interpretation of s, as basic vectors in
noncommutative geometry. From the definition of the
operator G* and expression (5), we obtain

G = [r{"Ply + |31 Pha + 7175 Pl + 571"y, (17)
where pF, = |@F)(ph*|, and the asterisk (*) means
the complex conjugation. The operators p¥, have
the property (p%,,)? = p¥,,6nm, where 4, is the
Kronecker symbol. In other words, the operators p¥
determine projectors and (p%,.)? = 0 (n # m). Ho-
wever, the commutator of the operators p¥, and pk;
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equals [p¥y, p5,] = PY, —Ph,. If we express the projec-
tors p’fm in terms of the mirror-symmetry operators
sk in the standard form,

1

pi; =pt = (1 +s), (18)
1

plzcz = P]i = *(1 - Sk)v (19)

2

then [pf,, p5;] = s.-
In the Cl; algebra, the operators p¥,, can be rep-
resented using two pairs,

1 . 1 .
Pl = 5(81 +is3), Pay = 5(81 — is3) (20)
and
1 1 . 1 1 .
P12 = 5(52 +1is3), P21 = 5(52 — i83). (21)

The former generates the k = 2-representation for the
operator —ss, and the latter the k£ = 1-representation
for the operator s;. An analysis shows that the gen-
eral expression for the representation GF in the k-
basis looks like

1
G' = §5klr[|7"]1€|2(1 + 1) + [r5 P (1 —sp) +

k., kx* k_kx

+rirs* (s +is,) + ryry™ (s — is,)], (22)

where ey, is the Levi-Civita symbol for the permuta-
tions (123), (231), and (312). Therefore, the formula
for G! in Eq. (22) has the form

G' = goSo + 911 + 9382 + g5ss, (23)
where the expansion coefficients are as follows:
1Lk k2 11k k|2
9o = 57"+ 1r317), g1 = s(r1" = Ir3]),
2 2
Z. (24)
b = S0k k), ob = Torhed ek,

and ¢ is the imaginary unit. The expansion coeffi-
cients g} are real numbers, and G! looks like

2 *
r rr

G1:|T1><T1|: | 1‘ 1 22 )
rory |rol

In optics, G is called the coherence matrix for qua-
si-monochromatic radiation, and the parameters 2g,
are called the Stokes parameters describing the po-
larization of electromagnetic waves. Expansion (23)

122

(25)

is complete because four G components are repre-
sented by four linear combinations of four linearly in-
dependent matrices s,. If we turn to expression (16)
for the cross-correlation operator KX and sum up
a construction of the type pXs,, where p, = 2ga,
over «, then, to an accuracy of a factor of 2, we
will obtain a representation for the autocorrelation
operator G! in the initial space. Thus, expressions
(22) and (23) reflect the correlation properties of a
two-dimensional vector space with complex coordi-
nates mirror-mapped onto a four-dimensional basis of
a vector space with noncommutative geometry. This
4-basis can be considered as hyperbolic hypercomplex
numbers and the conjugation of the form §y = sy and
S = —si (the Clifford conjugation) can be intro-
duced. By analogy with complex numbers, for which
2122 = (Z1 - 22) +1i[Z1 X 29] for this 4-basis, the metric
tensor fiop is defined as a scalar product in the form

_ 1, _

pap = (Sa - 8p) = 5(8a8s +5p8a), (26)
where o, = 0,1,2,3. The tensor p,p is diagonal
with the signature diag(u.g) = = (1,—-1,-1,-1),
which is characteristic of the Riemannian (Minkow-
ski) space. The external product is also defined as

_ 1, _

(S8a Nsg) = §(Sasﬁ —83Sq). (27)
Formulas (26) and (27) written for the 4-basis are also
valid for 4-vectors.

5. Spectral Transformations
at Mirror Mapping

5.1. Tangent spaces at mirror mapping

Let us analyze the tangent space — more precisely,
the tangent subspace — for the vector |r¥) in the ini-
tial space and its components at mirror mapping. The
components of the vector |r*) are separated using the
projectors Ppy = %(1 +5s;) according to the formulas

{Ir)}+ = Prylr®) = 75 +)x,
{Ir)}= = Pr|r®) = 75D

The basis vectors of the tangent space are formed on
the basis of the action on the components {|r¥)}.
of the covariant 4-gradient with differentiation with
respect to the coordinates x® in the basis of the op-
erators s,.
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Let us define the 4-gradient as V = Jysg— V, where
V = Oksy is the vector part (here, summation over
the repeated index is implied). Since Py = (Py+)?,
the action of 4-gradient on the components {|r*)}.
gives rise to the formation of the operator of tangent
subspace, T}, according to the rule Ty1 = VPpy.
Then the process of obtaining a tangent subspace for
the components of the vector |r¥) can be described by
the expression Ty+{|r*)}+. Let us put, for example,
k = 1. As a result, for Ty, {|7*)} 1, we obtain

T1ri|+)1 = (G0 + O1)ril+)1 +
1 . 1. .
+ 5(32 + 183)7’%52|+>1 — 51(62 —+ Zag)T‘%S3|+>1. (28)

The corresponding expression for Tj_{|r¥)}_ differs
only in signs.

The solution r} of the equation Tiyri|+); =
=0 can be obtained in the factorized form, r{ =
=ri(z? 2®)wi (2%, 2t). For the equation Tq_ri|-); =
=0, the solution corresponds to the complex con-
jugate expression ri* = ri*(z? 2®)wi* (20, x'). The
derivatives 0o + i03 = 0 determine the Cauchy—
Riemann condition for the complex functions
ri(z%, 2%) and ri*(22,23%), and the functions w; and
wi* determine waves in physical space-time coor-
dinates z° = ¢t and 2*¥ = (z,y,2). These waves
propagate in opposite directions along the coordinate
axis 2'. Really, the functions wi and w* can be writ-
ten in terms of their Fourier transforms wi(t,z!) =
= F{wit — kyat} and wi*(t,2t) = F*{wat + kox'}.
Then the corresponding equations look like

(80 + 81).7:'{0J1t — kll‘l} = (wl/c — /{11) =0,

(29)
(80 — Bl)F*{wgt + k‘gxl} = (WQ/C — kg) =0.

We require that there should be such functions w;
and wj that satisfy Egs. (29) and which derivatives
are nonzero. The solutions w; and w3 describe the
wave processes: wi(z%,zt) = wi(wi(t — z!/c)) and
wi* (2% 2Y) = wi*(wa(t + 21 /c)). It is easy to see
that the expansion in the eigenvectors of other op-
erators has a structure similar to that of the above
solutions. For this purpose, one should only cyclically
permutate the coordinate numbers in the results ob-
tained for the vector components. Since the structure
of the differential operator in Eq. (28) corresponds
to the Cly algebra, we have three modifications of
the Cly algebras to describe the tangent subspaces
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of the “mirror-world”, which depend on the propaga-
tion direction of the wave process. This direction is
determined by the choice of the basis consisting of
the eigenfunctions of the operators si, in which the
vector |r*) is represented in the initial space.

It should be noted that the obtained results de-
scribe a rather wide class of wave processes; in partic-
ular, provided the corresponding form of the function
w, it can be the motion of a particle with the velocity
c. In this case, the physical content of the variable w
substantially changes.

5.2. Formation of the basis
of noncommutative geometry
n “mirror world-2”

The tangent space in “mirror world-1”, which was
built for our four-dimensional space-time, showed the
existence of three wave processes. These waves prop-
agate in three orthogonal directions described by the
noncommutative geometry with the Cly algebra. For
analysis, let us take the variant of the tangent sub-
space for the vector |r¥) in the form of plane waves
and satisfying the condition (r*|r*) = E:

k) = \/gexp(ikxk/Q)[exp(—iwt/2)|+>k +

+ exp(iwt/2)|—) k] (30)
This expression describes a vector with the rotational
frequency w/2 in various bases of the eigenvectors
of the operators sj. From expression (22), it follows
that, for vectors (30), the autocorrelation operators
G, in “mirror world-1” have the form
1 .

G, = 2P [1 + exp(—is;wt)s], (31)
where (ik) = (12), (23), (31), and 1 = sg. Sub-
stituting the exponential factor in Eq. (15) by G =
= G2 + Gaz + G31 for a = 0, we obtain

ET
J:(){G} = 7(360 + (S5 + €9 + 63), (32)
where the periodic dependence on the coordinates
of the bivectors is; is omitted, because it does not
change expressions for the formed basis vectors,

o = (S@ _ga), a=0,1,2,3. (33)
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On the basis of the results obtained, one can build
the model of the space in “mirror world-2” in the fol-
lowing manner. There is a discrete S-space of action
in the form of three-dimensional space {ni,ns,ns}
composed of cubic cells. All cell edges have the length
ET and they are the coordinate axes of the bivectors
isg. The lattice sites are described by the noncom-
mutative geometry with basis vectors (33). For ©3 in
Eq. (15), the system of basis vectors Fo{G} can be
obtained in the form
F{G} = ?(3&1 + 7 + 72 +73), (34)
where <, are the Dirac matrices in terms of the
mirror-symmetry operators,

_ (0 s
Tk = (_Sk 0 )
For a nonclassical rotation process, we should put
ET = h in expressions (32) and (34).

(35)

6. Noncommutative Geometry
with Higher Dimensions

6.1. Passage to 4- or 5-dimensional
noncommutative geometry

Joining the “mirror” (s;) and “anti-mirror” (—sy) op-
erators into a single mirror mapping operator ej
increases the dimension of the initial mirror-image
space. Let us introduce two complex spaces, H, and
Hp, that do not intersect, but possess a common point
0. In the basic representation of |r*) (k = 1), the pro-
jections of the vectors in these spaces can be written
in the form

Ira) = a(fil+) + f2-)),
Irp) = b(f3|+) + fal=)),

where a and b are constant factors. Let us join these
spaces, H, @D Hp, and construct a correlation operator
G, which, in this case, is represented by the 4 x 4
matrix

|CL|2G11 ab*G12
B ba*Ggl ‘b|2G22 ,
where Gy, are 2 x 2 matrices. The diagonal op-
erators Gi; and Gao describe the correlations be-
tween the components of the vectors in each of the

spaces H, and Hp, whereas G12 and Gg; the corre-
lation (interaction) of those components between H,,
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(36)

(37)

and Hjp. Hence, not only the dimension of the initial
mirror-image space increases. In order to deal with
the noncommutative geometry, it follows from expres-
sion (37) that the basis vectors (31) must be supple-
mented with symmetry operators with nondiagonal
elements. Making use of the vector e4 from Eq. (34),
one can obtain the extension of the noncommutative
geometry Cls to the Cly algebra. These algebras form
the S-space of action in “mirror world-2”. For a non-
classical S-space, certain commutation relations are
satisfied. In the case of Cls algebra, these relations
for bivectors and a 3-vector look like
i[e;, ej] = h2eey,

el - (e}, \e]) = h3egre epe,

e, Ne = (38)

where €, is the Levi-Civita symbol and e% = hey,.

6.2. Passage to 6-dimensional
mirror-image space

Let us consider separately the following nonclassical
case. Let us couple the components of the vectors
in the spaces H, and H; by means of the J-trans-
formation: i.e., in Eq. (36), f5 = fo and fy = —fi,

— ]2 - J/_20 _
as well as a = /5} and b = 3t = ta, where

q is a real constant associated with the elementary
charge. As a result of the operation H, ® Hj, we ob-
tain a six-dimensional K&hler manifold of the initial
mirror-image space for “mirror world-2”. In this case,
the correlation blocks in Eq. (37) read

2 *
G11=Oé<f1| flsz>7
f2ff |2l
fifs —AP
Gi=p5 """
22 —fafi)
foft  |f2l?
Ga = f3 ( P
—1h1? -fts)
( | fal? —f2f1>
hifs AP
where a = h and 8 = z3h
The correlation G of the six-dimensional space in
“mirror world-2” can be mapped to the noncommu-

tative geometry with the help of the cross-correlation
K of “mirror world-2” and “mirror world-3”, which is

G22:a
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performed using the basis vectors e, [Eq. (33)] and
the bivectors v [Eq. (35)] together with commutation
relations (38). As a result, six vectors of the noncom-
mutative geometry can be written in “mirror world-

3”. They look like
IT = poeo+pie1+p2ea+paes+prathyr+paaihye. (40)

Here, the p,-values are determined using formula (16):

po= 2P + £, pr= 2a(Ail~ P,
pr= 2005+ FafD), pa= 2aUfS — fof)

b= Salffs + RS, o= S(0(AF - L),

All p,-components are real-valued. The coordinate
p3 = 0. It corresponds to the sum of oppositely ori-
ented axial vectors, which can be related to magnetic
moments.

7. Conclusions

This article is not aimed at solving the problems in
the string theory or noncommutative geometry. In-
stead, the attempt is made to find a common ground,
where they can meet. For this purpose, the purely
physical a posteriori method based on one of fun-
damental symmetries, mirror symmetry, was cho-
sen. The latter allowed the concept of “initial state”,
which can acquire a real physical meaning, to be in-
troduced into the theory.

Mirror mappings and conservation conditions for
mirror symmetries — inverse and permutation ones —
were taken as the basis of the research method. Its
formalization with the help of the algebra of ge-
ometric constructions of mirror reflections on the
plane made it possible to introduce 2 x 2-matrix
mirror-image operators, which satisfy the Clifford
algebra Clz and form the basis of the noncom-
mutative geometry. Components in this vector ba-
sis are auto-correlations or cross-correlations of the
components of vectors in the initial and mirror-
mapped space. The conservation conditions for mir-
ror symmetries brought about the appearance of
nJ-transformation, i.e., discrete rotations by angles
+n90° (n =0,1,2,...), for the basis vectors. On the
basis of this transformation, a kind of continuum in-
tegral [8] was introduced, which, with the help of mir-
ror mapping operation, extended the representation
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of matrix operators to 4 x 4 matrices and the initial
space of the mirror mapping (complex, in the general
case) from 4 to 8 dimensions.

A physical implementation of the described math-
ematical results had to be sought in the rotation
processes appearing at mirror mappings. The corre-
sponding solution is obtained in terms of physical
space-time coordinates for three tangent subspaces
in “mirror world-1". In “mirror world-2”, the applica-
tion of continuum integral to the sum of subspaces
made it possible to increase the dimension of the ba-
sis of the noncommutative geometry to the Cl, alge-
bra, which includes Dirac matrices as bivectors of a
vector algebra. For this result of transformation not
to depend on the energy and frequency of the rota-
tion process, the process must be nonclassical, i.e.,
the relation E = hr must be satisfied.

The model of a four-component complex vector
representing a six-dimensional complex space is cre-
ated in “mirror world-2”. The mapping of this model
on six vectors of the noncommutative geometry
with real-valued coordinates is constructed in “mir-
ror world-3”. These coordinates are cross-correlations
between the components of the vectors from “mirror
world-2” and the vectors mirror-mapped in “mirror
world-3”. From the physical point of view, the pre-
sented model can be regarded as a tetraquark com-
posed of two quark-antiquark pairs with the charges
:l:%q from different quark generations. A way to asso-
ciate the considered model with electromagnetic fields
is illustrated in Appendix.

The author is grateful to Yuliya Parko and Andriy
Stepenko (the “Zhytt elyub” Foundation) for their help
in preparing this paper.

APPENDIX
Tangent Space of Noncommutative
Geometry of the Clz Algebra

In expression (40), let us apply the correspondence princi-
ple as h — 0. In the obtained 4-vector, let us denote its
components as pp — Ap, and the covariant components as
pr — —Aj. Using the Minkowski space metric and in terms of
new notations, we obtain

W = Aoeo + Alel + A2e2 + Ageg. (41)

For the 4-gradient, we have

3
V= Bae"‘ = aoeo — Z 8kek.
k=1

(42)

125



Yu.V. Khoroshkov

The tangent space is constructed as the internal and external
products, which are represented by the anticommutator and
commutator, respectively,

1 - 1 _
VW:VW—FV/\W:E[V,W],+5[V,W]. (43)
Whence it follows that
VW =9,A%,

VAW =—-A —grad A’ + rot A =P + B, (44)

where A = Akey, grad = Z'EE‘I’ Oreg, P is a polar vector, and
B =rot A is a bivector with the components 9, A" — 9, AF
(k,r=1,2,3).
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10.B. Xopowxos

JI3EPKAJIBHA CUMETPIA AK AJITEBPA
OIIEPATOPIB ]I HEKOMYTATUBHOI TEOMETPII
ITPOCTOPY-HACY

Anaiz reomeTpudHUX 1 anrebpalyHUX BJIACTUBOCTEN [3€p-
KaJIbHUX BifoOpaskKeHb [TO3BOJIMB BUKOPHUCTOBYBAaTH IX K OIe-
paropHy ajrebpy HekoMmyTaTuBHOI reomerpii. Koopaunaramu
HEKOMYTaTHUBHOI reoMeTpil € aBTo- a00 KPOC-KOPEJISIil KOOPIU-
HaT J3€PKaJIbHO BioOparkeHux mnpocropis. Po3risinyTo oKpe-
MUl BUIIQIOK IIIECTUBUMIPHOTO KeJIepoBa MHOTOBULY, SIKHU BiJI-
06parkaeTbCsl HA HEKOMYTATHUBHY I'€OMETDPII0 3 BEKTOPHOI aJI-
rebporo Kiidbdopaa Cly. Ileit Bunagok BimobpazkeHHsT Bifo-
BiJla€ TeTpakKBapKy y CKJIaJli JBOX IIap KBapK-aHTUKBAPK 3 pi-
3HUX [OKOJIHBb 1 3apsgaMu i%q.

Katwwoei caoea: n3epkajabHa CHMETPisl, HEKOMYTATHBHA
reomerpisi, anrebpa Kitidbdopaa, kopessiis.
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