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NUCLEAR STRUCTURE
OF RARE-EARTH 72Er, 174Yb, 70Hf, 178W, 1800s NUCLEI

Using the method with new empiric equation (NEE) and the model of interacting bosons (IBM-
1), we study the ground-state band and the gamma- and beta-emission spectra of erbium (Er)
and osmium (Os) elements with N = 104. The absolute B(E2) strengths for the nuclei are
determined. The properties of the potential energy surface are investigated within IBM-1. The
ratio Ey(I+ 2)/(I) as a function of the angular momentum (I) and the characteristics of the
yrast states are found. The constructed plots indicate that all nuclei of *Er, '™ Yb, TS Hf,
Y8 W, and '%° Os have a rotational SU(3) character. The staggering factors of available mea-
sured data are considered. The results of both models agree well with available experimental
data for Y2 Er, Y™ vb, YO Hf, Y8 W, and 80 Os nuclei.
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1. Introduction

The study of the neutron- rich deformed nuclei are
exciting topics of theoretical and experimental stud-
ies. The rare-earth isotopes are of significant inter-
est for nuclear scientists. since they exist far away
from the spherical form and present an amusing
arena for challenging theories of nuclei. These iso-
topes from lighter to heavier ones involve a rapid
change from spherical to non-spherical nuclei. The
combined excitation dynamics of non-spherical nuclei
significantly depends on nucleons exterior to the occu-
pied shell. The neutron-proton communication plays
a main role in damages not disturbing a normal or
regular contour of the nucleus.

The combined excitations of a nucleus with even
atomic number (Z) and even mass (A) are pro-
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nounced by the number of bosons. Here, s and d
denote two classes of bosons, where s and d cor-
respond, respectively, to L™ = 0% and L™ = 27T
[1]. There are three regularities of the U(6) assembly:
anharmonic vibrator related to U(5), y-unstable nu-
clei characterized by O(6), and a deformed rotor with
SU(3)[2]- Moreover, there are three additional phe-
nomenological studies: U(5)-SU(3), U(5)-0(6), and
SU(3)-0(6) limits [3-5]. Actually, a lot of research
articles were carried out with the use of hypotheti-
cal and applied comments for the construction of the
exceptional earth nuclei [6-17]. In the recent time,
the nuclear structures of unusual nuclei of Er, Yb,
Hf, W, and Os with the numbers of neutrons equal
to 100 and 102 were clarified [18, 19]. These results
will give the opportunity to study the deformation for
N = 104 of erbium and osmium elements. Moreover,
neutron-srich nuclei are particularly interesting, since
they might reveal a nuclear structure associated with
the access of neutrons.
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The aim of this paper is to understand the ground-
state, gamma-, and beta-bands and a deformation of
the E2 strength for Er, Yb, Hf;, W, and Os chains
with N = 104 by IBM-1 and the technique known
as a new empirical equation (NEE). Within IBM-1,
the potential energy surfaces (EPSs) for 172Er, 17YDb,
176 £, 178W, and 8Os nuclei are also of interest for
finding the dynamical symmetry SU(3) characters.

2. Theoretical Method

The Hamiltonian of IBM-1
[1,20-24]:

contains 9 terms

~ 1 1
H=c,(s'3 t ~(2L + 1))
es(s"3) +eq(d d)+L:202242( +1)'2)x

~ (0) )
xCp {[dTXdT]X[dX ]} +iu2 {[d*xd*](2x[dx§](2)+
V2
~ ©
+[dfxsT]®) x[dx ](2)] 5% [[d*><dT]<0>><[§><§]<0>Jr
IR
+[sT><sT](O)><[d>< ](0)} +§uo [[STXST](O)X[Exg](O)+
(1)

) ()
+ug [[dJr x 51| x [d x §](2)} :

The N, (pairs) are conserved, N, = N, + Ny
[22]. The Hamiltonian |22, 23]

ﬁ:Eﬁd—l—aolsp—l—alf/ﬁ—i—aQQQ—l—agfg,T3+a4P4T4
(2)

€ is the boson energy, and the operators are:

Q =[dl x 5+ st x d] + x[d" x d]®¥,
T, = [df x d|(™.

The definitions of g, P, L, Q, X, and T, are presented
in [21]. The IBM has three dynamic symmetries [22—
24] ¢ is the boson energy, and the operators are:

U(6) > U(5) D O(5)
SU(3)
0(6) > O(5)

128

D 0(2). (4)

We know that, chain (I) has the U(5) limit, €, chain
(IT) has the SU(3) limit, az and chain (IIT), y-unstable
nuclei, have the O(6) limit, as well as a, [1,23,25|. For
three symmetries, the eigenvalues are [22]:

E =éeng+ fna(ng +4)+
+2vw(v+3)+20L(L+1)...U(5),
E:%(A2+u2+>\,u+3()\+u)+
+ (a1 — %L(LH)...SU(?,),
E:%(N—o)(N+U+4)+

+ %T(T +3)+ (a1 - 61%) L(L +1)...0(6),

v, 3, and § are the the parameters [26]. Seeing the
measured records of 172Er, 1™4Yb, 76Hf, 178W, 180Qg
nuclei, we have updated a NEE for GSB [18]:

B(I) = A I(T+1)

C A(I+1)+ A5’ (©6)

Ay, A and As were predicted by the measured en-
ergies of GSB. The - and f-bands are calculated
[18] as:

(A1 +B)(I(I+1)

E(I)=E, .
(1) * As(I+1)+1A;3

(7)

3. Results and Discussion

The results of calculations of the ground-state band
(GSB), gamma- and beta- bands, and the values of
reduced transition probabilities B(E2) in the frame-
work of IBM-1 and NEE are discussed as follows: The
nuclei of the unusual-earth elements '"2Er, 174Yb,
L76Hf 178W, and '890s have Z = 68, 70, 72, 74, and
76, respectively. We have considered the rare-earth
172y, 174yb, 176Hf, 178W, 18005 isotones with the
number of neutrons N = 104. These nuclei exist near
to those with double magic nucleons 2°8Pb. The num-
bers of protons and neutrons of these nuclei near to
the mid shell are described by the SU(3) group. These
nuclei have the boson number N, from 18 to 14.
The ratio R = (E4])/(E2]) has been calculated
to find the primary information about the anhar-
monic vibrator with U(5) symmetry, y-unstable nu-
clei with O(6), and deformed rotor with SU(3). We
recall the values R = 2.0 for U(5), 2.5 for O(6), and
3.33 for SU(3) [1, 26-28]. Table 1 which display the
ratios of measured values R = E4f/E2] of 17Er,
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174y, 176Hf, 178W, and '8°Os isotones. The value
R4/2 = 3.33 of those nuclei is related to SU(3). For
the three limits, we have [29-31]:

Vibrational: R = ; when I — oo,

Rotati l'R—h—24 g —>4h—2 hen I —
otational: —29 I 29vven o0,

E+ 9 E+
21 <1+) — =21 when I — co.

—soft: R =
’ysoR4 7 n

(8)

Figure 1, a displays Ev(I — 2)/I versus the an-
gular momentum I for three theoretical limits. The
12y, 174YD, 76Hf, 18W, and '890s isotones with
N = 104 for the E-GOS curvatures are shown in
Fig. 1, b. These nuclei are well deformed. The sym-
metry is calculated to be [38-44]:
T(I+2> _ [R(IJFQ) B (I+2)] y I(I—i—l). (9)

1 I Jexp 1 2(I+2)

Here, R((I + 2)/I)(exp) is the term corresoinding to
the levels (I +2) and I. Actually the values r = 0 for
U(5), r = 1 for SU(3), and r have midway standards
for O(6). In Eq. (9), the r factors are improved by
0.10 and 1.0 [39, 41]:

0.10 < r < 0.35 for U(5),
0.40 < r < 0.60 for transitional nuclei, (10)
0.60 < r < 1.0 for SU(3).

Figure 2 shows the value of r((I + 2)/I) vs I for
the GSB of '"2Er, 17YD, 176Hf, 1"8W, and '8°0Os nu-
clei. The energies of GSB, -, and 8-bands and B(E5)
standards for these elements with N = 104 have been
considered within the NEE method with software
MATLAB 7.0 and IBM with PHINT code [43]. The
parameters used in calculations are given in Tables 2
and 3.

Table 1. The R4/2 [32—-37] for selected nuclei

Neutron number N = 104

Isotopes 172Er 174yh 176 Hf 178 1800g

R4/2 3.314 3.309 3.284 3.236 3.093
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Fig. 1. The Ey(I — I — 2)/I versus the angular momentum
I for three limits of a vibrator possessing U(5), v-soft one with
0O(6), and a rotator with SU(3) (a). E-GOS curves of 72Er,
174yh, 176Hf, 178W, 1800s nuclei for N = 104 (b)
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Fig. 2. (The factor 7((I +2)/I) versus I for rare-earth "2Er,
174y, 176Hf, 178W, 18005 nuclei

The relations among the three factors of the NEE
are exposed in Fig. 3 for GSB. The A; shows the same
value for '"?Er and YD nuclei, and they signifi-
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Fig. 3. The A;, Az, and A3 parameters of NEE in GSB of all

nuclei

The calculations of the $ and v bands for all stud-
ied nuclei are performed by IBM-1 and NEE, and
the comparison with measured data is presented in
Tables 4 and 5, respectively. It is shown that both
models are in agreement with experiments. The lev-
els with “*" for the spin—parity are not confirms yet.

The odd-even staggering AE; ~(I) (Al = 1 stag-
gering) in the gamma bands has been found by the
expression [40-42,44, 45]:

AELW(I) = %[GELW(I)—4E1,7(I—1)—4E1W(I+1) +
+E14(I —2) + B4 (I +2)], (11)
Eio(I) = E1,(I+1)+ E(I). (12)

The staggering results are shown in Figs. 5, 6, 7, 8,
and 9 for even 1"?Er, 174YD, 76Hf, 178W, 180Qs; re-
spectively. The B(E») strength can be obtained us-

8 ing the T2 operator as [22,47, 48]:
(26")— _ E 2
—— BUE)L — Iy) = 5 W ITE L), (13)
6 . . g
2 T2 = epQ, (14)
-2 . .
O - 12: — where ep is the effective charge of a boson, and Q
T 4e— — R g = is the quadrupole operator. The values of a and S
) " — (16%) _—
> feh__ p
i & — w— __ W — Table 2. Parameters of IBM-1 and NEE
3 + 2 — 2 — in MeV, excluding N, A2 and Ag for 172, 180Qg
=2 12"y (12— — — — 10
g ks 10" 12 DI _
10 = . — .
B e B e B IBM NEE
o— — — 21_ — e === P Isotops | Np
0+ 5.\ M 26XP NGF DM 6. NIF M EXP. NEF M EPS| ELL | QQ | A1 | A2 | A3
174Yb lTl [ 178 l \ 180 !
Hf b Os I2Er | 18 | — |0.016 | —0.019 | 12.314 | 0.014 | —0.075
74yb | 17| - ]0.014 | —0.030 | 12.435 | 0.013 | —0.042
Fig. 4. Yrast level of i t; 2— NEE, IBM-1 of
ig. 4. Yrast level of experiments [32-37], ’ © 176Hf | 16 | - | 0.020 | —0.024 | 15.800 | 0.025 | —0.048
Er—Os isotopes for N = 104 178
W | 15 — 0.027 | —0.022 | 20.500 | 0.047 | —0.048
. 1 1 . 18005 | 14 — 0.037 | —0.017 | 24.500 | 0.060 | —0.060
cantly increase from "SHf to %9Os nuclei. The pa-

rameters As and As have no effect on the calculation,
and they are overlap with each other for all selected
nuclei.

Figure 4 displays the level scheme of the yrast
band calculated by IBM-1 and NEE and the mea-
sured statistics [32-37] for selected nuclei. The calcu-
lated yrast bands of these nuclei are well agree with
the measured ones. The excitation heights in a GSB
increase unceasingly with aggregate Z for all even-
even selected isotopes with NV = 104. In addition, the
factor R4/2 is equal to 3.093 in ¥°Os which is not
accompanied with SU(3) or U(5).
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Table 3. Parameters of NEE of beta-
and gamma- bands in MeV for selected isotones

IBM NEE
Isotops Ny
Eo B Eo B
172y 18 1.3220 | -8.6680 | 0.8841 0.59967
174y, 17 | 1.4878 | —1.3931 | 1.5631 | —0.47131
176 g f 16 | 1.1415 | -3.4950 | 1.2488 0.6719
178\ 15 | 0.9261 | -1.8607 | 1.0610 | —2.6282
1800 14 | 0.7293 | —4.3435 | 0.6024 9.6322
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are given in Table 6. The details of calculations of aso
and [ are presented in [18,19|. The experimental and
calculated data (IBM and NEE) on B(F,) strengths
are giver in Table 7 for selected Er—Os isotopic. The
electrical transitions are described by the formula [49]

model are well agree with available measured data
for 172Er, 174YDb, 176Hf, 1™8W, 18905 nuclei [32-37] in
the literature.

Table 5. v-band (in MeV)
of selected Er—Os [32—37] isotones for Z = 104

0.05657
B(Es) = 32b2 15 172 174
( 2) Tl’y/2 (pS)E,‘?, (MGV)( )7 ( ) 7= Er 1= Yb
T]/z =Ty 2(exp)(1 + atot)- (16) Exp. | NEE | IBM Exp. | NEE | IBM
T /5 is a half-life, and avoy is the total internal conver- 2+ | 0.961* | 0.962 | 1.082 | 2% | 1.634* | 1.637 | 1.756
sion coefficient. Table 7 indicates that, for the rare- 3% [ 1.034* | 1.042 | 1.157 | 31 | 1.709* | 1.713 | 1.582
earth (Er-Os) selected nuclei, the B(FEs) strengths 4t | 1.131% | 1.149 | 1.257 | 4+ | 1.716* | 1.815 | 1.743
from 8 —g and v —g transitions are smaller than 5t 11.251% | 1.282 | 1.382 | 5% | 1.926* | 1.940 | 1.814
those for the transitions ¢ — ¢, 8 — B8, v — 7 61 | 1.500* | 1.440 | 1.532 | 61 | 2.572* | 2.089 | 2.150
and v — f. The calculated data on B(FEs) in both 7| 1.654* | 1.622 | 1.707 | 7T - 2.260 |2.236
8+ | 1.828* | 1.827 | 1.907 | 8+t - 2.453 | 2.592
Table 4. B-band (in MeV) 9t | 2.022* | 2.054 | 2.133 | 9F - 2.667 | 2.667
of 172Er—1800g nuclei for N — 104 10t - 2.303 | 2.385 | 10T - 2.901 | 3.139
1o . 11+ - 2.573 | 2.662 | 111 - 3.154 | 3.150
Er Yb 12+ - |2862|2966 |12+ - 3.425 | 3.775
I~ I~
13+ - 3.171 | 3.296
Exp. | NEE | IBM Exp. | NEE | IBM
176Hf 178W
0t | 1.322 [1.322|1.275| 0t | 1.487 | 1.487 | 1.478 I~ I
2+ - 1.344 | 1.352 | 2+ | 1.561* | 1.554 | 1.505 Exp. | NEE | IBM Exp. NEE | IBM
4t | 1.396* | 1.396 | 1.531 | 4t | 1.701 | 1.396 | 1.685
6+ - 1.479 | 1.814 | 6% | 1.959* | 1.955 | 1.969 2+ |1.341 | 1.339 | 1.234 | 2+ | 1.110 |1.1578 | 1.088
8+ - 1.588 | 2.200 | 87 - - 2.358 3t 11.445 |1.429 | 1.320 | 3T | 1.236 |1.2497 | 1.163
10t - 1.722 | 2.485 | 10% - - 2.852 4+ | 1.540*% | 1.546 | 1.450 | 4T | 1.380 | 1.3663 | 1.338
12+ - 1.880 | - |127 - - | 3454 5+ | 1.727% | 1.689 | 1.572 | 5T | 1.572 | 1.5050 | 1.483
61 | 1.862* | 1.856 | 1.856 | 61 | 1.669 |1.6631 | 1.731
176 Hf 18w 7+ | 1.926* | 2.045 | 1.957 | 7T | 1.835 |1.8387 | 1.945
Im Ir 8+ [ 2.112* | 2.485 | 2.309 | 8t | 2.023 |2.0299 | 2.268
Exp. | NEE | IBM Exp. | NEE | IBM 9t | 2.318* | 2.485 | 2.461 | 91 | 2.226* | 2.2351 | 2.551
10T | 2.540* | 2.733 | 2.883 | 101 | 2.444 | 2.4529 | 2.949
0t | 1.149 |1.141|1.141| 0T | 0.997 | 0.926 | 0.981 111 | 1.341 | 2.999 | 3.084 |11t - 2.6820 | 3.299
2t | 1.226 |1.212]1.229| 2+ | 1.082 |1.0274 | 1.056 12+ - 3.281 | 3.315 | 12+ - 29214 | -
4t | 1.333 |1.373|1.442| 4t | 1.275 | 1.244 | 1.305
67| 1.628 |1.614|1.776 | 61T | 1.556 | 1.554 | 1.696 180 Og
8t | 1.932* | 1.925|2.232| 8t | 1.915 | 1.936 |2.230 I
10t | 2.294* | 2.298 | 2.811 | 101 | 2.339 2.377 | 2.709 Exp. NEE IBM
12+ - — | 3.512 | 1217 | 2.804 | 2.866 |3.326
2+ 0.870 0.782 0.851
180 (g 3t 1.022 0.950 0.991
Im 4+ 1.196 1.161 1.177
Exp. NEE IBM 5t 1.405 1.410 1.409
6+ 1.627 1.690 1.689
ot 0.736 0.729 0.636 7t 1.881 1.997 2.013
2+ 0.831 0.835 0.776 8+ - 2.329 2.386
4+ 1.052 1.059 1.103 9t 2.410 2.683 2.802
6+ 1.376 1.371 1.617 10t - 3.054 3.270
132 ISSN 2071-0186. Ukr. J. Phys. 2022. Vol. 67, No. 2
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Table 6. a2 B2 parameters (in eb) to produce B(Ez2)

Continuation of the Tabl. 7

178W
L; — If
Exp. NEE IBM
27 —of - - 0.800
4f — 2f - - 1.132
67 —4F - - 1.224
8 —6F - - 1.246
10f — 8f - - 1.233
127 — 107 - - 1.196
14f —12f - - 1.139
167 — 147 - - 1.066
1800s
L; — If
Exp. NEE IBM
27 —of 0.850 0.959 0.826
4f —2of 1.157 1.226 1.167
67 — 4f 1.206 1.016 1.259
8 —6F 0.458 0.390 1.279

Isotope Ny « B
172Ey 18 0.0910 -0.2691
174yh 17 0.0976 -0.2820
1761t 16 0.0980 -0.2898
178w 15 0.0900 —0.2662
1800s 14 0.0990 -0.2930

Table 7. The values of B(E2) (in €2 b? )
172Er
[i — If
Exp. NEE IBM

2f —of - - 1.129
47 —2f - - 1.600
67 — 4f - - 1.736
87 —6F - - 1.778

101 — 8f - - 1.7773

12§ — 107 - - 1.737

141 — 12} - - 1.677

167 — 147 - - 1.594
174Yb

Ii — If

Exp. NEE IBM

27 —of 1.159 1.289 1.156
0F —2f 0.0077 0.0079 0.000
25 —2f 0.0074 - 0.0002
4F —3f - - 1.283
57 —3F - - 0.9034
57 —af - - 0.915
67 — 4f 2.134 2.078 1.776
8F — 61 2.238 2.229 1.817

101 — 8f 1.932 1.928 1.908

12§ — 107 2.129 2.102 1.768
14 — 12F 1.884 1.851 1.701
167 — 14F - - 1.613
176 (£
I, — If
Exp. NEE IBM

27 —of 1.072 0.924 1.068
27 —of 0.0193 - 0.000
27 —2f - - 0.000
25 —2f - 0.036 0.000
25 —2f 1.576 - 1.512
4f —2f 1.764 - 1.638
87 —6F <2.134 - 1.672

101 — 8F - - 1.661

ISSN 2071-0186. Ukr. J. Phys. 2022. Vol. 67, No. 2

The details of calculations of the potential energy
surface (PES) by the IBM are given as follows [41, 50,
51] [41, 50, 51]:

[N, B,v) = 1/VN!(b])V|0), (17)

where N is the boson number, |0) denotes the boson
vacuum, and

bl = (1+ 8%)"/2{B|cos y(df) +
+/1/2sin~(d} + diz)}}. (18)

Here § > 0 and v < /3. The expression for the PES
calculation reads

E(N,B,7) = (N, B,~7[H|N, B,7)/{N,B,7IN,B,7) =
Neg*  N(N+1)
(1452 (1+p2)?

x (a1 8% + 8% cos 3y + az B + ay). (19)

These expressions give (for higher Ny) Bmin = 1,
v/2, and 0 for O(6), SU(3), and U(5), corresponding-
ly. The premeditated potential energy surfaces are ex-
posed in Fig. 10, ¢ for the '"?Er, 174YD, 176Hf, 178W
18005 isotones with N = 104. Figure 10 demonstrates
that the selected isotopic chain for N = 104 corre-
sponds to the deformed rotational symmetry.
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4. Conclusions

The behavior of low-level ground-state, beta-, and
gamma-bands and B(FE2) factors have been explored
by means of a technique called the new empirical
equation (NEE) and the interacting boson model
(IBM) for '"™Er, 7yb, 17Hf 17¥W, 1800s nu-
clei. The results by both models were compared to
the previous available experimental data and were es-
tablished to agree with each other. The E-GOS and
the factor r((I + 2)/I) curvatures of the GSB of
Er-Os elements for N = 104 were schemed and in-
vestigated for the virtual limits of rotational, vibra-
tional, and -soft symmetries. Moreover, all selected
nuclei have SU(3) symmetry. The staggering bends,
AE; ,(I) playing a role of spin for '"Er, '71Yb,
L76Hf, 178W, 1800g chains of isotones do not turn to
zero. The contour plots of PES of selected isotones are
distorted and show the SU(3) symmetry. The calcu-
lations within NEE and IBM models describe unam-
biguously the selected isotopes and provide a useful
information to test the validity of recently developed
nuclear theories and exp;ain the behavior of the nu-
clear deformation.
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College of Education for Pure Science, University of
Mosul for supporting this work.
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AOJEPHA CTPYKTVYPA
PIIKO3EMEJIBHUX AJIEP
172, 174y}, 176jf, 178\ TA 1800g

BukopucroByoun MeTos 3 HOBUM €MIIPUYHUM DIBHSIHHSIM Ta
MoieJsib B3aeMoiiounx 6o3onis (IBM-1), Mu BUBYaEMO OCHOB-
Huil cran i ramma- Ta Gera-cnektpu epbis (Er) ta ocmis (Os)
3 N = 104. Pospaxosano a6comorni B(E2) inrencusaocTi
s uXx aaep. B pamkax mogesni IBM-1 BuBueno BiacTuBO-
CcTi IOBEpXHI MOTEHIaJbHOI eHepril. 3HaiIeHO BiIHOIIEHHS
E~v(I+2)/(I) six dynkuio kyroBoro MoMmeHTy (I) Ta mapame-
Tpu ipact cranis. I[TobynoBano rpadiku, siki BKa3yloTs Ha Te,
mo Bci sapa 172Er, 174YDb, 176Hf, 178W 1a 1890s marors po-
raniitny SU(3) cumerpiro. Po3riisiHyTo NpudnHu [IEBHOTO BIIO-
PsIIKyBaHHS HasiBHUX €KCIIEPUMEHTAJIbHUX JaHux. Pesyinpraru
060x Mogeieil 1o0pe y3romKyIOThCsl 3 €KCIIEPHUMEHTAJIbHIMU
nmarmMu g sgep L 2Er, 174Yb, 170Hf, 178W r1a 1800s.

Katwwosei caosa: epbiit, ocmiil, cMyra Jjisi OCHOBHOTO CTa-
Hy, HoBe emmipuune piBusuusa (NEE), momens B3aemosirounx

6o3onis (IBM-1), B(E2), SU(3).
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