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THE METHOD OF COLLECTIVE VARIABLES
IN THE THEORY OF NONLINEAR FLUCTUATIONS
WITH ACCOUNT FOR KINETIC PROCESSES

The set of parameters of the Bogolyubov reduced description, which includes collective vari-
ables, has been optimized for the consistent description of the kinetics and hydrodynamics
of the systems of interacting particles. The contributions from short- and long-range inter-
actions between the particles are separated. The short-range interactions (for example, the
hard-sphere model) are described in the coordinate-momentum space, and the long-range ones
in the space of collective variables. The short-range component is considered to be basic. Using
the method of Zubarev non-equilibrium statistical operator, a system of transport equations
for the non-equilibrium one-particle distribution function, the non-equilibrium average value
for the density of particle interaction energy, and the non-equilibrium distribution function of
collective variables are obtained. The applied method of collective variables allowed both the
structural function and the hydrodynamic velocities of collective variables to be calculated in
approximations higher than the Gaussian one.
K e yw o r d s: simple fluid, nonlinear fluctuations, non-equilibrium statistical operator, distri-
bution function, Fokker–Planck equation.

1. Introduction

The research of nonlinear kinetic and hydrodynamic
fluctuations in dense gases, plasma, and liquids
in such fields as turbulence phenomena, dynamics
of phase transitions, chemical reactions, and self-
organizing processes remains a challenging task in the
statistical theory of non-equilibrium processes at both
the kinetic and hydrodynamic description levels [1–
29]. Non-equilibrium states of those systems are far
from equilibrium, so important are the studies of both
the processes of establishing stationary states with
characteristic lifetimes and the processes of relaxation
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to already known non-equilibrium states, in particu-
lar, those described in the framework of molecular
hydrodynamics [2, 30–32] in the case of liquids and
dense gases. It is important to note that a specific
feature of the research of non-equilibrium phenom-
ena in dense gases, liquids, and dense plasma (dust
plasma) consists in the consistent description of ki-
netic and hydrodynamic processes [33–37], as well as
in the account for characteristic short- and long-range
interactions between the particles in the system.

The development of kinetic equations making al-
lowance for nonlinear hydrodynamic fluctuations [38–
41] is an important problem in the theory of transport
processes in dense gases and liquids. In particular,
this problem arises, when describing low-frequency
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anomalies in the kinetic equations and the related
“long tails” of correlation functions [1, 42, 43]. In
works [33, 44, 45], a consistent description of kinetic
and hydrodynamic processes in dense gases and liq-
uids based on the non-equilibrium statistical method
of Zubarev operator [8,9] was proposed. In particular,
this approach was applied to obtain, from the chain of
BBGKY equations, the kinetic equation of the revised
Enskog theory [45, 46] for the system of hard spheres
and the Enskog–Landau kinetic equation for the one-
component system of charged hard spheres. In work
[33], non-Markovian transport equations were ob-
tained for the non-equilibrium one-particle distribu-
tion function and the non-equilibrium value of the
average potential energy of particle interaction. La-
ter [34, 36], those equations were used to study the
temporal correlation functions and the spectrum of
collective excitations for weakly non-equilibrium pro-
cesses in liquids. The approach of works [33, 44, 45]
can evidently be applied to describe both weakly and
strongly non-equilibrium systems.

At the same time, for the description of kinetic pro-
cesses and nonlinear hydrodynamic fluctuations to be
consistent, it is convenient to reformulate the theory
in a way that would make it possible to obtain a set of
equations for the non-equilibrium one-particle distri-
bution function and the distribution functional for the
hydrodynamic variables (particle concentrations, mo-
menta, and energies). The idea of such an approach
was formulated in works [47, 48]. In works [49, 50],
we developed this approach and used the method of
collective variables [51] to consistently describe the
kinetic and hydrodynamic processes that are charac-
terized by nonlinear fluctuations of particle concen-
trations, their momenta, and total energy

In this work, unlike works [49, 50], we introduce
only the Fourier component of the particle concen-
tration as a collective variable for the description of
collective dynamic processes in the system, because
it is related to the momentum density via a conti-
nuity equation, and the long-range part of the po-
tential energy of particle interaction is also expressed
in its term. In this case, the densities of the kinetic
energy and the short-range part of the particle in-
teraction potential are described in the coordinate-
momentum space.

In Section 2, we obtain the non-equilibrium statisti-
cal operator for a non-equilibrium system state, when
the parameters of the reduced description are the

non-equilibrium one-particle distribution function,
the non-equilibrium average value of the interaction
potential energy density, and the non-equilibrium dis-
tribution function of the particle concentration (the
collective variable).

In Section 3, we consider one of the methods to cal-
culate the structural functions for the distributions of
particle concentration and hydrodynamic particle ve-
locities (in the approximation higher than the Gaus-
sian one), which enter the generalized Fokker–Planck
equation for the non-equilibrium distribution func-
tion of collective variables. In so doing, we separate
the contributions from short- and long-range interac-
tions between the particles. As a result, short-range
interactions (for example, the hard-sphere model)
can be described in the coordinate-momentum space,
whereas long-range ones in the space of collective
variables. Furthermore, the short-range component
is considered as the basic one, which can be de-
scribed using a chain of BBGKY equations for non-
equilibrium distribution functions, in particular, in
the case of the hard-sphere model [35].

2. Non-Equilibrium Distribution
Function in the Method of Zubarev
Non-Equilibrium Statistical Operator

For a consistent description of kinetic and hydrody-
namic fluctuations in classical dense gases and liquids,
it is necessary to select parameters for the reduced de-
scription of one-particle and collective processes. Un-
like to what was done in works [49,50], now we choose
the non-equilibrium one-particle distribution func-
tion 𝑓1(𝑥; 𝑡) = ⟨�̂�1(𝑥)⟩𝑡, the non-equilibrium average
value of the particle interaction energy 𝐻 int(r, 𝑡) =
= ⟨�̂� int(r)⟩𝑡, and the non-equilibrium distribution
function 𝑓(𝜌; 𝑡) = ⟨𝛿(𝜌 − 𝜌)⟩𝑡 of collective variables
corresponding to the particle concentration to play
the role of such parameters. The microscopic phase
density of the particle number, �̂�1(𝑥), and the micro-
scopic density of the potential energy of interaction
between the particles in the system, �̂� int(r), are given
by the following expressions:

�̂�1(𝑥) =

𝑁∑︁
𝑗=1

𝛿(𝑥−𝑥𝑗) =

𝑁∑︁
𝑗=1

𝛿(r−r𝑗) 𝛿 (p−p𝑗), (2.1)

�̂� int(r) =
1

2

𝑁∑︁
𝑗 ̸=𝑙=1

Φ(|r𝑙𝑗 |) 𝛿 (r− r𝑗), (2.2)
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where 𝑥𝑗 = (r𝑗 ,p𝑗) are the coordinates and momenta
of the particles in the phase space, and 𝑁 is the total
particle number in the system volume 𝑉 . The micro-
scopic phase distribution of collective variables 𝜌 is
written as follows:

𝑓(𝜌) = 𝛿(𝜌− 𝜌) =
∏︁
k

𝛿(𝜌k − 𝜌k), (2.3)

where

𝜌k =

𝑁∑︁
𝑗=1

e−𝑖kr𝑗 (2.4)

is the Fourier component of the particle concentra-
tion, and 𝜌k is the corresponding collective vari-
able. In the potential of pair interaction between the
particles, Φ(|r𝑙𝑗 |) = Φ(|r𝑙 − r𝑗 |), let us separate the
short-range, Φsh(|r𝑙𝑗 |), and long-range, Φlong(|r𝑙𝑗 |),
contributions:

Φ(|r𝑙𝑗 |) = Φsh(|r𝑙𝑗 |) + Φlong(|r𝑙𝑗 |).

Accordingly, the non-equilibrium value of the poten-
tial energy density for interacting particles has the
form

⟨�̂� int(r)⟩𝑡 = ⟨�̂�sh(r)⟩𝑡 + 1

2𝑉 2

∑︁
q,k

𝜈(k)e𝑖qr ×

×
(︁
⟨𝜌q+k𝜌−k⟩𝑡 − ⟨𝜌q⟩𝑡

)︁
,

where 𝜈(k) is the Fourier component of the long-range
part of the particle interaction potential. The non-
equilibrium particle scattering function ⟨𝜌q+k𝜌−k⟩𝑡 =
= 𝐹 (q,k; 𝑡) is related to the non-equilibrium dynamic
structural factor 𝑆(q,k;𝜔), which can be directly
measured in neutron scattering processes.

The non-equilibrium average values ⟨�̂�1(𝑥)⟩𝑡,
⟨�̂� int(r)⟩𝑡, and ⟨𝛿(𝜌 − 𝜌)⟩𝑡 are calculated using
the non-equilibrium 𝑁 -particle distribution function
𝜚(𝑥𝑁 ; 𝑡), which satisfies the Liouville equation. In ac-
cordance with the concept of reduced description of
non-equilibrium state, this function is a functional,

𝜚(𝑥𝑁 ; 𝑡) = 𝜚
(︀
..., 𝑓1(𝑥; 𝑡), ⟨�̂� int(r)⟩𝑡, 𝑓(𝜌; 𝑡), ...

)︀
.

To find the non-equilibrium distribution function
𝜚(𝑥𝑁 ; 𝑡), we use the Zubarev method [48, 52], where
the general solution of the Liouville equation that
takes the projecting procedure into account can be
presented in the form

𝜚(𝑥𝑁 ; 𝑡) = 𝜚𝑞(𝑥
𝑁 ; 𝑡) −

𝑡∫︁
−∞

d𝑡′ e𝜖(𝑡
′−𝑡)𝑇𝑞 (𝑡, 𝑡

′)×

×
(︀
1− 𝑃𝑞(𝑡

′)
)︀
, 𝑖𝐿𝑁𝜚𝑞(𝑥

𝑁 ; 𝑡′), (2.5)

where 𝜖 → +0 after the thermodynamic limit transi-
tion, which selects retarded solutions of the Liouville
equation with the operator 𝑖𝐿𝑁 , and

𝑇𝑞(𝑡, 𝑡
′) = exp+

(︃
−

𝑡∫︁
𝑡′

𝑑𝑡′
(︀
1− 𝑃𝑞(𝑡

′)
)︀
𝑖𝐿𝑁

)︃

is the generalized operator of time evolution, where
the Kawasaki–Ganton projection operator 𝑃𝑞(𝑡) is
taken into account. The structure of 𝑃𝑞(𝑡) depends
on the relevant distribution function 𝜚𝑞(𝑥

𝑁 ; 𝑡). In the
Zubarev method, the latter is determined from the
extremum of information entropy at the fixed values
of the reduced description parameters – in our case,
these are 𝑓1(𝑥; 𝑡), ⟨�̂� int(r)⟩𝑡, and 𝑓(𝜌; 𝑡) – and pro-
vided the preservation of the normalization condition∫︁

dΓ𝑁𝜚𝑞(𝑥
𝑁 ; 𝑡) = 1, (2.6)

where

dΓ𝑁 =
(d𝑥)𝑁

𝑁 !
=

(d𝑥1, ...,d𝑥𝑁 )

𝑁 !
, d𝑥 = drdp.

Hence, the relevant distribution function can be writ-
ten in the form

𝜚𝑞(𝑥
𝑁 ; 𝑡) = exp

[︂
− Φ(𝑡)−

∫︁
dr𝛽(r; 𝑡) �̂� int(r)−

−
∫︁

d𝑥𝛾(𝑥; 𝑡) �̂�1(𝑥)−
∫︁

d𝜌𝐹 (𝜌; 𝑡)𝑓(𝜌)

]︂
, (2.7)

where d𝜌 =
∏︀

k d𝜌k, Φ(𝑡) is the Massier–Planck func-
tional, which is determined from the normalization
condition for the relevant distribution function

Φ(𝑡) = ln

∫︁
dΓ𝑁 exp

[︂
−
∫︁

dr𝛽(r; 𝑡) �̂� int(r)−

−
∫︁

d𝑥𝛾(𝑥; 𝑡) �̂�1(𝑥)−
∫︁

d𝜌𝐹 (𝜌; 𝑡)𝑓(𝜌)

]︂
.

The Lagrange multipliers 𝛾(𝑥; 𝑡), 𝛽(r; 𝑡) and 𝐹 (𝜌; 𝑡)
are determined from the self-consistency conditions

𝑓1(𝑥; 𝑡) = ⟨�̂�1(𝑥)⟩𝑡 = ⟨�̂�1(𝑥)⟩𝑡𝑞,

⟨�̂� int(r)⟩𝑡 = ⟨ �̂� int(r)⟩𝑡𝑞, (2.8)

𝑓(𝜌; 𝑡) = ⟨𝛿(𝜌− 𝜌)⟩𝑡 = ⟨𝛿(𝜌− 𝜌)⟩𝑡𝑞,
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where ⟨...⟩𝑡𝑞 =
∫︀
dΓ𝑁 ... 𝜚𝑞(𝑥

𝑁 ; 𝑡). To reveal the inter-
nal structure of the non-equilibrium distribution func-
tion 𝜚(𝑥𝑁 ; 𝑡), let us exclude the function 𝐹 (𝜌; 𝑡) from
the relevant distribution function. For this purpose,
let us apply the self-consistency conditions (2.8). As
a result, we get

𝜚𝑞(𝑥
𝑁 ; 𝑡) = 𝜚kin−hyd

𝑞 (𝑥𝑁 ; 𝑡)
𝑓(𝜌; 𝑡)

𝑊 (𝜌; 𝑡)

⃒⃒⃒
𝜌=𝜌

, (2.9)

where
𝑊 (𝜌; 𝑡)=

∫︁
dΓ𝑁 e−Φ(𝑡)−

∫︀
dr𝛽(r;𝑡)�̂�int(r)−

∫︀
d𝑥𝛾(𝑥;𝑡)�̂�1(𝑥) ×

×𝑓(𝜌) =

∫︁
dΓ𝑁𝜚kin−hyd

𝑞 (𝑥𝑁 ; 𝑡)𝑓(𝜌) (2.10)

is the non-equilibrium structural function for the dis-
tribution of collective variables, which is the Jacobian
of the transition 𝑓(𝜌) into the space of collective vari-
ables 𝜌k. In so doing, the averaging in Eq. (2.10) is
performed with the relevant distribution function

𝜚kin−hyd
𝑞 (𝑥𝑁 ; 𝑡) = exp

{︂
− Φ(𝑡)−

−
∫︁

dr𝛽(r; 𝑡)�̂� int(r)−
∫︁

d𝑥𝛾(𝑥; 𝑡)�̂�1(𝑥)

}︂
, (2.11)

which was constructed in works [33, 34, 36] while
consistently describing the kinetic and hydrodynamic
processes in systems of interacting particles. The rel-
evant distribution function (2.9) corresponds to the
Gibbs entropy

𝑆(𝑡) = −⟨ln 𝜚𝑞(𝑥𝑁 ; 𝑡)⟩𝑡𝑞 = Φ(𝑡)+

+

∫︁
dr𝛽(r; 𝑡)⟨�̂� int(r)⟩𝑡 +

∫︁
d𝑥𝛾(𝑥; 𝑡)⟨�̂�1(𝑥)⟩𝑡 +

+

∫︁
d𝜌𝑓(𝜌; 𝑡) ln

𝑓(𝜌; 𝑡)

𝑊 (𝜌; 𝑡)
, (2.12)

which, together with self-consistency conditions (2.8),
can be considered as the entropy of a non-equilibrium
state.

To obtain an explicit form for the non-equilibrium
distribution function according to Eq. (2.5), it is nec-
essary to apply the Liouville and Kawasaki–Ganton
operators to the function 𝜚𝑞(𝑥

𝑁 ; 𝑡). According to
Eq. (2.9), the Kawasaki–Ganton projection operator
has the following structure:

𝑃𝑞(𝑡)𝜚
′ = 𝜚𝑞(𝑥

𝑁 ; 𝑡)

∫︁
dΓ𝑁𝜚′ +

∫︁
d𝑥

𝜕𝜚𝑞(𝑥
𝑁 ; 𝑡)

𝜕⟨�̂�1(𝑥)⟩𝑡
×

×
[︂ ∫︁

dΓ𝑁 �̂�1(𝑥)𝜚
′ − ⟨�̂�1(𝑥)⟩𝑡

∫︁
dΓ𝑁𝜚′

]︂
+

+

∫︁
dr

𝜕𝜚𝑞(𝑥
𝑁 ; 𝑡)

𝜕⟨�̂� int(r)⟩𝑡

[︂ ∫︁
dΓ𝑁 �̂� int(r)𝜚′ −

−⟨�̂� int(r)⟩𝑡
∫︁

dΓ𝑁𝜚′
]︂
+

+

∫︁
d𝜌

𝜕𝜚𝑞(𝑥
𝑁 ; 𝑡)

𝜕
(︀ 𝑓(𝜌;𝑡)
𝑊 (𝜌;𝑡)

)︀ 1

𝑊 (𝜌; 𝑡)

[︂ ∫︁
dΓ𝑁𝑓(𝜌)𝜚′ −

− 𝑓(𝑎; 𝑡)

∫︁
dΓ𝑁𝜚′

]︂
+

+

∫︁
d𝑥
∫︁

d𝜌
𝜕𝜚𝑞(𝑥

𝑁 ; 𝑡)

𝜕
(︀ 𝑓(𝜌;𝑡)
𝑊 (𝜌;𝑡)

)︀ 𝑓(𝜌; 𝑡)

𝑊 (𝜌; 𝑡)

𝜕 ln𝑊 (𝜌; 𝑡)

𝜕⟨�̂�1(𝑥)⟩𝑡
×

×
[︂ ∫︁

dΓ𝑁 �̂�1(𝑥)𝜚
′ − ⟨�̂�1(𝑥)⟩𝑡

∫︁
dΓ𝑁𝜚′

]︂
+

+

∫︁
dr
∫︁

d𝜌
𝜕𝜚𝑞(𝑥

𝑁 ; 𝑡)

𝜕
(︀ 𝑓(𝜌;𝑡)
𝑊 (𝜌;𝑡)

)︀ 𝑓(𝜌; 𝑡)

𝑊 (𝜌; 𝑡)

𝜕 ln𝑊 (𝜌; 𝑡)

𝜕⟨�̂� int(r)⟩𝑡
×

×
[︂ ∫︁

dΓ𝑁 �̂� int(r)𝜚′ − ⟨�̂� int(r)⟩𝑡
∫︁

dΓ𝑁𝜚′
]︂
. (2.13)

First, let us apply the Liouville operator to the rel-
evant distribution function (2.9). As a result, we ob-
tain

𝑖𝐿𝑁𝜚𝑞(𝑥
𝑁 ; 𝑡) = −

∫︁
d𝑥𝛾(𝑥; 𝑡) ˙̂𝑛1(𝑥)𝜚𝑞(𝑥

𝑁 ; 𝑡)−

−
∫︁

dr𝛽(r; 𝑡) ˙̂
𝐻 int(r)𝜚𝑞(𝑥

𝑁 ; 𝑡)+

+

[︂
𝑖𝐿𝑁

𝑓(𝜌; 𝑡)

𝑊 (𝜌; 𝑡)

⃒⃒⃒
𝜌=𝜌

]︂
𝜚kin−hyd
𝑞 (𝑥𝑁 ; 𝑡), (2.14)

where ˙̂𝑛1(𝑥) = 𝑖𝐿𝑁 �̂�1(𝑥) and ˙̂
𝐻 int(r) = 𝑖𝐿𝑁 �̂� int(r).

Using the relation

𝑖𝐿𝑁𝑓(𝜌) = 𝑖𝐿𝑁𝑓(𝜌k) =
∑︁
k

[︃
𝜕

𝜕𝜌k
𝑓(𝜌) ˙̂𝜌k

]︃
,

where ˙̂𝜌k = 𝑖𝐿𝑁𝜌k, the last term in Eq. (2.14) can be
rewritten in the form[︂
𝑖𝐿𝑁

𝑓(𝜌; 𝑡)

𝑊 (𝜌; 𝑡)

⃒⃒⃒
𝜌=𝜌

]︂
𝜚kin−hyd
𝑞 (𝑥𝑁 ; 𝑡) =

=

∫︁
d𝜌
∑︁
k

[︃
˙̂𝜌k𝑊 (𝑎; 𝑡)

(︃
𝜕

𝜕𝜌k

𝑓(𝜌; 𝑡)

𝑊 (𝜌; 𝑡)

)︃]︃
𝜚𝐿(𝑥

𝑁 , 𝜌; 𝑡).

(2.15)
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In this expression, we introduced a new relevant dis-
tribution function 𝜚𝐿(𝑥

𝑁 , 𝜌; 𝑡) with the microscopic
distribution of collective variables

𝜚𝐿(𝑥
𝑁 , 𝜌; 𝑡) = 𝜚kin−hyd

𝑞 (𝑥𝑁 ; 𝑡)
𝑓(𝜌)

𝑊 (𝜌; 𝑡)
, (2.16)

which is related to 𝜚𝑞(𝑥
𝑁 ; 𝑡) via the relation

𝜚𝑞(𝑥
𝑁 ; 𝑡) =

∫︁
d𝜌𝑓(𝜌; 𝑡)𝜚𝐿(𝑥𝑁 , 𝜌; 𝑡) (2.17)

and is normalized,∫︁
dΓ𝑁𝜚𝐿(𝑥

𝑁 , 𝜌; 𝑡) = 1. (2.18)

Using relation (2.16), the average values calculated
using the relevant distribution functions, can be ex-
pressed as follows:

⟨...⟩𝑡𝑞 =

∫︁
d𝜌⟨...⟩𝑡𝐿𝑓(𝜌; 𝑡),

⟨...⟩𝑡𝐿 =

∫︁
dΓ𝑁 ...𝜚𝐿(𝑥

𝑁 , 𝜌; 𝑡).
(2.19)

Now, taking Eqs. (2.15) and (2.16) into account, the
result of the Liouville operator action on 𝜚𝑞(𝑥

𝑁 ; 𝑡)
looks like

𝑖𝐿𝑁𝜚𝑞(𝑥
𝑁 ; 𝑡) =

= −
∫︁

d𝜌
∫︁

𝑑𝑥𝛾(𝑥; 𝑡) ˙̂𝑛1(𝑥)𝜚𝐿(𝑥
𝑁 , 𝜌; 𝑡)𝑓(𝜌; 𝑡)−

−
∫︁

d𝜌
∫︁

𝑑r𝛽(r; 𝑡)
˙̂
𝐻 int(r)𝜚𝐿(𝑥

𝑁 , 𝜌; 𝑡)𝑓(𝜌; 𝑡)+

+

∫︁
d𝜌
∑︁
k

[︂
˙̂𝜌k𝑊 (𝜌; 𝑡)

𝜕

𝜕𝜌k

𝑓(𝜌; 𝑡)

𝑊 (𝜌; 𝑡)

]︂
𝜚𝐿(𝑥

𝑁 , 𝜌; 𝑡). (2.20)

Substituting this expression into Eq. (2.5), we obtain
the non-equilibrium distribution function in the form

𝜚(𝑥𝑁 ; 𝑡) =

∫︁
d𝜌𝑓(𝜌; 𝑡)𝜚𝐿(𝑥𝑁 , 𝜌; 𝑡)+

+

∫︁
d𝜌
∫︁

dr
𝑡∫︁

−∞

d𝑡′𝑒𝜖(𝑡
′−𝑡)𝑇𝑞(𝑡, 𝑡

′)(1− 𝑃𝑞(𝑡
′))×

× ˙̂
𝐻 int(r)𝜚𝐿(𝑥

𝑁 , 𝜌; 𝑡)𝑓(𝜌; 𝑡′)𝛽(r; 𝑡′)−

−
∫︁

d𝜌
∫︁

d𝑥
𝑡∫︁

−∞

d𝑡′𝑒𝜖(𝑡
′−𝑡)𝑇𝑞(𝑡, 𝑡

′)×

× (1− 𝑃𝑞(𝑡
′)) ˙̂𝑛1(𝑥)𝜚𝐿(𝑥

𝑁 , 𝜌; 𝑡′)𝑓(𝜌; 𝑡′)𝛾(𝑥; 𝑡′)−

−
∫︁

d𝜌
∑︁
k

𝑡∫︁
−∞

d𝑡′𝑒𝜖(𝑡
′−𝑡)𝑇𝑞(𝑡, 𝑡

′)(1− 𝑃𝑞(𝑡
′))×

×
[︂
˙̂𝜌k𝑊 (𝜌; 𝑡′)

𝜕

𝜕𝜌k

𝑓(𝜌; 𝑡′)

𝑊 (𝜌; 𝑡′)

]︂
𝜚𝐿(𝑥

𝑁 , 𝜌; 𝑡′), (2.21)

Making use of it, we get the corresponding general-
ized transport equations for the reduced description
parameters:[︂
𝜕

𝜕𝑡
+

p

𝑚

𝜕

𝜕r

]︂
𝑓1(𝑥; 𝑡)−

∫︁
d𝑥′ 𝜕

𝜕r
Φ(|r− r′|)×

×
[︂
𝜕

𝜕p
− 𝜕

𝜕p′

]︂
𝑔2(𝑥, 𝑥

′; 𝑡) = −
∫︁

dr′
∫︁

𝑑𝜌×

×
𝑡∫︁

−∞

d𝑡′𝑒𝜖(𝑡
′−𝑡)𝜑int

𝑛𝐻(𝑥, r′, 𝜌; 𝑡, 𝑡′)𝑓(𝜌; 𝑡′)𝛽(r′; 𝑡′)−

−
∫︁

d𝑥′
∫︁

d𝜌
𝑡∫︁

−∞

d𝑡′𝑒𝜖(𝑡
′−𝑡)𝜑𝑛𝑛(𝑥, 𝑥

′, 𝜌; 𝑡, 𝑡′)×

× 𝑓(𝜌; 𝑡′)𝛾(𝑥′; 𝑡′)−
∑︁
k

∫︁
d𝑎

𝑡∫︁
−∞

d𝑡′𝑒𝜖(𝑡
′−𝑡) ×

×
{︂
𝜑𝑛𝜌(𝑥,k, 𝜌; 𝑡, 𝑡

′)
𝜕

𝜕𝜌k

}︂
𝑓(𝜌; 𝑡′)

𝑊 (𝜌; 𝑡′)
, (2.22)

𝜕

𝜕𝑡
⟨�̂� int(r)⟩𝑡 = ⟨ ˙̂

𝐻 int(r)⟩𝑡𝑞 −
∫︁

dr′
∫︁

d𝜌×

×
𝑡∫︁

−∞

d𝑡′𝑒𝜖(𝑡
′−𝑡)𝜑int

𝐻𝐻(r, r′, 𝜌; 𝑡, 𝑡′)𝑓(𝜌; 𝑡′)𝛽(r′; 𝑡′)−

−
∫︁

d𝑥′
∫︁

d𝜌
𝑡∫︁

−∞

d𝑡′𝑒𝜖(𝑡
′−𝑡)𝜑int

𝐻𝑛(r, 𝑥
′, 𝜌; 𝑡, 𝑡′)×

× 𝑓(𝜌; 𝑡′)𝛾(𝑥′; 𝑡′)−
∑︁
k

∫︁
d𝜌

𝑡∫︁
−∞

d𝑡′𝑒𝜖(𝑡
′−𝑡) ×

×
{︂
𝜑int
𝐻𝜀(r,k, 𝜌; 𝑡, 𝑡

′)
𝜕

𝜕𝜌k

}︂
𝑓(𝜌; 𝑡′)

𝑊 (𝜌; 𝑡′)
, (2.23)

𝜕

𝜕𝑡
𝑓(𝜌; 𝑡) =

∑︁
k

𝛿

𝛿𝜌k
𝑣𝜌(k; 𝑡)𝑓(𝜌; 𝑡)−

∑︁
k

𝛿

𝛿𝜌k

∫︁
dr′ ×

×
∫︁

d𝜌′
𝑡∫︁

−∞

d𝑡′𝑒𝜖(𝑡
′−𝑡)𝜑𝜌𝐻(r′,k, 𝜌, 𝜌′; 𝑡, 𝑡′)×

× 𝑓(𝜌′; 𝑡′)𝛽(r′; 𝑡′)−
∑︁
k

𝛿

𝛿𝜌k

∫︁
d𝑥′
∫︁

d𝜌′ ×
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×
𝑡∫︁

−∞

d𝑡′𝑒𝜖(𝑡
′−𝑡)𝜑𝜌𝑛(𝑥

′,k, 𝜌, 𝜌′; 𝑡, 𝑡′)𝑓(𝜌′; 𝑡′)𝛾(𝑥′; 𝑡′)+

+
∑︁
k,q

∫︁
d𝜌′

𝑡∫︁
−∞

d𝑡′𝑒𝜖(𝑡
′−𝑡) 𝛿

𝛿𝜌k
𝜑𝜌𝜌 ×

× (k,q, 𝜌, 𝜌′; 𝑡, 𝑡′)
𝛿

𝛿𝜌q

𝑓(𝜌′; 𝑡′)

𝑊 (𝜌′; 𝑡′)
. (2.24)

The generalized transport equations (2.22)–(2.24)
contain the relevant particle pair distribution func-
tion
𝑔2(𝑥, 𝑥

′; 𝑡) =

∫︁
dΓ𝑁−2𝜚(𝑥

𝑁 ; 𝑡) =

=

∫︁
d𝜌𝑔𝐿2 (𝑥, 𝑥

′; 𝜌; 𝑡)𝑓(𝜌; 𝑡), (2.25)

where 𝑔𝐿2 (𝑥, 𝑥
′; 𝜌; 𝑡) =

∫︀
dΓ𝑁−2𝜚𝐿(𝑥

𝑁 , 𝜌; 𝑡) is the rel-
evant particle 𝐿-pair distribution function.

The generalized transfer kernels

𝜑𝛼𝛽(𝑡, 𝑡
′) = ⟨𝐼𝛼(𝑡)𝑇𝑞(𝑡, 𝑡

′)𝐼𝛽(𝑡
′)⟩𝑡

′

𝐿, 𝛼, 𝛽 = {𝑛,𝐻, 𝜌},
(2.26)

entering the transfer equation describe non-Marko-
vian processes; they are non-equilibrium correlation
functions. They are built on generalized fluxes

𝐼𝑛(𝑥; 𝑡) =
(︀
1− 𝑃 (𝑡)

)︀
˙̂𝑛1(𝑥), (2.27)

𝐼 int𝐻 (r; 𝑡) =
(︀
1− 𝑃 (𝑡)

)︀ ˙̂
𝐻 int(r), (2.28)

𝐼𝜌(k; 𝑡) =
(︀
1− 𝑃 (𝑡)

)︀
˙̂𝜌k, (2.29)

where 𝑃 (𝑡) is the generalized Mori operator related to
the Kawasaki–Ganton projection operator 𝑃𝑞(𝑡) via
the relationship

𝑃𝑞(𝑡)𝑎(𝑥)𝜚𝑞(𝑥
𝑁 ; 𝑡) = 𝜚𝑞(𝑥

𝑁 ; 𝑡)𝑃 (𝑡)𝑎(𝑥).

It is important to note that the average values in
Eq. (2.26) are calculated using the distribution func-
tion 𝜚𝐿(𝑥

𝑁 , 𝜌; 𝑡) [Eq. (2.16)]. Therefore, the transfer
kernels are functions of the collective variables 𝜌k.

In Eq. (2.24), the functions 𝑣𝜌(k; 𝑡) are fluxes in
the space of collective variables. They are called hy-
drodynamic velocities and defined as follows:

𝑣𝜌(k; 𝑡) =

∫︁
dΓ𝑁

˙̂𝜌k 𝜚𝐿(𝑥
𝑁 , 𝜌; 𝑡) = ⟨ ˙̂𝜌k⟩𝑡𝐿. (2.30)

The presented system of transport equations
(2.22)–(2.24) gives a consistent description of ki-
netic and hydrodynamic processes in classical liquids

and dense gases that accounts for long-term fluctua-
tions. This system of equations is not closed with re-
spect to the Lagrange parameters 𝛽(r; 𝑡) and 𝛾(𝑥; 𝑡),
which are determined from the corresponding self-
consistency conditions. It should be noted that if the
kinetic processes and the contribution of the aver-
age potential energy are neglected, we obtain the fol-
lowing generalized (non-Markovian) Fokker–Planck
equation for the non-equilibrium distribution func-
tion of collective variables (this equation can also
be obtained using the Zwanzig projection operator
method or the Zubarev method [52]):

𝜕

𝜕𝑡
𝑓(𝜌; 𝑡) =

∑︁
k

𝛿

𝛿𝜌k
𝑣𝜌(k; 𝑡)𝑓(𝜌; 𝑡)+

+
∑︁
k,q

∫︁
d𝜌′

𝑡∫︁
−∞

d𝑡′𝑒𝜖(𝑡
′−𝑡) 𝛿

𝛿𝜌k
×

×𝜑𝜌𝜌 (k,q, 𝜌, 𝜌
′; 𝑡, 𝑡′)

𝛿

𝛿𝜌q

𝑓(𝜌′; 𝑡′)

𝑊 (𝜌′; 𝑡′)
. (2.31)

One of the main problems in the analysis of trans-
port equations (2.22)–(2.24) and transfer kernels
(2.26) is the calculation of the structural function of
collective variables, 𝑊 (𝜌; 𝑡), and the hydrodynamic
velocities 𝑣𝜌(k; 𝑡).

3. Calculation of Structural
Function 𝑊 (𝜌; 𝑡) and Hydrodynamic
Velocities 𝑣𝜌(k; 𝑡) Using the Method
of Collective Variables

Let us calculate the structural function 𝑊 (𝜌; 𝑡) and
the hydrodynamic velocities 𝑣𝜌(k; 𝑡) in the frame-
work of the method of collective variables [49–51, 54,
55]. First, we should calculate the structural func-
tion 𝑊 (𝜌; 𝑡) for collective variables in the case where
the interaction between the particles is described by
the short-range potential Φsh(|r𝑙𝑗 |) – e.g., the hard-
sphere potential – at short distances, and by a certain
long-range potential Φlong(|r𝑙𝑗 |) beyond them. Accor-
dingly, let us separate short- and long-range interac-
tions between the particles in the Liouville operator,

𝑖𝐿𝑁 = 𝑖𝐿0
𝑁 + 𝑇𝑁 + 𝑖𝐿long

𝑁 ,

where 𝑖𝐿0
𝑁 is the Liouville operator for 𝑁 non-

interacting particles, 𝑇𝑁 is the scattering operator
of the system in the case of the hard-sphere model
[35, 38, 41, 45], and 𝑖𝐿long

𝑁 is the potential part of the
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Liouville operator with the long-range interaction po-
tential between the particles.

At the next stage, we apply the integral represen-
tation for the 𝛿-function and present 𝑓(𝜌) in the form

𝑓(𝜌) =

∫︁
𝑑𝜔 exp

{︂
− 𝑖𝜋

∑︁
k

𝜔k(𝜌k − 𝜌k)

}︂
. (3.1)

Using the cumulant expansion [49,50, 55] for 𝑊 (𝜌; 𝑡),
we obtain

𝑊 (𝜌; 𝑡) =

∫︁
𝑑Γ𝑁𝜚kin−hyd

rel (𝑥𝑁 ; 𝑡)𝑓(𝜌) =

=

∫︁
𝑑𝜔 exp

{︂
− 𝑖𝜋

∑︁
k

𝜔k 𝜌k −

− 1

2𝑉 2

∑︁
q

∑︁
k

𝛽−q(𝑡) 𝜈 (k)(𝜌q+k𝜌−k − 𝜌q)−

− 𝜋2

2

∑︁
k1,k2

M2(k1,k2; 𝑡)𝜔k1
𝜔k2

}︂
exp

{︂∑︁
𝑛≥3

𝐷𝑛(𝜔; 𝑡)

}︂
,

(3.2)
where

𝜌k = 𝜌k − ⟨𝜌k⟩𝑡kin−sh, 𝑑𝜔 = Πk𝑑𝜔
𝑟
k𝑑𝜔

𝑠
k,

𝜔k = 𝜔𝑟
k − 𝑖𝜔𝑠

k, 𝜔−k = 𝜔*
k,

and

𝐷𝑛(𝜔; 𝑡) =
(−𝑖𝜋)𝑛

𝑛!
×

×
∑︁

k1,...,k𝑛

M𝑛(k1, ...,k𝑛; 𝑡)𝜔k1
... 𝜔k𝑛

. (3.3)

The non-equilibrium cumulative averages of the 𝑛th
order

M𝑛(k1, ...,k𝑛; 𝑡) = ⟨𝜌k1 , ..., 𝜌k𝑛⟩
𝑡,𝑐
kin−sh (3.4)

where the superscript 𝑐 means the cumulative av-
erage, are calculated using the relevant distribution
function and the short-range interaction potential be-
tween the particles,

𝜚kin−sh
𝑞 (𝑥𝑁 ; 𝑡) = exp

{︂
− Φ(𝑡)−

−
∫︁

𝑑r𝛽(r; 𝑡)�̂�sh(r)−
∫︁

𝑑𝑥𝛾(𝑥; 𝑡)�̂�1(𝑥)

}︂
, (3.5)

It is important to note that contributions from short-
and long-range interactions in Eq. (3.2) are sepa-
rated. Short-range interactions are taken into account

in the relevant distribution (3.5), which can be con-
sidered as basic, and long-range interactions are pre-
sented in terms of collective variables,∫︁

𝑑r𝛽(r; 𝑡)�̂� long(r) =
1

2𝑉 2

∑︁
q

∑︁
k

𝛽−q(𝑡)𝜈(k)×

×
(︀
𝜌q+k𝜌−k − 𝜌q

)︀
.

For further calculations, the structural function
𝑊 (𝜌; 𝑡) is presented in the form

𝑊 (𝜌; 𝑡) = 𝑊𝛽(𝜌; 𝑡)

∫︁
𝑑𝜔 exp

{︂
− 𝑖𝜋

∑︁
k

𝜔k𝜌k −

− 𝜋2

2

∑︁
k1,k2

M2(k1,k2; 𝑡)𝜔k1
𝜔k2

}︂
×

×
(︂
1 +𝐵 +

1

2!
𝐵2 +

1

3!
𝐵3 + ...+

1

𝑛!
𝐵𝑛 + ...

)︂
, (3.6)

where

𝑊𝛽(𝜌; 𝑡) = exp

(︂
− 1

2𝑉 2

∑︁
q

∑︁
k

𝛽−q(𝑡) 𝜈 (k)×

×
(︀
𝜌q+k𝜌−k − 𝜌q

)︀)︂
(3.7)

and 𝐵 =
∑︀

𝑛≥3 𝐷𝑛(𝜔; 𝑡). If the series expansion of the
exponent exp{

∑︀
𝑛≥3 𝐷𝑛(𝜔; 𝑡)} in Eq. (3.6) is confined

to the first term, which is equal to unity, we obtain
the Gaussian approximation for 𝑊 (𝜌; 𝑡),

𝑊𝐺(𝜌; 𝑡) = 𝑊𝛽(𝜌; 𝑡)

∫︁
𝑑𝜔 exp

{︂
𝑖𝜋
∑︁
k

𝜔k𝜌k −

− 𝜋2

2

∑︁
k1,k2

M2(k1,k2; 𝑡)𝜔k1
𝜔k2

}︂
, (3.8)

where the non-equilibrium cumulative density-
density average has the form

M2(k1,k2; 𝑡) = ⟨𝜌k1
𝜌k2

⟩𝑡,𝑐kin−sh =

= ⟨𝜌k𝜌−k⟩𝑡kin−sh − ⟨𝜌k⟩𝑡kin−sh⟨𝜌−k⟩𝑡kin−sh.

To integrate over 𝜔 in Eq. (3.8), it is necessary to
transform the expression in the exponent into the
quadratic diagonal form in 𝜔k. In this regard, it is
necessary to determine the eigenvalues by solving the
equation

det
⃒⃒⃒
M̃2(k1,k2; 𝑡)− �̃�(k; 𝑡)

⃒⃒⃒
= 0, (3.9)
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where �̃�(k; 𝑡) is a diagonal matrix. Taking this cir-
cumstance into account, we get

𝑊𝐺(𝜌; 𝑡) = 𝑊𝛽(𝜌; 𝑡)

∫︁
𝑑�̃� exp

{︂
− 𝑖𝜋

∑︁
k

𝜌k�̃�k −

− 𝜋2

2

∑︁
k

𝐸(k; 𝑡)�̃�k�̃�−k

}︂
. (3.10)

The integrand in Eq. (3.10) is a quadratic function
of �̃�k. Therefore, integrating over 𝜔k, we obtain the
following expression for the structural function in the
Gaussian approximation, 𝑊𝐺(𝜌; 𝑡):

𝑊𝐺(𝜌; 𝑡) = 𝑊𝛽(𝜌; 𝑡)×

× exp

{︂
− 1

2

∑︁
k

𝐸−1(k; 𝑡)𝜌k𝜌−k

}︂
×

× exp

{︂
− 1

2

∑︁
k

ln 𝜋 det �̃�(k; 𝑡)

}︂
, (3.11)

or, in terms of the variables 𝜌k,

𝑊𝐺(𝜌; 𝑡) = 𝑍(𝑡)𝑊𝛽(𝜌; 𝑡)×

× exp

{︂
− 1

2

∑︁
k

�̄�(k; 𝑡) 𝜌k 𝜌−k

}︂
, (3.12)

where

𝑍(𝑡) = exp

{︂
− 1

2

∑︁
k

ln 𝜋 det �̃�(k; 𝑡)

}︂
.

The structural function in the Gaussian approxi-
mation, 𝑊𝐺(𝜌; 𝑡), makes it possible to calculate the
complete structural function (3.2) in higher approxi-
mations in the Gaussian momenta [49, 50]:

𝑊 (𝜌; 𝑡) = 𝑊𝛽(𝜌; 𝑡)�̄�
𝐺(𝜌; 𝑡)×

× exp

{︂∑︁
𝑛≥3

⟨�̃�𝑛(𝜌; 𝑡)⟩𝐺
}︂
, (3.13)

here

�̄�𝐺(𝜌; 𝑡) = 𝑍(𝑡) exp

{︂
− 1

2

∑︁
k

�̄�(k; 𝑡)𝜌k𝜌−k

}︂
(3.14)

and ⟨�̃�𝑛(𝜌; 𝑡)⟩𝐺 can be approximately represented as
follows:

⟨�̃�3(𝜌; 𝑡)⟩𝐺 = ⟨�̄�3(𝜌; 𝑡)⟩𝐺,
⟨�̃�4(𝜌; 𝑡)⟩𝐺 = ⟨�̄�4(𝜌; 𝑡)⟩𝐺,

⟨�̃�6(𝜌; 𝑡)⟩𝐺 = ⟨�̄�6(𝜌; 𝑡)⟩𝐺 − 1

2
⟨�̄�3(𝜌; 𝑡)⟩2𝐺,

⟨�̃�8(𝜌; 𝑡)⟩𝐺 = ⟨�̄�8(𝜌; 𝑡)⟩𝐺 − ⟨�̄�3(𝜌; 𝑡)⟩𝐺⟨�̄�5(𝜌; 𝑡)⟩𝐺 −

− 1

2
⟨�̄�4(𝜌; 𝑡)⟩2𝐺,

⟨�̃�𝑛(𝜌; 𝑡)⟩𝐺 =
1

�̄�𝐺(𝜌; 𝑡)

∑︁
k1,...,k𝑛

M̄𝑛(k1, ...,k𝑛; 𝑡)×

× 1

(𝑖𝜋)𝑛
𝛿𝑛

𝛿𝜌k1 ...𝛿𝜌k𝑛

�̄�𝐺(𝜌; 𝑡),

where ⟨�̃�𝑛(𝜌; 𝑡)⟩𝐺 are the 𝑛th renormalized non-
equilibrium cumulative averages for the variables 𝜌k
of higher orders.

The method used for the calculation of the struc-
tural function 𝑊 (𝜌; 𝑡) can be applied for approx-
imate calculations of the hydrodynamic velocities
𝑣𝜌(k; 𝑡). According to their definition (2.30), the gen-
eral formula for the hydrodynamic velocities can be
written in the form

𝑣𝜌(k; 𝑡) =

∫︁
𝑑Γ𝑁

˙̂𝜌k𝜚
kin−hyd
rel (𝑥𝑁 ; 𝑡)𝑓(𝜌). (3.15)

Additionally, let us introduce the function

𝑊 (𝜌, 𝜆; 𝑡) =

∫︁
𝑑Γ𝑁 e−𝑖𝜋

∑︀
k 𝜆k

˙̂𝜌k ×

× 𝜚kin−hyd
rel (𝑥𝑁 ; 𝑡)𝑓(𝜌), (3.16)

so that
𝑣𝜌(k; 𝑡) =

𝜕

𝜕(−𝑖𝜋𝜆k)
ln𝑊 (𝜌, 𝜆; 𝑡)

⃒⃒⃒
𝜆k=0

. (3.17)

We will calculate the function 𝑊 (𝜌, 𝜆; 𝑡) using the
calculation results obtained for the structural func-
tion 𝑊 (𝜌; 𝑡). For this purpose, 𝑊 (𝜌, 𝜆; 𝑡) should be
rewritten as follows:

𝑊 (𝜌, 𝜆; 𝑡) =

∫︁
𝑑Γ𝑁

∫︁
𝑑𝜔 exp

{︂
− 𝑖𝜋

∑︁
k

𝜆k
˙̂𝜌k

}︂
×

× exp

{︂
− 𝑖𝜋

∑︁
k

𝜔k(𝜌k − 𝜌k)

}︂
𝜚kin−hyd
rel (𝑥𝑁 ; 𝑡). (3.18)

Now, let us take averaging (3.18) with 𝜚kin−sh
𝑞 (𝑥𝑁 ; 𝑡)

into account and use the cumulative expansion. Then,

𝑊 (𝜌, 𝜆; 𝑡) = 𝑊𝛽(𝜌, 𝜆; 𝑡)

∫︁
𝑑𝜔 exp

{︂
− 𝑖𝜋

∑︁
k

𝜔k𝜌k +

+
∑︁
𝑛≥1

[︀
𝐷𝑛(𝜔; 𝑡) +𝐷𝑛(𝜆; 𝑡) +𝐷𝑛(𝜔, 𝜆; 𝑡)

]︀}︂
, (3.19)
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where

𝑊𝛽(𝜌, 𝜆; 𝑡) = 𝑊𝛽(𝜌; 𝑡) exp

{︂
− 𝑖𝜋

∑︁
k

𝜆k
˙̂𝜌k

}︂
,

𝐷𝑛(𝜔; 𝑡) =
(−𝑖𝜋)𝑛

𝑛!
×

×
∑︁

k1,...,k𝑛

M𝑛(k1, ...,k𝑛; 𝑡)𝜔k1
...𝜔k𝑛

,

𝐷𝑛(𝜆; 𝑡) =
(−𝑖𝜋)𝑛

𝑛!
×

×
∑︁

k1,...,k𝑛

M(1)
𝑛 (k1, ...,k𝑛; 𝑡)𝜆k1 ...𝜆k𝑛 ,

𝐷𝑛(𝜔, 𝜆; 𝑡) =
(−𝑖𝜋)𝑛

𝑛!
×

×
∑︁

k1,...,k𝑛

M(2)
𝑛 (k1, ...,k𝑛; 𝑡)𝜔k1

... 𝜔k𝑛−1
... 𝜆k𝑛

, (3.20)

and the cumulants have the following structure:

M𝑛(k1, ...,k𝑛; 𝑡) = ⟨𝜌k1 , ..., 𝜌k𝑛⟩
𝑡,𝑐
kin−sh,

M(1)
𝑛 (k1, ...,k𝑛; 𝑡) = ⟨ ˙̂𝜌k1

, ..., ˙̂𝜌k𝑛
⟩𝑡,𝑐kin−sh,

M(2)
𝑛 (k1, ...,k𝑛; 𝑡) = 𝑛

[︀
(𝑛− 𝑗)+ (𝑗−𝑛+1)𝛿...,𝑙𝑛−1

]︀
×

×⟨𝜌k1 , ..., 𝜌k𝑛−𝑗 , ...,
˙̂𝜌k𝑛−𝑗+1 , ...,

˙̂𝜌k𝑛⟩
𝑡,𝑐
kin−sh.

Let us firstly consider the Gaussian approximation
for 𝑊 (𝜌, 𝜆; 𝑡), i.e., we retain only the terms with
𝑛 = 2, which are linear in 𝜆k, in the exponent in
the integrand,

𝑊𝐺(𝜌, 𝜆; 𝑡) = 𝑊𝛽(𝜌, 𝜆; 𝑡)

∫︁
𝑑𝜔 exp

{︂
𝑖𝜋
∑︁
k

𝜔k𝜌k −

− 𝜋2

2

∑︁
k1,k2

M2(k1,k2; 𝑡)𝜔k1
𝜔k2

−

− 𝜋2

2

∑︁
k1,k2

M
(2)
2 (k1,k2; 𝑡)𝜔k1

𝜆k2

}︂
. (3.21)

Transforming the expression in the exponent to a di-
agonal quadratic form in the variables 𝜔k, as was done
for 𝑊 (𝜌; 𝑡), and integrating over the new variables �̄�k,
we obtain

𝑊𝐺(𝜌, 𝜆; 𝑡) = 𝑊𝛽(𝜌, 𝜆; 𝑡)×

× exp

{︂
− 𝜋2

2

∑︁
k

𝐸−1(k; 𝑡)𝑏k𝑏−k −

− 1

2

∑︁
k

ln𝜋 det �̃�(k; 𝑡)

}︂
, (3.22)

where
𝑏k = 𝜌k +

𝑖𝜋

2
M

(2)
2 (k; 𝑡)𝜆k.

Here, the cumulants M
(2)
2 (k; 𝑡) have the following

structure:

M
(2)
2 (k; 𝑡) = ⟨ ˙̂𝜌k𝜌−k⟩𝑡kin−sh − ⟨ ˙̂𝜌k⟩𝑡kin−sh⟨𝜌−k⟩𝑡kin−sh.

(3.23)

Since ˙̂vk = −𝑖k · v̂k, where v̂k =
∑︀𝑁

𝑗=1 v𝑗𝑒
−𝑖k·r is the

Fourier component of the microscopic particle veloc-
ity density, then

M
(2)
2 (k; 𝑡) =

= −𝑖k · (⟨v̂k𝜌−k⟩𝑡kin−sh − ⟨v̂k⟩𝑡kin−sh⟨𝜌−k⟩𝑡kin−sh)

is the velocity-density cross-correlation function
for the system with the short-range interaction
𝜚kin−sh
𝑞 (𝑥𝑁 ; 𝑡).
Next, we calculate the hydrodynamic velocities

𝑣𝜌(k; 𝑡) in the Gaussian approximation according to
the formula

𝑣𝜌(k; 𝑡) =
𝜕

𝜕(−𝑖𝜋𝜆k)
ln𝑊𝐺(𝜌, 𝜆; 𝑡)

⃒⃒⃒
𝜆k=0

=

= ⟨ ˙̂𝜌k⟩𝑡kin−sh − 𝜋2

2
𝐸−1(k; 𝑡)M

(2)
2 (k; 𝑡) 𝜌k. (3.24)

This expression contains two terms. The former is re-
lated to the Fourier component of the particle velocity
density averaged using the distribution function with
short-range interaction 𝜚kin−sh

𝑞 (𝑥𝑁 ; 𝑡): ⟨ ˙̂𝜌k⟩𝑡kin−sh =
= −𝑖k · ⟨v̂k⟩𝑡kin−sh. The latter is related to the rela-
tionship between the correlation functions 𝐸−1(k; 𝑡)

and M
(2)
2 (k; 𝑡), and is linear in the collective variables

of particle concentration 𝜌k(𝑡) = 𝜌k −⟨𝜌k⟩𝑡kin−sh. Ac-
cording to Eqs. (3.17) and (3.19), in approximations
higher than the Gaussian one, 𝑣𝜌(k; 𝑡) is a function
of the collective variables 𝜌k of the second, third,
and higher orders, which is important from the view-
point of calculating the contributions of fluctuations
to the generalized transfer coefficients and the tem-
poral correlation functions [56, 57]. In particular, go-
ing beyond the Gaussian approximation can be done
by taking the correlations M

(2)
3 (k1,k2,k3; 𝑡) into ac-

count. Then, for 𝑊 (𝜌, 𝜆; 𝑡), we obtain

𝑊 (𝜌, 𝜆; 𝑡) = 𝑊𝛽(𝜌; 𝑡)

∫︁
𝑑𝜔×
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× exp

{︂
𝑖𝜋
∑︁
k

𝜔k𝜌k − 𝑖𝜋
∑︁
k

⟨ ˙̂𝜌k⟩𝑡,𝑐kin−sh 𝜆k −

− 𝜋2

2

∑︁
k1,k2

M2(k1,k2; 𝑡)𝜔k1
𝜔k2

−

− 𝜋2

2

∑︁
k1,k2

M
(2)
2 (k1,k2; 𝑡)𝜔k1 𝜆k2−

− 𝜋2

2

(︂
−𝑖𝜋

3

)︂ ∑︁
k1,k2,k3

M
(2)
3 (k1,k2,k3; 𝑡)𝜔k1 𝜔k2 𝜆k3

}︂
.

(3.25)

In the exponent on the right-hand side of this
expression, we have a quadratic dependence on
𝜔k1

𝜔k2
. This expression can be rewritten in the form

𝑊 (𝜌, 𝜆; 𝑡) = 𝑊𝛽(𝜌; 𝑡) exp

{︂
− 𝑖𝜋

∑︁
k

⟨ ˙̂𝜌k⟩𝑡,𝑐kin−sh𝜆k

}︂
×

×
∫︁

𝑑𝜔 exp

{︂
𝑖𝜋
∑︁
k

𝜔k𝑏k −

− 𝜋2

2

∑︁
k1,k2

M̄2(k1,k2; 𝑡)𝜔k1
𝜔k2

}︂
, (3.26)

where the notation

M̄2(k1,k2; 𝑡) = M2(k1,k2; 𝑡)+

+

(︂
−𝑖𝜋

3

)︂∑︁
k3

M
(2)
3 (k1,k2,k3; 𝑡)𝜆k3 (3.27)

was introduced.
Next, after diagonalizing 𝑊 (𝜌, 𝜆; 𝑡) in accordance

with

det
⃒⃒⃒
˜̄M2(k1,k2, 𝜆; 𝑡)− �̃�(k, 𝜆; 𝑡)

⃒⃒⃒
= 0, (3.28)

and integrating over 𝜔, we finally get

𝑊 (𝜌, 𝜆; 𝑡) = 𝑊𝛽(𝜌; 𝑡)×

× exp

{︂
− 𝑖𝜋

∑︁
k

⟨ ˙̂𝜌k⟩𝑡kin−sh𝜆k −

− 𝜋2

2

∑︁
k

𝐸−1(k, 𝜆; 𝑡)𝑏k𝑏−k −

− 1

2

∑︁
k

ln𝜋 det �̃�(k, 𝜆; 𝑡)

}︂
. (3.29)

Note that 𝐸−1(k, 𝜆; 𝑡) depends on the parameter
𝜆k. Now, we can calculate the hydrodynamic velocity

𝑣𝜌(k; 𝑡) taking into account the third-order correla-
tions M

(2)
3 (k1,k2,k3; 𝑡). As a result, we obtain

𝑣𝜌(k; 𝑡) =
𝜕

𝜕(−𝑖𝜋𝜆k)
ln𝑊 (𝜌, 𝜆; 𝑡)

⃒⃒⃒
𝜆k=0

=

= ⟨ ˙̂𝜌k⟩𝑡kin−sh − 𝜋2

2
𝐸−1(k; 𝑡)M

(2)
2 (k; 𝑡) 𝜌k −

− 𝜋2

2

𝜕

𝜕(−𝑖𝜋𝜆k)
𝐸−1(k, 𝜆; 𝑡)|𝜆k=0𝜌k 𝜌−k −

− 1

2

𝜕

𝜕(−𝑖𝜋𝜆k)
ln𝜋 det �̃�(k, 𝜆; 𝑡)|𝜆k=0. (3.30)

As one can see, 𝑣𝜌(k; 𝑡) is a quadratic function of the
collective variables 𝜌k𝜌−k in this approximation.

In the general case, by applying the method used
for calculating 𝑊 (𝜌; 𝑡), we obtain the following result
for 𝑊 (𝜌, 𝜆; 𝑡):

𝑊 (𝜌, 𝜆; 𝑡) = 𝑊𝛽(𝜌, 𝜆; 𝑡) �̄�
𝐺(𝜌, 𝜆; 𝑡)×

× exp

{︂∑︁
𝑛≥3

(︀
⟨�̃�𝑛(𝜌; 𝑡)⟩𝐺 + ⟨�̃�(2)

𝑛 (𝜌, 𝜆; 𝑡)⟩𝐺
)︀}︂
, (3.31)

where

�̄�𝐺(𝜌, 𝜆; 𝑡) = exp

{︂
− 𝜋2

2

∑︁
k

𝐸−1(k; 𝑡) 𝑏k𝑏−k −

− 1

2

∑︁
k

ln𝜋 det �̃�(k; 𝑡)

}︂
. (3.32)

⟨�̃�𝑛(𝜌; 𝑡)⟩𝐺 can be approximately given as follows:

⟨�̃�3(𝜌; 𝑡)⟩𝐺 = ⟨�̄�3(𝜌; 𝑡)⟩𝐺,

⟨�̃�4(𝜌; 𝑡)⟩𝐺 = ⟨�̄�4(𝜌; 𝑡)⟩𝐺,

⟨�̃�6(𝜌; 𝑡)⟩𝐺 = ⟨�̄�6(𝜌; 𝑡)⟩𝐺 − 1

2
⟨�̄�3(𝜌; 𝑡)⟩2𝐺,

⟨�̃�8(𝜌; 𝑡)⟩𝐺 = ⟨�̄�8(𝜌; 𝑡)⟩𝐺 −

−⟨�̄�3(𝜌; 𝑡)⟩𝐺⟨�̄�5(𝜌; 𝑡)⟩𝐺 − 1

2
⟨�̄�4(𝜌; 𝑡)⟩2𝐺,

⟨�̃�𝑛(𝜌; 𝑡)⟩𝐺 =
1

�̄�𝐺(𝜌; 𝑡)

∑︁
k1,...,k𝑛

M̄𝑛(k1, ...,k𝑛; 𝑡)×

× 1

(𝑖𝜋)𝑛
𝛿𝑛

𝛿𝑏k1
... 𝛿𝑏k𝑛

�̄�𝐺(𝜌; 𝑡)

and ⟨�̃�(2)
𝑛 (𝜌; 𝑡)⟩𝐺 can also be approximately given as

follows:

⟨�̃�(2)
3 (𝜌; 𝑡)⟩𝐺 = ⟨�̄�(2)

3 (𝜌; 𝑡)⟩𝐺,
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⟨�̃�(2)
4 (𝜌; 𝑡)⟩𝐺 = ⟨�̄�(2)

4 (𝜌; 𝑡)⟩𝐺,

⟨�̃�(2)
6 (𝜌; 𝑡)⟩𝐺 = ⟨�̄�(2)

6 (𝜌; 𝑡)⟩𝐺 − 1

2
⟨�̄�(2)

3 (𝜌; 𝑡)⟩2𝐺,

⟨�̃�(2)
8 (𝜌; 𝑡)⟩𝐺 = ⟨�̄�(2)

8 (𝜌; 𝑡)⟩𝐺 −

−⟨�̄�(2)
3 (𝜌; 𝑡)⟩𝐺⟨�̄�(2)

5 (𝜌; 𝑡)⟩𝐺 − 1

2
⟨�̄�(2)

4 (𝜌; 𝑡)⟩2𝐺,

⟨�̃�(2)
𝑛 (𝜌; 𝑡)⟩𝐺 =

1

�̄�𝐺(𝜌; 𝑡)
×

×
∑︁

k1,...,k𝑛

M̄(2)
𝑛 (k1, ...,k𝑛; 𝑡)𝜆k1)×

× 1

(𝑖𝜋)𝑛
𝛿𝑛

𝛿𝑏k1 ... 𝛿𝑏k𝑛

�̄�𝐺(𝜌; 𝑡),

where ⟨�̃�𝑛(𝜌; 𝑡)⟩𝐺, ⟨�̃�(2)
𝑛 (𝜌; 𝑡)⟩𝐺 are the 𝑛th renor-

malized non-equilibrium cumulant averages for the
variables 𝜌k of higher orders.

4. Conclusions

In the framework of the Zubarev non-equilibrium sta-
tistical operator method, a system of transfer equa-
tions that consistently describe kinetic and hydrody-
namic fluctuations in a system of interacting parti-
cles is obtained for the non-equilibrium one-particle
distribution function 𝑓1(𝑥; 𝑡) = ⟨�̂�1(𝑥)⟩𝑡, the non-
equilibrium average value of the particle interaction
energy density 𝐻 int(r, 𝑡) = ⟨�̂� int(r)⟩𝑡, and the non-
equilibrium distribution function of collective vari-
ables 𝑓(𝜌; 𝑡) = ⟨𝛿(𝜌−𝜌)⟩𝑡. The separation of contribu-
tions from short- and long-range interactions between
the particles brought about the situation, when short-
range interactions (for example, the model of hard
spheres) are described in the coordinate-momentum
space, and long-range ones in the space of collec-
tive variables of particle concentration. In this case,
the short-range component is considered as a basic
one with the distribution 𝜚kin−sh

𝑞 (𝑥𝑁 ; 𝑡), and it is
described by a chain of BBGKY equations for non-
equilibrium particle distribution functions, e.g., in the
model of hard spheres [35].

The applied method of collective variables [46, 54,
55] made it possible to calculate both the structural
function and the hydrodynamic velocities in terms of
collective variables in approximations higher than the
Gaussian one. In particular, on the basis of Eq. (3.19),
in the approximation next after the Gaussian one,
the hydrodynamic velocities (3.17) are proportional
to 𝜌k𝜌k′ and 𝜌k𝜌k′𝜌k′′ , and the transport kernels in

the Fokker–Planck equation are fourth-order correla-
tion functions of the variables 𝜌k.

It is worth to note that, in the Gaussian approxi-
mation for �̃�𝐺(k; 𝑡) and 𝑣𝜌(k; 𝑡), the Fokker–Planck
equation gives rise to transport equations for ⟨𝜌k⟩𝑡
whose structure is the same as in the case of general-
ized diffusion, but the averaging is carried out using
the distribution function

𝜚𝐿(𝑥
𝑁 , 𝜌; 𝑡) = 𝜚kin−hyd

𝑞 (𝑥𝑁 ; 𝑡)
𝑓(𝜌)

𝑊𝐺(𝜌; 𝑡)
.

The proposed approach makes it possible to go be-
yond the Gaussian approximation for �̃� (k; 𝑡) and
𝑣𝜌(k; 𝑡), and therefore for the transfer kernels in
the Fokker–Planck equation. This circumstance al-
lows one to obtain a nonlinear system of equations for
⟨𝜌k⟩𝑡. It is important to note that the kinetic equa-
tion (2.22) [49, 50] contains a generalized integral of
the Fokker–Planck type with the generalized coef-
ficients of diffusion and friction in the phase space
(r,p, 𝑡), where the region of |r| variation is limited
by the values |k|−1

ℎ𝑦𝑑𝑟 corresponding to collective non-
linear hydrodynamic processes. This means that, in
the regions limited by |k|−1

ℎ𝑦𝑑𝑟, the processes are de-
scribed by the generalized diffusion and friction coeffi-
cients, and, at small |k|−1

ℎ𝑦𝑑𝑟, they are described by the
generalized coefficients in the space of collective vari-
ables. In the following works, we will investigate the
transport equations (2.22)–(2.24) in fluctuation ap-
proximations that are higher than the Gaussian one.

1. P. Résibois, M. de Leener, Classical Kinetic Theory of
fluids (John Wiley and Sons, 1977).

2. J. Boon, S. Yip, Molecular Hydrodynamics (McGraw-Hill
Inc., 1980).
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Translated from Ukrainian by O.I. Voitenko

I.Р.Юхновський, М.В.Токарчук, П.А. Глушак

МЕТОД КОЛЕКТИВНИХ ЗМIННИХ
В ТЕОРIЇ НЕЛIНIЙНИХ ФЛУКТУАЦIЙ
З УРАХУВАННЯМ КIНЕТИЧНИХ ПРОЦЕСIВ

Для узгодженого опису кiнетики та гiдродинамiки систем
взаємодiючих частинок оптимiзовано набiр параметрiв ско-
роченого опису згiдно з Боголюбовим, що передбачає за-
лучення колективних змiнних. При цьому роздiляються
внески вiд короткосяжних i далекосяжних взаємодiй мiж
частинками. Короткосяжнi взаємодiї (наприклад, модель
твердих сфер) описуються в координатно-iмпульсному про-
сторi, а далекосяжнi – у просторi колективних змiнних. Ко-
роткосяжна складова розглядається як базисна. Викори-
стовуючи метод нерiвноважного статистичного оператора
Зубарєва, ми отримали систему рiвнянь переносу для не-
рiвноважної одночастинкової функцiї розподiлу, нерiвнова-
жного середнього значення густини енергiї взаємодiї части-
нок та нерiвноважної функцiї розподiлу колективних змiн-
них. Застосований метод колективних змiнних дав можли-
вiсть розрахувати у вищих наближеннях, нiж гаусове, як
структурну функцiю, так i гiдродинамiчнi швидкостi коле-
ктивних змiнних.

Ключ о в i с л о в а: проста рiдина, нелiнiйнi флуктуацiї, не-
рiвноважний статистичний оператор, функцiя розподiлу,
рiвняння Фоккера–Планка.
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