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UNITARITY EFFECTS
IN HIGH-ENERGY ELASTIC SCATTERING 1

We investigate the high-energy behavior of the elastic scattering amplitude using the eikonal
and 𝑈-matrix unitarization schemes. This work extends the analysis in [1] by exploring the
sensitivity of the Pomeron and Odderon parameters to the inclusion of differential cross section
data over an extended range of |𝑡|.
K e yw o r d s: unitarity, Pomeron, Odderon, elastic scattering.

1. Introduction

In a recent study [1], we studied the high-energy
behavior of the elastic scattering amplitude using
two distinct unitarization schemes: the eikonal and
the 𝑈 -matrix. In that analysis, which examined
the properties of both the Pomeron and Odderon,
we found that the Odderon phase factor 𝜉O = −1
is favored in both schemes, indicating an Odderon
with a phase opposite to other odd-signature com-
ponents of the scattering amplitude. This result
was obtained after a global analysis of two data en-
sembles (one comprising data from the ATLAS Col-
laboration and the other from the TOTEM Col-
laboration) covering total cross sections, the 𝜌 pa-
rameter, and differential cross section data for 𝑝𝑝
scattering within the range |𝑡| ≤ 0.1 GeV2. This
work uses the same formalism and statistical meth-
ods as in [1] but extends the analysis to ensem-
bles that include 𝑑𝜎/𝑑𝑡 data over the broader range
|𝑡| ≤ 0.2 GeV2. Our goal is to assess the sensitiv-
ity of the Pomeron and Odderon parameters to the
inclusion of 𝑑𝜎/𝑑𝑡 data with this wider momentum
interval.
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2. Formalism

The construction of unitarized scattering amplitudes
involves some formal steps. First, we define a Born-
level amplitude, ℱ(𝑠, 𝑡), with its even- and odd-
crossing components expressed as

ℱ±(𝑠, 𝑡) =
1

2

[︀
ℱ𝑝𝑝(𝑠, 𝑡)±ℱ𝑝𝑝(𝑠, 𝑡)

]︀
. (1)

The corresponding Born amplitudes for even- and
odd-crossing in the impact parameter space, 𝑏, are
given by

𝜒±(𝑠, 𝑏) =
1

𝑠

∞∫︁
0

𝑞 𝑑𝑞 𝐽0(𝑏𝑞)ℱ±(𝑠,−𝑞2), (2)

where −𝑞2 = 𝑡. Next, we construct a new scatter-
ing amplitude, 𝐻𝑝𝑝

𝑝𝑝 (𝑠, 𝑏), in terms of the functions
𝜒𝑝𝑝
𝑝𝑝(𝑠, 𝑏). Finally, the amplitude in the momentum

space, which is used for computing observables, is ob-
tained through the inverse Fourier–Bessel transform
of 𝐻𝑝𝑝

𝑝𝑝 (𝑠, 𝑏):

𝒜𝑝𝑝
𝑝𝑝(𝑠, 𝑡) = 𝑠

∞∫︁
0

𝑏 𝑑𝑏 𝐽0(𝑏𝑞)𝐻
𝑝𝑝
𝑝𝑝 (𝑠, 𝑏). (3)

In the eikonal scheme (Es), the relation

𝐻(𝑠, 𝑏) = 𝑖
[︁
1− 𝑒𝑖𝜒(𝑠,𝑏)

]︁
(4)

1 This work is based on the results presented at the 2024 “New
Trends in High-Energy and Low-x Physics” Conference.
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holds, leading to

𝒜[𝐸𝑠](𝑠, 𝑡) = 𝑖𝑠

∞∫︁
0

𝑏 𝑑𝑏 𝐽0(𝑏𝑞)
[︁
1− 𝑒𝑖𝜒(𝑠,𝑏)

]︁
. (5)

In contrast, in the 𝑈 -matrix scheme (Us), the relation

𝐻(𝑠, 𝑏) =
𝜒(𝑠, 𝑏)

1− 𝑖𝜒(𝑠, 𝑏)/2
(6)

implies

𝒜[𝑈𝑠](𝑠, 𝑡) = 𝑖𝑠

∞∫︁
0

𝑏 𝑑𝑏 𝐽0(𝑏𝑞)

[︂
2𝜒(𝑠, 𝑏)

𝜒(𝑠, 𝑏) + 2𝑖

]︂
. (7)

The input amplitudes ℱ𝑖(𝑠, 𝑡) are associated with
Reggeon exchange amplitudes. The Born amplitude
for each single exchange is

ℱ𝑖(𝑠, 𝑡) = 𝛽2
𝑖 (𝑡)𝜂𝑖(𝑡)

(︂
𝑠

𝑠0

)︂𝛼𝑖(𝑡)

, (8)

𝑖 = −,+,O,P, where 𝛽𝑖(𝑡) is the elastic proton-
Reggeon vertex, 𝜂𝑖(𝑡) is the signature factor, 𝛼𝑖(𝑡)
is the Regge trajectory, and 𝑠0 ≡ 1 GeV2 is an en-
ergy scale. Here, ℱ−(𝑠, 𝑡) represents the exchange of
Reggeons having 𝐶 = −1 parity (𝜔 and 𝜌), ℱ+(𝑠, 𝑡)
the exchange of Reggeons having 𝐶 = +1 parity
(𝑎2 and 𝑓2), ℱO(𝑠, 𝑡) represents the 𝐶 = −1 Odd-
eron exchange, while ℱP(𝑠, 𝑡) represents the 𝐶 = +1
Pomeron exchange.

For Regge trajectories with odd-signature, the
signature factor is given by 𝜂𝑖(𝑡) = −𝑖𝑒−𝑖𝜋

2 𝛼𝑖(𝑡),
while, for even-signature trajectories, it is 𝜂𝑖(𝑡) =
= −𝑒−𝑖𝜋

2 𝛼𝑖(𝑡). Reggeons with positive charge-conju-
gation are assumed to have an exponential form for
the proton-Reggeon vertex,

𝛽+(𝑡) = 𝛽+(0) exp(𝑟+𝑡/2), (9)

and lie on a linear trajectory of the form

𝛼+(𝑡) = 1− 𝜂+ + 𝛼′
+𝑡. (10)

Similarly, Reggeons with negative charge-conjugation
are characterized by the parameters 𝛽−(0), 𝑟−, 𝜂−,
and 𝛼′

−.
The input amplitude for the Odderon contribution

is expressed as

ℱO(𝑠, 𝑡) = 𝛽2
O(𝑡) 𝜂O(𝑡)

(︂
𝑠

𝑠0

)︂𝛼O(𝑡)

, (11)

where 𝜂O(𝑡) = −𝑖𝑒−𝑖𝜋
2 𝛼O(𝑡) and 𝛼O(𝑡) = 1. We adopt

a power-like form for the proton-Odderon vertex,
given by

𝛽O(𝑡) =
𝛽O(0)

(1− 𝑡/𝑚2
𝜌)(1− 𝑡/𝑎O)

, (12)

where 𝑎O = 2𝑎P.
In the case of Pomeron exchange, the trajectory is

given by [2–7],

𝛼P(𝑡) = 𝛼P(0) + 𝛼′
P𝑡+

𝑚2
𝜋

32𝜋3
ℎ(𝜏), (13)

where 𝜂P(𝑡) = −𝑒−𝑖𝜋
2 𝛼P(𝑡), 𝛼P(0) = 1 + 𝜖, and

ℎ(𝜏) = −4

𝜏
𝐹 2
𝜋 (𝑡)

[︂
2𝜏 − (1 + 𝜏)3/2 ln

(︂√
1 + 𝜏 + 1√
1 + 𝜏 − 1

)︂
+

+ ln

(︂
𝑚2

𝑚2
𝜋

)︂]︂
, (14)

with 𝜖 > 0, 𝜏 = 4𝑚2
𝜋/|𝑡|, 𝑚𝜋 = 139.6 MeV, and

𝑚 = 1 GeV. In the equation above, 𝐹𝜋(𝑡) is the
form factor of the pion-Pomeron vertex, given by
𝐹𝜋(𝑡) = 𝛽𝜋/(1− 𝑡/𝑎1); the coefficient 𝛽𝜋 specifies the
value of the pion-Pomeron coupling, where we take
the relation 𝛽𝜋/𝛽𝐼𝑃 (0) = 2/3. The proton-Pomeron
vertex also takes a power-like form,

𝛽P(𝑡) =
𝛽P(0)

(1− 𝑡/𝑎1)(1− 𝑡/𝑎P)
, (15)

where the free parameter 𝑎1 = 𝑚2
𝜌 = (0.776GeV)2 in

(15) is the same as the one in the expression for 𝐹𝜋(𝑡).
The corresponding amplitudes 𝜒𝑖(𝑠, 𝑏) are obtained

by applying a Fourier–Bessel transform applied to
each ℱ𝑖(𝑠, 𝑡):

𝜒𝑖(𝑠, 𝑏) =
1

𝑠

∫︁
𝑑2𝑞

2𝜋
𝑒𝑖q·b ℱ𝑖(𝑠, 𝑡). (16)

The physical amplitudes in the 𝑏-space are obtained
by summing the Fourier–Bessel transforms of all pos-
sible exchanges, expressed as

𝜒𝑝𝑝
𝑝𝑝(𝑠, 𝑏) = 𝜒P(𝑠, 𝑏) +𝜒+(𝑠, 𝑏)±𝜒−(𝑠, 𝑏)± 𝜉O𝜒O(𝑠, 𝑏),

where 𝜒O(𝑠, 𝑏) represents the Odderon’s phase factor,
associated with the positivity property. We consider
an Odderon with a phase factor 𝜉O = −1 [1].

The total cross section, elastic differential cross sec-
tion, and the 𝜌 parameter are expressed in terms of
the physical amplitude 𝒜𝑝𝑝

𝑝𝑝(𝑠, 𝑡),

𝜎𝑝𝑝,𝑝𝑝
tot (𝑠) =

4𝜋

𝑠
Im𝒜𝑝𝑝

𝑝𝑝(𝑠, 𝑡 = 0), (17)
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𝑑𝜎𝑝𝑝,𝑝𝑝

𝑑𝑡
(𝑠, 𝑡) =

𝜋

𝑠2
⃒⃒
𝒜𝑝𝑝

𝑝𝑝(𝑠, 𝑡)
⃒⃒2
, (18)

𝜌𝑝𝑝,𝑝𝑝(𝑠) =
Re𝒜𝑝𝑝

𝑝𝑝(𝑠, 𝑡 = 0)

Im𝒜𝑝𝑝
𝑝𝑝(𝑠, 𝑡 = 0)

. (19)

In the eikonal scheme, we replace 𝒜𝑝𝑝
𝑝𝑝(𝑠, 𝑡) with

𝒜𝑝𝑝,𝑝𝑝
[𝐸𝑠] (𝑠, 𝑡), such that

𝒜𝑝𝑝,𝑝𝑝
[𝐸𝑠] (𝑠, 𝑡) = 𝑖𝑠

∞∫︁
0

𝑏 𝑑𝑏 𝐽0(𝑏𝑞)
[︁
1− 𝑒𝑖𝜒

𝑝𝑝
𝑝𝑝(𝑠,𝑏)

]︁
. (20)

In the 𝑈 -matrix scheme, we similarly replace 𝒜𝑝𝑝
𝑝𝑝(𝑠, 𝑡)

with 𝒜𝑝𝑝,𝑝𝑝
[𝑈𝑠] (𝑠, 𝑡), leading to

𝒜𝑝𝑝,𝑝𝑝
[𝑈𝑠] (𝑠, 𝑡) = 𝑖𝑠

∞∫︁
0

𝑏 𝑑𝑏 𝐽0(𝑏𝑞)

[︂
2𝜒𝑝𝑝

𝑝𝑝(𝑠, 𝑏)

𝜒𝑝𝑝
𝑝𝑝(𝑠, 𝑏) + 2𝑖

]︂
. (21)

3. Results and Conclusions

We perform global fits to the total cross section,
𝜎𝑝𝑝,𝑝𝑝
tot , and to the ratio of the real to the imagi-

nary part of the scattering amplitude, 𝜌𝑝𝑝,𝑝𝑝, above√
𝑠 = 10 GeV and to 𝑝𝑝 differential cross section

data while considering two distinct data ensembles,
one with ATLAS measurements and the other with
TOTEM measurements (there is a noteworthy ten-
sion between the TOTEM and ATLAS measurements

Total cross section, 𝜌 parameter, and differential cross section
for 𝑝𝑝 (∙, N, H) and 𝑝𝑝 (∘) channels

[8–10]). Precisely, we fit to the elastic differential
cross section, 𝑑𝜎𝑝𝑝/𝑑𝑡, at LHC with |𝑡| ≤ 0.2 GeV2.
We use 𝜎tot and 𝜌 data compiled by the Particle Data
Group [11], and 𝑑𝜎/𝑑𝑡 data at 7, 8, and 13 TeV from
the TOTEM [12–17] and ATLAS [18–20] Collabora-
tions. For all the data, the statistical and systematic
errors were added in quadrature.

The two data ensembles are defined as follows:
Ensemble T: 𝜎𝑝𝑝,𝑝𝑝

tot data + 𝜌𝑝𝑝,𝑝𝑝 data + TOTEM
data on 𝑑𝜎

𝑑𝑡 at 7, 8, and 13 TeV;
Ensemble A: 𝜎𝑝𝑝,𝑝𝑝

tot data + 𝜌𝑝𝑝,𝑝𝑝 data + ATLAS
data on 𝑑𝜎

𝑑𝑡 at 7, 8, and 13 TeV.
The Ensemble T (A) includes 𝜎𝑝𝑝

tot and 𝜌𝑝𝑝 data
measured by the TOTEM (ATLAS) collaboration.

The procedure of separating discrepant data col-
lected at the same center-of-mass energy to generate
two distinct data ensembles is statistically robust. It
has previously been employed to investigate discrep-
ancies in cosmic-ray data and their impact on the
predictions for 𝑝𝑝 total cross sections at high energies
[21]. This approach has also been applied to analyze
the tension between CDF and E710/E811 Tevatron
data and its effects on determining extreme bounds
for the Pomeron intercept [22–24].

Having clearly defined our data sets, we proceed to
the phenomenological analysis by performing global
fits on the two distinct ensembles. We employ a 𝜒2 fit-
ting procedure, where the minimum 𝜒2

min is expected
to follow a 𝜒2 distribution with 𝜈 degrees of free-
dom. The global fittings for the experimental data
incorporate a 𝜒2 interval that, in the presence of nor-
mal errors, corresponds to the region covering 90%
of the probability within the 𝜒2 hypersurface. This
translates to 𝜒2 − 𝜒2

min = 13.36 and 14.68 for models
with eight and nine free parameters, respectively. To
minimize the number of free parameters, we fix the
slopes of the secondary-Reggeon linear trajectories,
𝛼′
+ and 𝛼′

−, at 0.9 GeV−1, consistent with typical val-
ues observed in Chew–Frautschi plots. Furthermore,
we set the slopes related to the form factors of the
secondary Reggeons to 𝑟+ = 𝑟− = 4.0 GeV−2. These
parameters show minimal statistical correlation with
the Odderon (and Pomeron) parameters, and their
fixed values align with those obtained in prior studies
[4, 5, 25].

The parameters for the Odderon, Pomeron, and
secondary Reggeons, determined from global fits to
Ensembles A and T within the frameworks of the
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The Pomeron, Odderon and secondary Reggeons parameters values
obtained in global fits to Ensembles A and T after the Eikonal and 𝑈-matrix unitarizations

Parameter
Eikonal unitarization 𝑈 -matrix unitarization

Ensemble A Ensemble T Ensemble A Ensemble T

𝜖 0.1172± 0.0053 0.1232± 0.0025 0.0968± 0.0015 0.1146± 0.0038
𝛼′
P (GeV−2) 0.0109± 0.0050 0.0109± 0.0037 0.2624± 0.0042 0.092± 0.011
𝛽P(0) 1.918± 0.082 1.895± 0.041 2.162± 0.025 1.923± 0.067

𝑎P (GeV−2) 0.47± 0.11 0.53± 0.24 40± 24 0.585± 0.051
𝛽O(0) 0.35± 0.21 0.27± 0.18 0.31± 0.24 0.28± 0.17
𝜂+ 0.324± 0.054 0.324± 0.029 0.374± 0.017 0.317± 0.051

𝛽+(0) 4.23± 0.47 4.23± 0.25 4.51± 0.12 4.15± 0.43
𝜂− 0.48± 0.11 0.48± 0.14 0.476± 0.090 0.499± 0.078

𝛽−(0) 3.09± 0.63 3.09± 0.53 3.08± 0.73 3.16± 0.48

𝜈 264 496 264 496

𝜒2/𝜈 0.75 1.40 0.88 0.60

eikonal and 𝑈 -matrix unitarization schemes, are pre-
sented in Table. The results of these fits are shown
in Figure, which provides a comparison of 𝑝𝑝 and 𝑝𝑝
data for both unitarization schemes. Specifically, part
(a) depicts the total cross section, part (b) extends the
range of

√
𝑠 shown in part (a), part (c) highlights the

𝜌 parameter (the ratio of the real to imaginary parts
of the scattering amplitude), and part (d) focuses on
the differential cross section. For comparison, part (b)
also includes estimates of the 𝑝𝑝 total cross section
from cosmic ray experiments, namely the AUGER
result at

√
𝑠 = 57 TeV [26] and the Telescope Array

result at
√
𝑠 = 95 TeV [27].

Similar to the analysis in Ref. [1], we observe that
the parameters associated with secondary Reggeons
are not sensitive to the choice of unitarization scheme,
as their values are consistent across different schemes,
accounting for the associated uncertainties.

The results obtained using 𝑈 -matrix unitarization
are consistent with the previous analysis in Ref. [1].
The parameter values showed minimal variation, and
the 𝜒2/𝜈 values remained low, indicating that the
𝑑𝜎/𝑑𝑡 data in the newly extended interval |𝑡| ≤
≤ 0.2 GeV2 continue to be well described by the
model. Once again, Ensemble A favors a higher value
of 𝛼𝐼𝑃 compared to Ensemble T, and the smaller value
of 𝜖 in Ensemble A is compensated by a larger value
of the coupling 𝛽𝐼𝑃 (0).

On the other hand, the results using eikonal unita-
rization indicate that Ensemble A now favors a small

value of 𝛼′
P. Interestingly, this value is identical in

both ensembles, with 𝛼′
P ∼ 0.011 GeV−2. It is im-

portant to note that this behavior aligns with results
from screened Regge models, which also yield very
small values for 𝛼′

P [4, 5, 28–31]. In the framework of
Gribov’s Reggeon calculus, the small value of 𝛼′

P sug-
gests that the soft Pomeron can potentially be treated
perturbatively [32–35], opening the possibility of de-
veloping a fundamental theory of soft processes based
entirely in QCD. Similar to 𝑈 -matrix unitarization, in
eikonalization, an increase in the Pomeron intercept
(as seen in Ensemble T compared to Ensemble A) is
offset by a decrease in the coupling parameter 𝛽P(0).

Thus, we find that, for Ensembles A and T, the
eikonal unitarization scheme is sensitive to the input
data for 𝑑𝜎/𝑑𝑡 when |𝑡| > 0.1 GeV2.
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cia Nacional de Investigación e Innovación under the
project ANII-FCE-166479 and by the Conselho Na-
cional de Desenvolvimento Cient́ıfico e Tecnológico
under Grant No. 307189/2021-0.
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perturbative gluon exchange in 𝑝𝑝 elastic scattering at TeV
energies. Phys. Rev. D 107, 114011 (2023).

11. R.L. Workman et al. (Particle Data Group). Number of
light neutrino types from collider experiments. The review
of particle physics, Prog. Theor. Exp. Phys. 2022, 083C01
(2022).

12. G. Antchev et al. Measurement of proton-proton elastic
scattering and total cross section at. Europhys. Lett. 101,
21002 (2013).

13. G. Antchev et al. Evidence for non-exponential elastic pro-
tonпїЅproton differential cross section at low |𝑡| and

√
𝑠 =

= 8 TeV by TOTEM. Nucl. Phys. B 899, 527 (2015).
14. G. Antchev et al. Proton-proton elastic scattering at the

LHC energy of
√
𝑠 = 7 TeV. Europhys. Lett. 95, 41001

(2011).
15. G. Antchev et al. Measurement of elastic pp scattering at√

𝑠 = 8 TeV in the CoulombпїЅnuclear interference region:
Determination of the 𝜌-parameter and the total cross sec-
tion. Eur. Phys. J. C 76, 661 (2016).

16. G. Antchev et al. First determination of the 𝜌 parameter
at

√
𝑠 = 13 TeV: Probing the existence of a colourless C-

odd three-gluon compound state. Eur. Phys. J. C 79, 785
(2019).

17. G. Antchev et al. Elastic differential cross section measure-
ment at

√
𝑠 = 13 TeV by TOTEM. Eur. Phys. J. C 79,

861 (2019).
18. G. Aad et al. Measurement of the total cross section from

elastic scattering in 𝑝𝑝 collisions at
√
𝑠 = 7 TeV with the

ATLAS detector. Nucl. Phys. B 889, 486 (2014).
19. M. Aaboud et al. Measurement of the total cross section

from elastic scattering in 𝑝𝑝 collisions at
√
𝑠 = 8 TeV with

the ATLAS detector. Phys. Lett. B 761, 158 (2016).
20. G. Aad et al. Measurement of the total cross section and

𝜌-parameter from elastic scattering in 𝑝𝑝 collisions at
√
𝑠 =

= 13 TeV with the ATLAS detector. Eur. Phys. J. C 83,
441 (2023).

21. E.G.S. Luna, M.J. Menon. On the total cross sec-
tion extrapolations to cosmic-ray energies. arXiv:hep-ph/
0105076.

22. E.G.S. Luna, M.J. Menon. Extrema bounds for the soft
Pomeron intercept. Phys. Lett. B 565, 123 (2003).

23. E.G.S. Luna, M.J. Menon, J. Montanha. An analysis on
extrema and constrained bounds for the soft pomeron in-
tercept. Nucl. Phys. A 745, 104 (2004).

24. E.G.S. Luna, M.J. Menon, J. Montanha. Extensions of the
extrema bounds for the pomeron intercept to meson-pro-
ton, gamma-proton and gamma-gamma scattering. Braz.
J. Phys. 34, 268 (2004).

25. R.J.M. Covolan, J. Montanha, K. Goulianos. A New de-
termination of the soft pomeron intercept. Phys. Lett. B
389, 176 (1996).

26. P. Abreu et al. Measurement of the proton-air cross section
at

√
𝑠 = 57 TeV with the Pierre Auger observatory. Phys.

Rev. Lett. 109, 062002 (2012).
27. R.U. Abbasi et al. Measurement of the proton-air cross

section with Telescope ArrayпїЅs Middle Drum detector
and surface array in hybrid mode. Phys. Rev. D 92, 032007
(2015).

28. V.A. Khoze, A.D. Martin, M.G. Ryskin. Diffraction at the
LHC. Eur. Phys. J. C 73, 2503 (2013).

29. V.A. Khoze, A.D. Martin, M.G. Ryskin. Elastic and diff-
ractive scattering at the LHC. Phys. Lett. B 784, 192
(2018).

30. E. Gotsman, E. Levin, U. Maor. A comprehensive model
of soft interactions in the LHC era. Int. J. Mod. Phys. A
30, 1542005 (2015).

31. E. Gotsman, E. Levin, U. Maor. Diffraction production
32. V.N. Gribov. Analytic properties of the partial wave am-

plitudes and the asymptotic behavior of the scattering am-
plitude. Sov. Phys. JETP 15, 873 (1962).

33. V.N. Gribov. A reggeon diagram technique. Sov. Phys.
JETP 26, 414 (1968).

34. V.N. Gribov. Inelastic processes at super high-energies and
the problem of nuclear cross section. Sov. J. Nucl. Phys.
9, 369 (1969).

35. M. Baker, K.A. Ter-Martirosyan. Gribov’s Reggeon calcu-
lus: Its physical basis and implications. Phys. Rep. 28, 1
(1976). Received 21.10.24

М.Манейро, Е.Г.С.Луна, М.Пелас

ЕФЕКТИ УНIТАРНОСТI
У ВИСОКОЕНЕРГЕТИЧНОМУ
ПРУЖНОМУ РОЗСIЯННI

Ми дослiджуємо високоенергетичну поведiнку амплiтуди
пружного розсiяння за допомогою схеми ейконала та унiта-
ризацiї 𝑈 -матрицi. Ця робота розширює аналiз роботи [1],
дослiджуючи чутливiсть параметрiв померона та одерона
до врахування даних диференцiального перерiзу в бiльш
широкому дiапазонi |𝑡|.
Ключ о в i с л о в а: унiтарнiсть, померон, одерон, пружне
розсiяння.
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