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PHASE DIAGRAMS OF WATER
ISOTOPOLOGUES AND NOBLE SUBSTANCES

Phase diagrams calculated using the literature data for water isotopologues and noble sub-
stances have been presented. The principle of corresponding states when caloric variables are
applied was verified. It was shown that in the reduced temperature, pressure, and chemical po-
tential coordinates, the water isotopologues form a group of substances and have similar phase
diagrams. On the other hand, inert substances, starting from argon, form another group with
similar phase diagrams in the same coordinates. At the same time, helium and neon, for which
the de Boer quantum parameter is substantial, have phase diagrams different from those for
other noble substances. Phase diagrams of tritiated water, T2O, and radon, Rn, have been
predicted.
K e yw o r d s: water isotopologues, superheavy water, noble substances, radon, chemical po-
tential, phase diagrams, Kirchhoff equation, Massier functions, triple point.

1. Introduction

Nowadays, despite a considerable body of experimen-
tally obtained thermodynamic data for most sub-
stances, the fundamental principle of corresponding
states has not been thoroughly tested yet. In our
opinion, such a procedure will allow not only the
adequacy of the indicated fundamental statement to
be verified but also the thermodynamic properties of
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some substances, which are still absent for various
technical reasons, to be predicted.

According to Refs. [1–3], despite a substantial dif-
ference between the properties of water and argon,
if the temperature 𝑇 is low (𝑇 ≪ 𝑇𝑐, where 𝑇𝑐 is
the corresponding critical temperature), there is an
interval where the principle of corresponding states
is applicable. In our previous works [4–6], the ther-
modynamic properties of one of the inert substances,
namely, argon, were compared with those of wa-
ter. The cited works confirmed the existence of a
region of thermodynamic similarity between water
and argon. At the same time, it was shown that
there also exists a region of thermodynamic param-
eters where the properties of water and argon differ
substantially.
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Liquid water can be considered as one of the most
complicated liquids in nature due to a number of its
anomalous properties [7–11]. In particular, water has
unique parameters as a solvent [12–14].

The aim of this work is to compare, on the ba-
sis of the principle of corresponding states, the phase
diagrams of H2O, D2O, and a number of inert sub-
stances (He, Ne, Ar, Kr, and Xe), which were ob-
tained from available experimental data. For this pur-
pose, the values of the chemical potential of the in-
dicated substances were calculated as the functions
of the temperature and pressure. When construct-
ing the phase diagrams and to make their analysis
more thorough, besides the thermodynamic poten-
tials [15], the Massier (Massier-Planck) functions [16]
were also used.

2. Chemical Potential
Calculation Technique

To plot the phase diagrams of indicated substances
in the temperature-pressure (𝑇–𝑃 ) coordinates, the
most reliable literary experimental data were taken
from articles, monographs, and reference books [17–
19], as well as from physical databases [20–27].

In order to calculate the chemical potential along
the vaporization, melting, and sublimation coexis-
tence curves, a method to choose reference points for
the entropy 𝑆 and the internal energy 𝐸 was pro-
posed [5]. If following it, the entropy values are reck-
oned from the absolute zero temperature, and the

Table 1. Calibration parameters – entropy
(𝑆*, per mole, and 𝑆, per mass unit) and enthalpy
(𝐻*, per mole, and 𝐻, per mass unit) – for the studied
substances in the vapor (V) and liquid (L) phases

Substance 𝑆*(298 K) 𝐻*(298 K), 𝑆(298 K), 𝐻(298 K),
(phase) kJ/mol-K kJ/mol kJ/kg-K kJ/kg

H2O (V) 217.485 45876.0 12.072 2546.5
H2O (L) 69.95 1888.6 3.8828 104.922
D2O (V) 228.770 47220.3 11.423 2357.8
D2O (L) 76.390 1788.4 3.8143 89.382
T2O (V) 235.413 48453.3 10.685 2199.3
T2O (L) 78.52 1741.4 3.5640 79.041
Ne (V) 146.214 7500.6 7.2516 371.70
Ar (V) 154.732 11042.6 3.8763 276.42
Kr (V) 163.971 12936.3 1.9582 154.38
Xe (V) 169.573 15579.6 1.2925 118.66
Rn (V) 176.124 20159.5 0.7934 90.809

internal energy from its value at the triple point. In
contrast to many known variants of such a selection
[18, 21–23], the method proposed by us to reckon 𝑆
and 𝐸 does not contradict the principle of correspond-
ing states. According to the Gibbs phase rule [28,29],
a one-component liquid is a bivariant system, so its
chemical potential 𝜇 is truly defined if its two inde-
pendent variables are defined; for example, these can
be the entropy and the internal energy of the system,
𝜇 = 𝜇(𝐸,𝑆).

The dimensionless ratio 𝜇/𝜇𝑐 between the chemi-
cal potential 𝜇 and its critical value 𝜇𝑐 is used. After
the fixation of the reference points for reckoning 𝑆 in
kJ/(kg K) units and 𝐸 in kJ/kg units, the chemical
potential 𝜇 was calculated in kJ/kg units on the basis
of the first principle of thermodynamics [15]

𝜇 = 𝐸 − 𝑇𝑆 + 𝑃𝑉. (1)

Here 𝑉 = 1/𝜌 (in m3/kg units) is the specific volume
and 𝜌 (in kg/m3 units) is the mass density of the
substance. Accordingly, the critical value of chemical
potential was determined from formula (1) at the crit-
ical point [30, 31]. The phase diagrams presented be-
low were plotted in dimensionless physical variables,
i.e., normalized by their critical values.

In Table 1, literature data for the researched sub-
stances are quoted, as well as the molar and mass
calibration parameters for the entropy and enthalpy
[18,21–23,26,27], which were calculated using the pro-
posed method of selecting their reference points. Note
that at the temperature 𝑇 = 298 K and the pres-
sure 𝑃 = 1 bar, inert substances are in the vapor
state, whereas water isotopologues are in the liq-
uid state. For water isotopologues, Table 1 also con-
tains the indicated parameters for the vapor phase
on the coexistence curve at the temperature 𝑇 =
= 298 K [32, 33].

3. Comparison of Phase Diagrams
of Water Isotopologues and Inert Substances

In Fig. 1, phase diagrams for water isotopologues and
inert substances are plotted in the coordinates 𝑃/𝑃𝑐

vs 𝑇/𝑇𝑐. As one can see, the phase diagrams of H2O
and D2O are qualitatively similar to each other but
substantially different from the phase diagrams of
inert substances. The phase diagrams of inert sub-
stances, starting from argon, form another group of
substances with similar behavior. An analysis of the
phase diagrams of inert substances shows that neon
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Fig. 1. Phase diagrams in the (𝑃/𝑃𝑐)-vs-(𝑇/𝑇𝑐) coordinates
for water isotopologues [H2O (1 ), D2O (2 ), T2O (3 )] and inert
substances [Ne (4 ), Ar (5 ), Kr (6 ), Xe (7 ), Rn (8 )]; solid phase
(a), liquid (b), vapor (c). The circle marks the critical point.
The dependencies for T2O and Rn are predicted

and, especially, helium, for which the role of the de
Boer quantum parameter is significant, demonstrate
phase diagrams that are different from those of other
inert substances.

Unlike the case of inert substances, the inequality
(𝜕𝑃/𝜕𝑇 )𝑢 < 0 takes place for H2O and D2O along
the melting curve when departing from the triple
points. After reaching the minimum temperature at
which the thermodynamically balanced liquid state
can exist (the triple point liquid-ice-ice at 251.165K
for H2O [34] and 254.35 K for D2O [35]), the sign
of this derivative changes as the pressure increases,
(𝜕𝑃/𝜕𝑇 )𝑢 > 0.

At the same time, for inert substances, the inequal-
ity (𝜕𝑃/𝜕𝑇 )𝑢 > 0 holds within the whole tempera-
ture and pressure intervals.

In Fig. 2, phase diagrams for water isotopologues
and inert substances are plotted in the coordinates
𝑃/𝑃𝑐 vs 𝜇/𝜇𝑐. Again, similarly to the case of 𝑃/𝑃𝑐-
vs-𝑇/𝑇𝑐 coordinates (Fig. 1), the phase diagrams of
H2O and D2O (Fig. 2) form a separate group, which
is different from the phase diagrams of inert sub-
stances. For water isotopologues, when moving away
from the triple point along the melting curve, the in-
equality (𝜕𝑃/𝜕𝜇)𝑢 > 0 [(𝜇𝑐/𝑃𝑐) (𝜕𝑃/𝜕𝜇)𝑢 < 0] takes
place. The triple points of H2O and D2O correspond
to the relative pressures 𝑃/𝑃𝑐 that are two orders of
magnitude smaller than the corresponding values for

Fig. 2. Phase diagrams in the (𝑃/𝑃𝑐)-vs-(𝜇/𝜇𝑐) coordinates
for water isotopologues [H2O(1 ), D2O (2 ), T2O (3 )] and inert
substances [Ne (4 ), Ar (5 ), Kr (6 ), Xe (7 ), Rn (8 )]; solid phase
(a), liquid (b), vapor (c). The circle marks the critical point.
The dependencies for T2O and Rn are predicted

Fig. 3. Phase diagrams in the (𝜇/𝜇𝑐)-vs-(𝑇/𝑇𝑐) coordinates
for water isotopologues [H2 O(1 ), D2O (2 ), T2O (3 )] and inert
substances [Ne (4 ), Ar (5 ), Kr (6 ), Xe (7 ), Rn (8 )]; solid phase
(a), liquid (b), vapor (c). The circle marks the critical point.
The dependencies for T2O and Rn are predicted

inert substances. They also correspond to smaller rel-
ative values of the ratio 𝜇/𝜇𝑐. In addition, the same
inequality (𝜕𝑃/𝜕𝜇)𝑢 < 0 [(𝜇𝑐/𝑃𝑐) (𝜕𝑃/𝜕𝜇)𝑢 > 0]
takes place on the sublimation curve as occurred on
the evaporation curve.

In Fig. 3, phase diagrams for H2O, D2O, and in-
ert substances are plotted in the coordinates 𝜇/𝜇𝑐 vs
𝑇/𝑇𝑐. Now again, as it was with the previous coor-
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Fig. 4. Phase diagrams in the (𝑃/𝑇 )/(𝑃𝑐/𝑇𝑐)-vs-(1/𝑇 )/

/(1/𝑇𝑐) coordinates for water isotopologues [H2O (1 ), D2O
(2 ), T2O (3 )] and inert substances [Ne (4 ), Ar (5 ), Kr (6 ), Xe
(7 ), Rn (8 )]; solid phase (a), liquid (b), vapor (c). The circle
marks the critical point. The dependencies for T2O and Rn
are predicted

dinate sets, the phase diagrams for H2O and D2O
(Fig. 3) form a separate group, and they differ from
the phase diagrams of inert substances. For H2O and
D2O, in contrast to inert substances, the inequal-
ity (𝜕𝜇/𝜕𝑇 )𝑢 < 0 [(𝑇𝑐/𝜇𝑐) (𝜕𝜇/𝜕𝑇 )𝑢 > 0] holds
when moving away from the triple point along the
melting curve. As the ratio 𝜇/𝜇𝑐 decreases and the
temperature reaches a minimum at which a ther-
modynamically balanced liquid state for liquid-ice-
ice triple point can exist, the sign of this derivative
changes, (𝜕𝜇/𝜕𝑇 )𝑢 > 0 [(𝑇𝑐/𝜇𝑐) (𝜕𝜇/𝜕𝑇 )𝑢 < 0]. For
the inert substances, the inequality (𝜕𝜇/𝜕𝑇 )𝑢 > 0
[𝑇𝑐/𝜇𝑐 (𝜕𝜇/𝜕𝑇 )𝑢 < 0] takes place along the curve
melting within the whole interval of the parame-
ters 𝑇/𝑇𝑐 and 𝜇/𝜇𝑐. For the sublimation and evap-
oration curves of all considered substances, the in-
equality (𝜕𝜇/𝜕𝑇 )𝑢 < 0 [(𝑇𝑐/𝜇𝑐) (𝜕𝜇/𝜕𝑇 )𝑢 > 0] takes
place. As one can see, the analyzed phase diagrams
confirm the adequacy of the principle of correspond-
ing states separately for two groups of substances,
water isotopologues and inert substances starting
from argon.

When plotting the phase diagrams, in order to an-
alyze them in more detail, besides conventional ther-
modynamic potentials, the Massier (Massier–Planck)
functions [16] were also involved. Historically, the
group of Massier functions was proposed earlier than
the thermodynamic potentials. They have a mathe-

matical structure identical to that of thermodynamic
potentials. The Massier functions have the entropy
dimensionality. They are related to each other and to
the thermodynamic potentials by the Legendre trans-
formations. Those functions arise when the quantities
𝜇/𝑇 (the Planck potential) and −𝑃/𝑇 (the Kramers
potential) are written as the total differentials of the
corresponding characteristic functions:

𝑑(𝜇/𝑇 )(𝑃/𝑇, 1/𝑇 ) and 𝑑(𝑃/𝑇 )(𝜇/𝑇, 1/𝑇 ).

To obtain the differentials of the indicated variables,
let us rewrite the Gibbs–Duhem equation [15] in two
other possible notation forms,

𝑑(𝜇/𝑇 ) = 𝑉 · 𝑑(𝑃/𝑇 ) + 𝐸 · 𝑑(1/𝑇 ) (2)

and

𝑑(𝑃/𝑇 ) = (1/𝑉 ) 𝑑(𝜇/𝑇 )− (𝐸/𝑉 ) 𝑑(1/𝑇 ) =

= 𝜌 𝑑(𝜇/𝑇 )− 𝜀 𝑑(1/𝑇 ). (3)

Formulas (2) and (3) describe relationships between
the new variables 1/𝑇 , 𝑃/𝑇 , and 𝜇/𝑇 . Like the vari-
ables 𝑇 , 𝑃 , and 𝜇, which are more commonly used
today, they are also continuous at the phase transi-
tion of the first kind. In expression (3), the notation
𝜀 (in kJ/m3 units) is used for the internal energy per
unit volume.

The phase diagrams of water isotopologues
and inert substances in the reduced coordinates
(𝑃/𝑇 )/(𝑃𝑐/𝑇𝑐) vs (1/𝑇 )/(1/𝑇𝑐) are depicted in
Fig. 4. One can see that in contrast to the group of
inert substances, the inequality (𝜕(𝑃/𝑇 )/𝜕(1/𝑇 ))𝑢 >
> 0 takes place for H2O and D2O when departing
from the triple point along the melting curve. As
the pressure increases and the temperature reaches
a minimum at which the thermodynamically equi-
librium liquid state can exist at the liquid-ice-ice
triple point, the sign of the derivative changes,
(𝜕(𝑃/𝑇 )/𝜕(1/𝑇 ))𝑢 < 0. For inert substances, the
inequality (𝜕(𝑃/𝑇 )/𝜕(1/𝑇 ))𝑢 < 0 holds within the
whole intervals of temperature and pressure.

An analysis of Fig. 4 shows that, unlike Fig. 1, the
sublimation curves and the low-temperature sections
of the evaporation curves for light water, heavy wa-
ter, and inert substances (except for neon and he-
lium [36–39]) are straight lines in accordance with
the Kirchhoff formula, which has a molecular-kinetic
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substantiation [40, 41],

ln 𝑃 = 𝐴− 𝐵

𝑇
− 𝐶 ln 𝑇. (4)

Here 𝐴, 𝐵, and 𝐶 are constants. At low tempera-
tures, according to (4), ln 𝑃 ∼ 1/𝑇 . Helium and
neon, for which the role of the so-called de Bohr quan-
tum parameter is substantial, deviate from the Kirch-
hoff equation. In Table 2, the values of the de Boer
parameter for the inert substances are quoted.

The phase diagrams of light water, heavy wa-
ter, and inert substances in the coordinates (𝑃/𝑇 )/
/(𝑃𝑐/𝑇𝑐) vs (𝜇/𝑇 )/(𝜇𝑐/𝑇𝑐) are shown in Fig. 5. As
one can see, the influence of the de Boer quan-
tum parameter becomes appreciable starting from
neon (Table 2). For all phase diagrams depicted
in Fig. 5, the inequality (𝜕(𝑃/𝑇 )/𝜕(𝜇/𝑇 ))𝑢 > 0
[(𝜇𝑐/𝑃𝑐) · (𝜕(𝑃/𝑇 )/𝜕(𝜇/𝑇 ))𝑢 < 0] takes place when
departing from the triple point along the melting
curve. At the same time, the values of the relative
quantity (𝑃/𝑇 )/(𝑃𝑐/𝑇𝑐) for H2O and D2O at their
triple points are two orders of magnitude less than
their counterparts for the inert substances. The in-
equality (𝜕(𝑃/𝑇 )/𝜕(𝜇/𝑇 ))𝑢 > 0 [(𝜇𝑐/𝑃𝑐) · (𝜕(𝑃/𝑇 )/
/𝜕(𝜇/𝑇 ))𝑢 < 0] holds on the sublimation curve,
but the inverse inequality (𝜕(𝑃/𝑇 )/𝜕(𝜇/𝑇 ))𝑢 < 0
[(𝜇𝑐/𝑃𝑐) · (𝜕(𝑃/𝑇 )/𝜕(𝜇/𝑇 ))𝑢 > 0] holds on the evap-
oration curve. So, unlike the phase diagrams in the
coordinates 𝑃/𝑃𝑐 vs 𝜇/𝜇𝑐 (see Fig. 2), the same in-
equality as on the melting curve is obeyed on the
sublimation curve in the coordinates (𝑃/𝑇 )/(𝑃𝑐/𝑇𝑐)
vs (𝜇/𝑇 )/(𝜇𝑐/𝑇𝑐) (see Fig. 5).

The phase diagrams of H2O, D2O, and inert sub-
stances in the reduced coordinates (𝜇/𝑇 )/(𝜇𝑐/𝑇𝑐) vs
(1/𝑇 )/(1/𝑇𝑐) are plotted in Fig. 6. A corresponding
analysis shows that for H2O and D2O, the triple point
corresponds to smaller values of the dimensionless
parameter (𝜇/𝑇 )/(𝜇𝑐/𝑇𝑐) than for the group of inert
substances. Unlike inert substances, for H2O and
D2O, when departing from the triple point along the
melting curve, the inequality (𝜕(𝜇/𝑇 )/𝜕(1/𝑇 ))𝑢 > 0
[(1/𝜇𝑐)(𝜕(𝜇/𝑇 )/𝜕(1/𝑇 ))𝑢 < 0] holds. As the value of
(𝜇/𝑇 )/(𝜇𝑐/𝑇𝑐) decreases and the temperature reaches
a minimum value at which the thermodynamically
balanced liquid state at the liquid–ice–ice triple
point can exist, the sign of this derivative changes,
(𝜕(𝜇/𝑇 )/𝜕(1/𝑇 ))𝑢<0 [(1/𝜇𝑐)(𝜕(𝜇/𝑇 )/𝜕(1/𝑇 ))𝑢>0)].
For the inert substances, the inequality
(𝜕(𝜇/𝑇 )/𝜕(1/𝑇 ))𝑢< 0 [(1/𝜇𝑐)(𝜕(𝜇/𝑇 )/𝜕(1/𝑇 ))𝑢> 0]

Fig. 5. Phase diagrams in the (𝑃/𝑇 )/(𝑃𝑐/𝑇𝑐)-vs-(𝜇/𝑇 )/

/(𝜇𝑐/𝑇𝑐) coordinates for water isotopologues [H2O (1 ), D2O
(2 ), T2O (3 )] and inert substances [Ne (4 ), Ar (5 ), Kr (6 ), Xe
(7 ), Rn (8 )]; solid phase (a), liquid (b), vapor (c). The circle
marks the critical point. The dependencies for T2O and Rn
are predicted

Fig. 6. Phase diagrams in the (𝜇/𝑇 )/(𝜇𝑐/𝑇𝑐)-vs-(1/𝑇 )/

/(1/𝑇𝑐) coordinates for water isotopologues [H2O (1 ), D2O
(2 ), T2O (3 )] and inert substances [Ne (4 ), Ar (5 ), Kr (6 ), Xe
(7 ), Rn (8 )]; solid phase (a), liquid (b), vapor (c). The circle
marks the critical point. The dependencies for T2O and Rn
are predicted

Table 2. De Boer parameter
Λ = ℎ/(𝜎

√
𝑀𝑢) for inert substances [37, 42]

Substance 3He 4He Ne Ar Kr Xe Rn

Λ 3.1 2.7 0.59 0.19 0.10 0.064 0.047
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Fig. 7. Relative arrangement of triple points of water isotopo-
logues in the plane reduced pressure vs reduced temperature
(𝑃/𝑃𝑐 vs 𝑇/𝑇𝑐): H2O (1 ), D2O (2 ), T2O (3 ). Triple points
for T2O at high pressure are predicted

is satisfied along the melting curve within the whole
intervals of change of the quantities (𝜇/𝑇 )/(𝜇𝑐/𝑇𝑐)
and (1/𝑇 )/(1/𝑇𝑐).

The inequality (𝜕(𝜇/𝑇 )/𝜕(1/𝑇 ))𝑢 < 0 [(1/𝜇𝑐)×
× (𝜕(𝜇/𝑇 )/𝜕(1/𝑇 ))𝑢 > 0] on the sublimation curves
and the opposite inequality (𝜕(𝜇/𝑇 )/𝜕(1/𝑇 ))𝑢 > 0
[(1/𝜇𝑐) (𝜕(𝜇/𝑇 )/𝜕(1/𝑇 ))𝑢 < 0] on the evaporation
curves take place for all considered substances. Un-
like the phase diagrams shown in Fig. 3, the signs of
the indicated inequalities are different on the subli-
mation and evaporation curves.

Thus, the phase diagrams plotted in the reduced
coordinates and determined by the Massier functions
(see Figs. 4 to 6) confirm that the water isotopologues
form a single group of substances with similar behav-
ior, whereas the inert substances form another group
with similar behavior, but with some deviations in
the case of helium and neon.

4. Prediction of Phase
Diagrams for T2O and Rn

The thermodynamic similarity of phase diagrams for
light and heavy water makes it possible to predict the
view of the phase diagrams for superheavy water. For
this purpose, the critical parameters of superheavy
water, T2O, were taken from [43, 44]. In the cited
works, by comparing the temperature dependences
of the pressure, 𝑃 (𝑇 ), for H2O and D2O along the
vaporization curves, the critical parameters for super-
heavy water were predicted. Further analysis showed

that the forecast of the dependences 𝑃 (𝑇 ) for T2O
along the vaporization curve is one of the most re-
liable among other physical dependences. The phase
diagrams predicted for superheavy water are exhib-
ited in Figs 1 to 6.

Figure 7 demonstrates the relative arrangement of
the parameters of the triple points of water isotopo-
logues. In this phase diagram, the positions of the
H2O triple points at the liquid phase boundary were
taken from Refs. [19,34,45,46], their counterparts for
D2O were taken from Refs. [19, 35], and the position
of the triple point liquid-vapor-solid in T2O was taken
from Refs. [43, 44] (see Table 3).

According to data [9, 34, 35, 45, 46], the inequal-
ity (𝑇fus/𝑇𝑐)(H2O) < (𝑇fus/𝑇𝑐)(D2O) is obeyed for
the triple points with the temperatures 𝑇fus/𝑇𝑐 <
< 0.5, and the inverse inequality (𝑇fus/𝑇𝑐)(H2O) >
> (𝑇fus/𝑇𝑐)(D2O) holds for the region 𝑇fus/𝑇𝑐 > 0.5.
According to Refs. [34,35], the melting curves for H2O
and D2O in the 𝑃/𝑃𝑐 vs 𝑇/𝑇𝑐 coordinates are ther-
modynamically similar (see Fig. 7), and according to
Refs. [43, 44, 47], the evaporation curves for H2O,
D2O, and T2O in the 𝑃 − 𝑇 coordinates (and there-
fore in the 𝑃/𝑃𝑐 − 𝑇/𝑇𝑐 coordinates) are also ther-
modynamically similar. Based on those results, we
predicted the coordinates of the liquid-ice-ice triple
points for T2O at high pressures (see Fig. 7 and
Table 3).

Note that, compared to light water H2O, heavy wa-
ter D2O has a lower temperature of the triple point
liquid–ice VI–ice VII (see Fig. 7 and Table 3), as well
as its critical temperature (see Table 4), indicates
weaker D-bonds compared to H-bonds [19, 60], while
the trend changes to the opposite as the temperature
decreases (see Fig. 7, Tables 3, 5).

We may assume [33,48–50] that the phase diagrams
for a number of other water isotopologues are ther-
modynamically similar to the phase diagrams shown
in Figs. 1 to 8 for H2O, D2O, and T2O.

Following an analogous technique, the phase dia-
gram similarity of the inert substances Ar, Kr, and
Xe made it possible to suggest the view of the phase
diagram for the inert substance radon, Rn (see Figs 1
to 6). The critical parameters of radon were taken
from Ref. [17].

The values of the critical parameters and the triple-
point parameters for the researched substances are
quoted in Tables 4 and 5, respectively. Note that the
presented values of caloric variables for H2O, D2O,
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Table 3. Values of the reduced parameters 𝑇fus/𝑇𝑐 and 𝑃fus/𝑃𝑐 at the triples points
of water isotopologues [19, 34, 35, 45, 46]. The parameters for T2O at high pressures are predicted

Substance

Parameter H2O D2O T2O

𝑇fus/𝑇𝑐 𝑃fus/𝑃𝑐 𝑇fus/𝑇𝑐 𝑃fus/𝑃𝑐 𝑇fus/𝑇𝑐 𝑃fus/𝑃𝑐

Liquid–vapor–ice Ih 0.4221295 2.77216× 10−5 0.4301778 3.05438× 10−5 0.4326902 3.09745× 10−5

Liquid–ice Ih–ice III 0.3881394 9.5132342 0.3950454 10.1560336 0.3983 10.44
Liquid–ice III–ice V 0.3958646 15.8674764 0.401724 16.0649986 0.4043 16.02
Liquid–ice V–ice VI 0.4223613 28.662074 0.4279724 29.0370234 0.4304 29.10
Liquid–ice VI–ice VII 0.5486015 100.435098 0.545391 95.0974056 0.5444 92.95

Table 4. Critical thermodynamic parameters of water isotopologues and noble substances

Substance 𝑀𝑟 𝑇𝑐, K 𝑃𝑐, MPa 𝜇*
𝑐 , kJ/mol 𝜌*𝑐 , kg/mol 𝑆*

𝑐 , kJ/mol-K 𝐸*
𝑐 , kJ/mol

H2O 18.015 647.1 22.064 –54809.9 17.87373 142.73 36314
D2O 20.027 643.89 21.671 –59676.2 17.77555 153.67 38041.7
T2O 22.032 641.66 21.385 –64662.5 17.70193 164.69 39805.9
Ne 20.18 44.4 2.662 –1461.1 23.88058 62.043 1187.17
Ar 39.95 150.69 4.863 –8869.7 13.40743 89.919 4317.58
Kr 83.8 209.48 5.525 –15479.5 10.84976 105.24 6055.47
Xe 131.29 289.73 5.842 –24781.4 8.400488 116.95 8408.49
Rn 222.0 377.0 6.28 –35942.4 7.142793 126.8 10982.01

Ne, Ar, Kr, and Xe are calculated, whereas for T2O
and Rn they are predicted.

5. General Analysis of the Phase
Diagrams of Examined Substances

As was indicated in Ref. [51], for the first-kind phase
transition liquid-hexagonal ice in water at tempera-
tures 𝜃 < 4∘C and pressures 𝑃 < 28.33 MPa, the
coefficient of volume expansion

𝛼𝑃 =
1

𝑉

(︂
𝜕𝑉

𝜕𝑇

)︂
𝑃

= −
(︂
𝜕 ln 𝜌

𝜕𝑇

)︂
𝑃

=
⟨Δ𝑆Δ𝑉 ⟩
𝑘B𝑇𝑉

(5)

is negative, which means the anti-correlation between
the entropy and volume fluctuations [51]. For heavy
water, the coefficient of volume expansion (5) is neg-
ative at temperatures 𝜃 < 11 ∘C below the line
𝜃 = 𝜃max(𝑃, 𝜌max) of maxima density 𝜌 = 𝜌max.

According to our estimate obtained on the basis
of experimental data [52], this line of maxima corre-
sponds to pressures 𝑃 < 53.7 MPa. For superheavy
water, according to our prediction based on the prin-
ciple of thermodynamic similarity, 𝛼𝑃 < 0 is fulfilled
under the condition of 𝑃 < 65.3 MPa. Since for

Table 5. Thermodynamic parameters
at the liquid-vapor-solid triple point of water
isotopologues and noble substances

Substance
𝑇fus, K 𝑃fus, 𝜇*

fus, 𝜌*fus, 𝑆*
fus,

(phase) kPa kJ/kmol kmol/m3 kJ/kmol-K

H2O (V) 273.16 0.61166 –17300.5 0.0002695 228.274
H2O (L) 55.4970 63.3348

D2O (V) 276.969 0.65989 –19434.3 0.0002874 238.090
D2O (L) 55.1884 70.1702

T2O (V) 277.64 0.66239 –21048.6 0.0003055 247.555
T2O (L) 54.8855 77.0950

Ne (V) 24.55 43.355 –685.1 0.21870 101.0594
Ne (L) 61.9276 28.109

Ar (V) 83.806 68.891 –4459.8 0.10150 131.2692
Ar (L) 35.4653 55.6436

Kr (V) 115.78 73.5336 –7896.5 0.07845 146.6670
Kr (L) 29.1962 111.689

Xe (V) 161.36 81.7723 –12891.4 0.06263 158.3069
Xe (L) 22.5926 106.860

Rn (V) 202.16 93.06 –18332.8 0.04029 176.6454
Rn (L) 12.38 90.687
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Fig. 8. Baric dependences of the derivative (𝜕𝑉/𝜕𝑇 )𝑃 along
the isotherms for water: the liquid-solid coexistence curve (𝑎),
the line of maxima of the derivative (𝜕𝑉/𝜕𝑇 )𝑃 [(𝜕2𝑉/𝜕𝑇𝜕𝑃 ) =

= 0 and (𝜕3𝑉/𝜕𝑇𝜕𝑃 2) < 0] (𝑏), the line of minima of the
derivative (𝜕𝑉/𝜕𝑇 )𝑃 [(𝜕2𝑉/𝜕𝑇𝜕𝑃 ) = 0 and (𝜕3𝑉/𝜕𝑇𝜕𝑃 2) >

> 0] (𝑐); 𝑇 = 322 (1 ), 314 (2 ), 306 (3 ), 290 (4 ), 273 (5 ), and
268 K (6 )

H2O log𝑃 < 1.45, for D2O log𝑃 < 1.73 and for
T2O log𝑃 < 1.82, and the pressure along the melt-
ing curve of these substances changes by more than
seven orders of magnitude (see Fig. 1), these condi-
tions can be considered quite close.

The reduction of volume fluctuations for H2O and
D2O in the indicated intervals of temperature and
pressure is a result of the growth of entropy fluctua-
tions. According to the two-structure model of water
in the liquid state [53–58], this means that if the tem-
perature drops below 4 ∘C, the equilibrium of the dy-
namic phase transition between two structures (the
LDW and HDW phases [57, 58]) shifts toward the
more expanded structure, which is more ordered. The
system entropy decreases at that, (𝜕𝑆/𝜕𝑉 )𝑃 < 0,
whereas the specific volume of the system accordingly
increases [51].

From the thermodynamic viewpoint, this occurs
via the so-called thermodynamic compensation pro-
cess: the reduction of the specific volume 𝑉 due to the
lowering of the kinetic energy of molecules, ∼ 𝑘B𝑇 ,
is compensated by the dominating process of volume
growth due to the dynamic reconstruction of the wa-
ter structure. In this case, the thermodynamic work
has the opposite sign and is written as −𝑃𝑑𝑉 instead
of 𝑃𝑑𝑉 , and the pressure 𝑃 (𝑉 ) changes together with
the change of the specific volume 𝑉 [59].

In our recent works [4–6], we have analyzed the
thermodynamic anomalies of water in the vicinity of
its special temperature 𝜃 = 42 ∘C [60–63]. In particu-
lar, in work [6]. It was shown that the anomalous be-
havior of the volume expansion coefficient 𝛼𝑃 and the
thermodynamic coefficient (𝜕𝑉/𝜕𝑇 )𝑃 = 𝛼𝑃𝑉 below
the special water temperature of 42 ∘C appears due
to the entropy contribution to those quantities. This
conclusion agrees with the assumption that the local
order in water changes below the indicated temper-
ature. In particular, the lifetime of a local network
of hydrogen bonds becomes long enough for a tetra-
hedral network characteristic of water and formed by
tetrahedral structures of low density (the LWD phase
[57, 58]) to gradually develop [64].

In work [4], it was also shown that the minimum
of the derivative −(𝜕𝑉/𝜕𝑃 )𝑇 along the liquid-vapor
coexistence curve at a temperature of 42 ∘C is associ-
ated with the line of maxima (𝜕𝑉/𝜕𝑇 )𝑃 = 𝛼𝑃𝑉 in the
pressure-temperature plane. In turn, the line of max-
ima (𝜕𝑉/𝜕𝑇 )𝑃 arises owing to the anomalous non-
monotonic character of the variation in the quantity
(𝜕𝑉/𝜕𝑇 )𝑃 along the liquid-solid coexistence curve
[65]. A more complete phase diagram (𝜕𝑉/𝜕𝑇 )𝑃 than
in the previous work [4] is presented in Fig. 8.

For heavy water, D2O, and superheavy water, T2O,
the phase diagrams of the derivative (𝜕𝑉/𝜕𝑇 )𝑃 (see
Fig. 8) have similar forms and are shifted along
the temperature axis toward higher values by Δ𝜃 ≈
≈ 3.5 ∘C and 5.5 ∘C, respectively.

From the phase diagram shown in Fig. 8, it fol-
lows that the specific temperature of water 𝜃 =
= 42 ∘C is the endpoint of the line of minima of
the derivative (𝜕𝑉/𝜕𝑇 )𝑃 , into which the line of max-
ima of this quantity is transformed in the pressure-
temperature plane. On the other hand, the line of
maxima of the derivative (𝜕𝑉/𝜕𝑇 )𝑃 terminates at
the liquid-solid coexistence curve at pressures for
which the characteristic of water anomalous condi-
tion (𝜕𝑃/𝜕𝑇 )𝑢 < 0 (see Fig. 1), (𝜕𝜇/𝜕𝑇 )𝑢 > 0
(see Fig. 3), (𝜕(𝑃/𝑇 )/𝜕(1/𝑇 ))𝑢 > 0 (see Fig. 4) and
(𝜕(𝜇/𝑇 )/𝜕(1/𝑇 ))𝑢 > 0 (see Fig. 6) are obeyed. Here
the subscript 𝑢 denotes the curve corresponding to
the phase transition of the first kind.

Thus, the anomalous liquid-solid phase transition
in water (𝜕𝑃/𝜕𝑇 )𝑢 < 0 is a combined effect of the
anomalous peculiarities of water [4–6] both along
the liquid-vapor coexistence curve (𝜕𝑃/𝜕𝑇 )𝑢 > 0 in
the vicinity of its specific temperature 𝜃 = 42 ∘C
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and in the temperature-pressure plane below this
temperature.

According to the two-structure model of water [53–
58], if the temperature 𝜃 decreases, the reduction of
the specific volume 𝑉 , which occurs due to the de-
crease in the kinetic energy of molecules, ∼𝑘B𝑇 , com-
petes with the reduction of the entropy of liquid 𝑆
[51]: the decrease of the entropy 𝑆 of water and its
isotopologues together with the lowering of the tem-
perature 𝜃 occurs as a result of the growing role of
a more expanded and more ordered structure, which
counteracts the reduction of the specific volume. At
temperatures 𝜃 < 𝜃max, below the line of maxima
𝜃max = 𝜃max(𝑃, 𝜌max) of the density 𝜌 = 𝜌max (where
𝜃max ≤ 3.984 ∘C for H2O, 𝜃max ≤ 11.185 ∘C for
D2O, and 𝜃max ≤ 13.403 ∘C for T2O [18, 20, 66–
69]), the role of the more expanded and more or-
dered structure becomes decisive [(𝜕𝑃/𝜕𝑇 )𝑢 < 0 and
(𝜕𝑉/𝜕𝑇 )𝑃 < 0) [65]].

6. Conclusions

A comparison of the phase diagrams of water isotopo-
logues and inert substances allows the following con-
clusions to be drawn.

1. The analyzed phase diagrams confirm the ade-
quacy of the principle of corresponding states: the
water isotopologues form a group of substances with
a similar behavior. In turn, the inert substances, ex-
cept for helium and neon, form another group of sub-
stances with similar behavior.

2. The similarity of the phase diagrams of light and
heavy water made it possible to propose the phase di-
agram for superheavy water, T2O, and the similarity
of the phase diagrams for the inert substances Ar, Kr,
and Xe made it possible to predict the phase diagram
for radon, Rn.

3. Reference points for reckoning the entropy and
the internal energy were proposed, which made it pos-
sible to verify the principle of corresponding states in
caloric variables.

4. It was shown that the anomalous phase tran-
sition of the first kind liquid-hexagonal ice in wa-
ter arises due to the existence of the specific water
temperature 𝜃 = 42 ∘C, at which the thermody-
namic coefficient −(𝜕𝑉/𝜕𝑃 )𝑇 reaches its minimum
value, which can be explained in the framework of the
two-structure model of water (the LDW and HDW
phases).
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Л.А.Булавiн, Є.Г. Руднiков, С.О.Самойленко

ФАЗОВI ДIАГРАМИ IЗОТОПОЛОГIВ
ВОДИ ТА IНЕРТНИХ РЕЧОВИН

У роботi наведено фазовi дiаграми, якi розраховано за лiте-
ратурними даними для iзотопологiв води та iнертних речо-
вин. Проведено перевiрку принципу вiдповiдних станiв при
використаннi калоричних змiнних. Показано, що у приведе-
них координатах температури, тиску та хiмiчного потенцiа-
лу iзотопологи води складають одну групу речовин i мають
подiбнi фазовi дiаграми. Разом з тим, iнертнi речовини, по-
чинаючи з аргону, в зазначених координатах утворюють iн-
шу групу речовин з подiбними фазовими дiаграмами. В той
самий час, гелiй та неон, для яких квантовий параметр де
Бура за величиною є значним, мають фазовi дiаграми, вiд-
мiннi вiд дiаграм для iнших iнертних речовин. Спрогнозо-
вано фазовi дiаграми тритiйованої води T2O та радону Rn.

Ключ о в i с л о в а: iзотопологи води, надважка вода, iнер-
тнi речовини, радон, хiмiчний потенцiал, фазовi дiаграми,
рiвняння Кiрхгофа, функцiї Масьє, потрiйна точка.
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