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INFLUENCE OF ATTRACTIVE
PARTS OF INTERACTION POTENTIALS
ON CRITICAL POINT PARAMETERS

We will investigate how microscopic features of interparticle potentials influence the macro-
scopic critical point parameters. Our analytic calculations are based on the cell model for con-
tinuous many-particle systems. We will explore two types of pair interactions described by the
Morse potential and a Curie—Weiss-type potential. For the Morse fluids, we present numerical
results obtained with the microscopic parameters corresponding to the alkali metals sodium
(Na) and potassium (K). The calculated dimensionless critical point parameters for liquid Na
and K, expressed in dimensional units, allow for the direct comparison with available ex-
perimental and simulation data. For the Curie—Weiss cell model with competing interactions,
which exhibits a sequence of first-order phase transitions, we examine the critical parameters
for the first three critical points. We analyze our results by varying the attractive part of the
Morse potential and the Curie—Weiss attraction strength, providing the insights into how these
microscopic characteristics change the critical point coordinates.
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1. Introduction

The study of critical behavior in many-particle sys-
tems, particularly the behavior of fluids near the
liquid-gas critical point, remains one of the central
themes in statistical physics [1-4]. Of particular in-
terest is the problem of establishing a connections
between microscopic characteristics of the interpar-
ticle interactions and macroscopic parameters of the
critical point, such as temperature, density, and pres-
sure. Studying this problem deepens our understand-
ing of phase transitions and supports the develop-
ment of effective models for real fluids. The influence
of interactions receives considerable attention in the
interpretation of experimental data. For example, the
enhancement of solute-solvent interactions caused by
the influence of ionic impurities (as, for example, the
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NaCl salt) on aqueous solutions of organic molecules
leads to an increase in the size of water-solute clusters
and results in a reduction of the asymptotic critical
region and a decrease in the critical viscosity ampli-
tude [5].

Given the important role of the interparticle inter-
actions in shaping the critical properties, it is rea-
sonable to focus specifically on the attractive part of
the potential, since changes in this component can
influence the position of the critical point.

The aim of this work is to evaluate the influence
of parameters of the attractive part of the poten-
tial on the critical point characteristics in a contin-
uous model system. To this end, we consider both
the classical Morse potential and the Curie—Weiss
interaction potential. These potentials possess differ-
ent functional forms of the attractive component. The
Morse potential contains a term that describes expo-
nential decay of the attractive interaction with dis-
tance. The Curie-Weiss potential is given by a global
non-local attractive term of equal strength for any
pair of particles.

The analysis of data for the short-range (Morse po-
tential) and long-range (Curie-Weiss potential) at-

787



1.V. Pylyuk, O.A. Dobush, M.P. Kozlovskii et al.

traction allows for a better understanding of the crit-
ical behavior pattern of systems with these two types
of interaction. The analytic expressions used in nu-
merical calculations and results are presented in Sec-
tion 2 in the case of the Morse potential and, in Sec-
tion 3, for the case of Curie-Weiss-type interaction.
Conclusions are given in Section 4.

2. Critical Point
Parameters for Morse Fluids

2.1. General scope

Our description of the critical behavior of fluids is
carried out within the framework of the grand canon-
ical ensemble (see, for example, [3]) based on the cell
fluid model proposed in [6,7].

We consider an open system of interacting particles
in volume V partitioned into IV,, cubic cells. Each cell
has volume v = V/N,, = ¢3, where c is its linear size.

The Morse interaction potential as a function of
distance r = |r; — ra|/ Ry between particles with co-
ordinates r1, ro € R3 has the form [8-10]

U(r) =9(r) — U(r),
U(r) = De 20— /an, (1)
U(r) = 2De~(r=D/ar,

Here, ¥(r) and U(r) denote the repulsive and attrac-
tive parts of the potential, respectively, and ar =
= a/Ry, where a is the effective interaction ra-
dius. The parameter R corresponds to the minimum
of the function U(r), and D determines the depth of
the potential well. We use Ry as a reference length
and measure the distances in units of Ry. Thus, the
linear size of each cell ¢ and its volume v are deter-
mined in units of Ry and R}, respectively.

In the renormalization group framework used in [9,
11], the critical temperature for fluids is determied
from the equation

1+ g+ ROVu* —ay8,W(0) —
aq
— RO —=(8.W(0))* =0, 2
3w ) @)
where 3. = (kpT.)~! is the inverse critical tempera-
ture, kg is the Boltzmann constant, T, is the critical
temperature. Further, W (0) is the Fourier transform
of the effective interaction potential at zero wave vec-
tor k, and as, a4 are coefficients in the initial expres-
sion for the grand partition function [9]. The quantity
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q is related to averaging the square of the wave vector
in the function W (k). The value of R() is determined
by the elements and smallest eigenvalue of the renor-
malization group linear transformation matrix, and
u* is the fixed-point coordinate.

At temperatures T below the critical one, the re-
duced density p* = ((N)/V)R3, where (N) is the
average number of particles in the system, and the
effective chemical potential M are related via the fol-
lowing nonlinear equation [10]

. _ R (o) (2, 2 V@D
= |:ng - M+ 900 (h + hcm) :| (3)
Note, that in [10], this equation was written in
terms of n = (N)/N,, which is related to p* as
n = p*v/R3. The quantity h is proportional to M,
while hg,, is determined by the relative temperature
(T — T,)/T.. The first term ng, on the right-
hand side of (3) is determined by the coefficients of
the initial expression for the grand partition func-
tion. The coefficient a&g) of the third term depends
on the quantity a,, = h/he, depending both on the
physical chemical potential p through M, and the rel-
ative temperature 7. The space dimension d is fixed
at d = 3 in our current discussion.

The pressure P as a function of the temperature T’
and density 7 is given by the equation of state [9, 10].
For temperatures below T,, it is given by

T =

LU poyry + B, + (A "
k‘BT e i O'(_)
00
— (7% — -

The quantity Péf)(T) contains an analytic tempera-

ture dependence. The coefficient fy(_) characterizes a
nonanalytical contribution to the thermodynamic po-
tential. The quantities e\ and e}, as well as aéa),
are related to the roots of the associated cubic equa-
tion. Explicit expressions for all these quantities, as

well as for E,, are given in [10].

2.2. Numerical results

We employed the above microscopic description of
critical behavior of the Morse fluid to compute the
critical values for the reduced temperature 7%, the re-
duced density p*, and the reduced pressure P*. These
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quantities are related to their dimensional counter-
parts via

ksT NAR? PR}
=T =p* = pP* 5
o P " D ) (5)

where kg = 1.380649x 10723 J- K~ ! is the Boltzmann
constant, Ny = 6.02214076 x 10?3 mol~! is the Avo-
gadro number, and M,,; is the molar mass. The crit-
ical temperature T is calculated using Eq. (2). The
critical density p} and critical pressure P} are ob-
tained from (3) and (4), respectively, at M = 0 and
T=T.,.

We use the Morse interaction potential parame-
ters characteristic for sodium (molar mass My, =
=22.9898 g-mol~!) and potassium (molar mass
Mg = 39.0983 g-mol~1). These specific parameters
are [12,14]: Ry = 5.3678 A, D = 0.9241 x 10713 erg
for Na, and Ry = 6.4130 A, D = 0.8530 x 10713 erg
for K. Our results for the critical point are

for Na:

Tr =4.0277, pio/Ry =0.9971, P;=0.4735; (6)
for K:
Tr =3.3043, plv/Ry =0.9347, PF=0.4075. (7)

To facilitate comparison with the results of other
studies, such as computer simulation [12] and experi-
ment [13], we transform our dimensionless quantities
from (6) and (7) into dimensional ones employing the
relations (5). Thus, we obtain numerical estimates of
the critical point parameters for Na and K presented
in Table 1. Note that the critical density in Table 1
for the cell fluid model is normalized to v/R.

2.3. Behavior of critical point parameters
with changes in the width of the attractive
part of the Morse potential

For potassium (K), the ratio Ry/« = 3.0564 is some-
what larger than the analogous quantity Ro/a =
= 2.9544 for sodium (Na) [12]. A larger R/« implies
a smaller potential well width, meaning a narrower
attractive part of the Morse potential.

From Table 1, we observe that both the critical
temperature T, and critical pressure P. are smaller
for K than for Na. This suggests that narrowing
the attractive part of the Morse potential leads to
smaller values of T, and P,.. This conclusion aligns
with the findings of [15], where liquid-vapor coexis-
tence curves were computed using the N PT plus test
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particle method for various interatomic model po-
tentials, including Lennard—-Jones, Morse, and mod-
ified Stillinger—Weber. Furthermore, our results indi-
cate that the critical density p. also decreases as the
attractive part of the interaction potential narrows.
The critical temperature and pressure for liquid al-
kali metals sodium and potassium, derived using the
approach developed in [9, 10] and presented in Ta-
ble 1, show better agreement with experimental data
[13] than the Monte Carlo results from [12]. This is
consistent with the authors’ note in [12] that their
critical pressure results for Na and K (quoted in Ta-
ble 1) deviate significantly from experimental values
due to an overestimation of the critical temperature.

3. Critical Point Parameters for Fluid
Systems with the Curie—Weiss Potential

Let us turn our attention to a one-component contin-
uous system with Curie-Weiss-type interaction. We
begin by presenting some basic formulas from [7] and
[16] used in this investigation.

3.1. Key definitions and relations

The Curie—~Weiss-type interaction potential is given
by

Dy, (r’rl) = T + Gr ZIAZ IA@ )7 (8)
where
1, re Ay,
In(r)=4 "= 9)
0, r ¢ A[

is the indicator function of the cell A,, for [ =
=1,...,N,. As in Subsection 2.1, we consider a sys-
tem of interacting particles in a volume V| which com-
prises N,, congruent cells, each of volume v = ¢3. The

Table 1. Critical temperature T¢,

density pc, and pressure P, for sodium (Na)
and potassium (K): cell fluid model (CFM)
in the p? approximation vs Monte Carlo
simulation and experimental results

Na K
Research
method Te, Pes P, | T, Pes P,
K |kg/m?3 | bar K | kg/m3 | bar

Theory (CFM,
p* model) [9,10]
Simulation [12]
Experiment [13]

2696 | 246 283
3932 | 353 | 1290
2485 | 300 248

2042 | 230 132
3120 | 277 534
2280 | 190 161
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term with g, > 0 describes a uniform attraction influ-
encing all particle pairs in the system, while the term
with g, > 0 is responsible for a short-range repul-
sion between two particles within the same cell. The
stability of the interaction [17] is ensured by the in-
equality

gr > ga > 0. (10)
Previous studies [7, 16] have established that the
cell model under consideration admits an exact rep-
resentation in the form of a single integral, whose
asymptotic value in the thermodynamic limit is deter-
mined via Laplace’s method. To achieve this, we need
to find the maximum value Ey(Z, 1) of the function

Eo(z,1) = —(2 = Bu— Inv*)*/2p, + In Ko(2), (1)
where z = Z denotes the location of the global
maximum.

The special function Ky(z) is a representative of
the family of functions

i "7' <fpn2> exp(zn),

n=0

m=20,1,2,.

(12)

These functions depend on the repulsion strength g,

and temperature through the definitions

F=2
g

a

fPa =Dy Dr=Bgr, B=(ksT)" ' (13)

The dimensionless volume v* = v/A3 is considered
equal to v, as the de Broglie wavelength A is set to 1.

The chemical potential u is given as a function of
Z by the relation

_ K1(2)
=Z—Pagr\r — Inv’, 14
Bu P o) (14)
where p, = 894-

For the average particle density we have

__ Ki(2)
n = . 15
Ko(z) (15)
The pressure P is obtained from the equation of
state
_ Pa Kl(z) °
Puvp,. = 1) [In K - = . 1
b= (r 1) [ma() - B ()L ao)
790

The Curie-Weiss cell model exhibits a sequence of
first-order phase transitions with certain critical tem-
peratures [16]. In terms of the model parameters in-
troduced just above, each critical temperature asso-
ciated with the n-th critical point is given by

kpT™ = ga/p(2). (17)

Thus, the superscript n denotes the sequential num-
ber of the critical point in the series, starting from

Y The specific val-

the lowest critical temperature TC(
ues of the critical temperatures 7. depend on the
chosen value of the Curie-Weiss attraction strength
ga- Since we are presently interested in the general
behavior of the system, there is no need to assign a

specific value to g,. To simplify notation, we assume

and ﬁél) = Be.

Table 2 presents our numerical results obtained for
the first three critical points in the sequence, with the
lowest critical temperatures. The cell volume v* is set
to v* = 5.0. The interaction-strength ratio f = g,/¢a
ranges from f 2 1 close to the marginal value f =1
dictated by the stability condition (10) to f = 10
corresponding to the asymptotic regime f > 1. The
specific case f = 1 is elaborated in [18]. Further
discussion is deferred to the following section.

W =T, (18)

3.2. Influence of the attraction
strength on critical parameters

This section analyzes the critical parameters of our
cell model as presented in Table 2. We consider the
critical values of pressure, temperature, density, and
chemical potential. Our numerical results comple-
ment and extend the findings of [19].

The parameter f = g./ga, introduced in (13), is in-
versely proportional to the attraction strength g, and
must satisfy the stability condition f > 1. Therefore,
while fixing the repulsion strength g,., we observe in
Table 2 how the critical parameters change as the
global Curie-Weiss attraction g, decreases.

For each specific value of f, the critical temper-
ature, critical density, pressure, and chemical poten-
tial all increase when transitioning to each subsequent
critical point in the sequence. This increase, however,
essentially slows down for the critical temperatures
Tén). Specifically, for large f, such as f > 3.0, where
repulsion significantly dominates attraction, the crit-
ical temperature for all first three phase transitions
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Table 2. Critical parameters for the first three critical
points with the lowest critical temperatures Tc(") = l/pgé) at different
values of f = gr/ga and a fixed v* = 5.0. The value 8. refers to n = 1 as in (18)

f no|or | e | P | Bl £ || PMese | Bl
1.00000001 1 0.2614 0.5355 0.2048 —1.6405 1.5 1 0.2513 0.5039 0.1944 —0.6184
2 0.2841 1.5191 1.0261 —1.0098 2 0.2531 1.5014 2.8883 2.0604
3 0.2988 2.5128 2.0406 —0.5921 3 0.2539 2.5007 7.6917 4.4578
1.0000001 1 0.2614 0.5355 0.2048 —1.6405 1.7 1 0.2506 0.5017 0.1937 —0.2143
2 0.2841 1.5191 1.0261 —1.0098 2 0.2514 1.5006 3.6852 3.2708
3 0.2988 2.5128 2.0406 —0.5921 3 0.2517 2.5003 10.0889 6.4708
1.000001 1 0.2614 0.5355 0.2048 —1.6405 2.0 1 0.2502 0.5005 0.1933 0.3887
2 0.2841 1.5191 1.0261 —1.0098 2 0.2504 1.5002 4.8851 5.0787
3 0.2988 2.5128 2.0406 —0.5921 3 0.2505 2.5001 13.6923 9.4817
1.00001 1 0.2614 0.5355 0.2048 —1.6405 2.5 1 0.2500 0.5001 0.1932 1.3902
2 0.2841 1.5191 1.0262 —1.0097 2 0.2500 1.5000 6.8860 8.0828
3 0.2988 2.5128 2.0407 —0.5920 3 0.2501 2.5000 19.6960 14.4877
1.0001 1 0.2614 0.5355 0.2048 —1.6403 3.0 1 0.2500 0.5000 0.1932 2.3905
2 0.2841 1.5191 1.0264 —1.0092 2 0.2500 1.5000 8.8862 11.0835
3 0.2987 2.5128 2.0415 —0.5911 3 0.2500 2.5000 25.6970 19.4889
1.001 1 0.2614 0.5353 0.2047 —1.6384 3.5 1 0.2500 0.5000 0.1931 3.3906
2 0.2840 1.5190 1.0291 —1.0035 2 0.2500 1.5000 10.8863 14.0837
3 0.2985 2.5127 2.0495 —0.5819 3 0.2500 2.5000 31.6972 24.4891
1.01 1 0.2609 0.5338 0.2042 —1.6200 4.0 1 0.2500 0.5000 0.1931 4.3906
2 0.2822 1.5177 1.0562 —0.9467 2 0.2500 1.5000 12.8863 17.0837
3 0.2955 2.5116 2.1314 —0.4905 3 0.2500 2.5000 37.6972 29.4892
1.05 1 0.2590 0.5277 0.2023 —1.5379 5.0 1 0.2500 0.5000 0.1931 6.3906
2 0.2756 1.5134 1.1834 —0.6960 2 0.2500 1.5000 16.8863 23.0837
3 0.2850 2.5082 2.5191 —0.0855 3 0.2500 2.5000 49.6972 39.4892
1.1 1 0.2571 0.5219 0.2004 —1.4351 7.0 1 0.2500 0.5000 0.1931 10.3906
2 0.2695 1.5097 1.3541 —0.3854 2 0.2500 1.5000 24.8863 35.0837
3 0.2760 2.5056 3.0420 0.4195 3 0.2500 2.5000 73.6972 59.4892
1.2 1 0.2546 0.5139 0.1977 —1.2298 10.0 1 0.2500 0.5000 0.1931 16.3906
2 0.2619 1.5056 1.7194 0.2309 2 0.2500 1.5000 36.8863 53.0837
3 0.2653 2.5030 4.1567 1.4292 3 0.2500 2.5000 109.6972 89.4892
1.3 1 0.2530 0.5090 0.1961 —1.0252
2 0.2575 1.5034 2.1018 0.8432
3 0.2594 2.5018 5.3174 2.4394

asymptotically approaches the same value T,. In this
case, go/kpT\™ = p{» — 4.0. This behavior is in
agreement with analytical calculations performed in
[18, Sec. 7]. This reference also contains a detailed
treatment of another marginal case, f = 1.

We now analyze the behavior of the critical point
parameters corresponding to the same index n for
varying values of f. When f — 1, all critical pa-
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rameters for a given n tend to their limiting values
(see Table 2). As the parameter f increases (corre-
sponding to a decrease in attraction strength g,), the
reduced critical pressure Pc(l)vﬁc shows a negligible
decrease, while the pressures Pc(n)vﬁc for subsequent
critical points with n = 2 and n = 3 increase sig-
nificantly. The critical temperatures TC(") gradually
decrease, eventually becoming identical for large f
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Fig. 1. Critical density ﬁgl) and critical pressure Pc(l)fuﬁC

for the first critical point as a function of parameter f (with
v* =5.0)
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Fig. 2. Dependence of the critical chemical potential ,Bcugl)

at the first phase transition on the parameter f (with v* = 5.0)
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values as discussed in the previous paragraph. The
critical density ﬁén) also decreases negligibly with in-
creasing f. Notably, regardless of the repulsion-to-
attraction ratio f, the critical points consistently ap-
pear at approximately the same average densities:
0.5, 1.5, and 2.5. The slight decrease in critical den-
sity and pressure for the first critical point and their
subsequent saturation for large f are illustrated in
Fig. 1. The critical chemical potential values increase
with f, and a typical picture is given in Fig. 2 for
n=1.

4. Conclusions

A characteristic feature of this study is the use
of microscopic information about the interparticle
interaction potential to evaluate the critical point
parameters.

In the first part of the paper, we have investigated
the influence of the attractive part of the interaction
potential on the liquid-gas critical point in Morse flu-
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ids. Numerical estimates are obtained using Morse
potential parameters characteristic of alkali metals
sodium and potassium. We converted the theoretical
dimensionless critical point parameters into dimen-
sional quantities often used in numerical and experi-
mental studies. We show that a decrease in the width
of the attractive part of the Morse potential leads to
a reduction in both the critical temperature and pres-
sure for both metals. Our results are in good agree-
ment with existing data from other sources.

For the fluid cell model analyzed in the second part
of this work, we investigated how the interparticle
Curie-Weiss-type attraction strength influences the
parameters for the first three critical points. We ac-
complished this by studying the results obtained with
varying ratios f = g,/g, of repulsion and attraction
strenths.

For a specific value of f, the critical point param-
eters increase upon transitioning to each subsequent
n. When attraction is significantly weaker than repul-
sion (f > 3.0), the critical temperature for all first
three phase transitions becomes identical.

For varying f, we examined the critical points with
the same index n, see Table 2. Thus, we found that,
as the ratio f increases (i.e., attraction strength de-

creases), the critical temperatures T(S") gradually de-
crease, eventually becoming identical for large f. At
the same time, we observed a slight decrease in
the critical density and pressure for the first criti-
cal point, which then saturated. The critical density
for n = 2 and n = 3 decrease negligibly with increas-
ing f. Regardless of f, the critical points consistently
appeared at approximately the same average densi-
ties. An increase in f also led to higher critical chem-
ical potential in all considered cases.

Let us compare the effect of the attractive part of
the Morse potential on the liquid-gas critical point
with the effect of the attraction strength of the Curie—
Weiss potential on the first critical point, considering
the latter also as the liquid-gas critical point. The at-
tractive components of these potentials have different
functional forms. As mentioned above, narrowing the
width of the attractive part of the Morse potential
decreases the values of both the critical temperature
and pressure. For the Curie-Weiss potential, a de-
crease in the attraction strenght g, (or an increase
in the parameter f = g./g.) leads to an increase

in the quantity p((llc) in expression (17) for the criti-
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cal temperature [19], and therefore, to a decrease in

Tc(l) = T.. The critical pressure for the first phase
transition point also decreases with an increase in f
(see Table 2, n = 1). Thus, the consistent correlation
is observed in how the attractive parts of two poten-
tials of different types affect the behavior of the tem-
perature and pressure at the liquid-gas critical point.
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BIIJINB ITPUTATAJIBHUX YACTUH ITOTEHIIIAJIIB
B3AEMO/IT HA TIAPAMETPU KPUTUYHUX TOYOK

HocniizKyeTrbcst BIVIMB MIKPOCKOIIIYHUX JleTajleil MiXK4aCTHH-
KOBHX IIOTEHIIiaJIiB Ha MAaKPOCKOIIYHI ITapaMeTpu KPUTHUIHUX

To4yok. Hami anasiTuyani po3paxyHku 0a3yrOThCs HA KOMipKO-
Biif MozesIi 7151 HelmepepBHUX 6araToYaCTUHKOBUX cucTeM. Pos-
[VISIHYTO JIBA THUIIX [MapPHUX B3a€MOZiM, 1[0 OMUCYIOTHCS [TOTEH-
miajsom Mopse ta norenniagom tuny Kiopi—Beiica. das mim-
HiB Mop3e npeacTaB/IeHO YUCIOBI PE3yJIbTATH, OTPUMAHI 3 BU-

KOPUCTAHHAM MIKPOCKOHIYHUX ITapaMeTpiB, IO BiIIOBiIAOTH

syxkuuM MetasiaM HaTpio (Na) ta kamio (K). O6uncieni 6es-

po3mipHi napamMeTrpu KpUTHYIHUX TOYOK s pinkmx Na Tta K,
BHpPayK€HI B PO3MIPHUX OIMHUIIX, JAIOTh 3MOry 6esmocepe-
IHBO IOPIBHIOBATH IX 3 HAasSBHUMH €KCIEDUMEHTAJLHUMHI Ta
MozenbHuMu JauuMu. Jliis komipkoBol mozesti Kropi—Beiica 3
KOHKYPYIOUNMHU B32a€MOJIIsIMH, SIKa JEMOHCTPYE IIOCJIJOBHICTD

$a30BUX NEPEXOIB IEPIIOTO POAY, JOCIIIKEHO KPUTUYHI Ha-
paMeTpH JJIsl MEPIINX TPbOX KPUTUIHUX TOUOoK. OTpuMani pe-
3yJIBTATHU IIPOAHAJII30BAHO IIJIAXOM 3MiHU HPUTATAJILHOI JaCcTU-
HU noTeHniasxy Mopse Ta CuiiM HIPUTATaHHS HOTEHIIAJy THUILY
Kropi—Beiica, mo maJsio 3mory 3’sicyBarH, siK 11l MiKpOCKOMI4Hi

XapaKTEePUCTUKH 3MIHIOIOTh KOOPJAMHATH KPUTHIHHUX TOYOK.

Karwwoei caoea: norernian Mopse, norennian tumny Kropi-

Beiica, cuna npursranns, napamMerpu KpUTUYIHOT TOYKH, (ha3o-
Bl Iepexo/iu.
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