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PLASMON PHENOMENA IN METAL-DIELECTRIC
NANODISCS. AN EQUIVALENT-SPHEROID APPROACH

In the framework of the equivalent-spheroid approach, the expressions for the diagonal compo-
nents of the polarizability tensor and the extinction efficiency, as well as the size dependences
of the longitudinal and transverse surface plasmon resonance frequencies for metal-dielectric
nanodisks, have been obtained. The results of calculations of the indicated characteristics are
presented for disks of various sizes. The influence of the core and shell materials and the
disk sizes on the position and magnitude of the extinction efficiency maximum has been an-
alyzed. The reason for why only one maximum in the extinction spectra of metal-dielectric
nanodisks is detected has been determined.
K e yw o r d s: metal-dielectric nanodisk, polarizability tensor, extinction efficiency, relaxation
rate, surface plasmon resonance.

1. Introduction

Metal nanoparticles exhibit extremely interesting op-
tical properties due to the excitation of localized sur-
face plasmon resonance (SPR), which is defined as
a collective motion of conduction electrons induced
by an electromagnetic field [1]. In turn, the local-
ized SPRs of metal nanoparticles can induce unusual
optical absorption and scattering and enhance elec-
tric fields near the nanoparticle surface. Furthermore,
the localized SPRs of metal nanoparticles have been
found sensitive to their geometry and the surrounding
environment [2–7]. To date, various metallic nanos-
tructures such as rods or wires [8, 9], shells [10, 11],
cups [12], tubes [13], rings [14], are in study
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[15], and three-layer nanodisks [16] have been pro-
posed for various applications.

Substantial progress has been achieved in the syn-
thesis of compounds involving silica composites with
plasmonic particles [17–21] targeted at specific ap-
plications including batteries or photovoltaic cells
[22–25], plasmonic waveguides [26], biological sensors
[27, 28], and so forth. In this regard, considerable ef-
forts have been directed to reveal the optical proper-
ties of the systems consisting of crystalline structures
or composite materials, such as “metal core–dielectric
shell” systems [29–32].

It is known that the spatial structures of plasmon
modes in disk-shaped nanoparticles are much more
complicated. For instance, owing to an increase in the
volume damping effect [33], the spectral widths of in-
dividual modes in nanodisks become wider as com-
pared to the nanorod case. As a result, the overlap-
ping of plasmon resonances [34, 35] can take place.

However, experimentally, surface plasmons in
metal-dielectric disks have been researched insuffi-
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Fig. 1. Geometry of the problem. See explanations in the
text

ciently, and the corresponding theoretical studies
have not been carried out at all. Therefore, the re-
search of the optical response of metal disks covered
with a dielectric layer is challenging.

2. Basic Relationships

Let us consider a nano-sized disk with diameter 𝐷 and
height of 𝐻, which consists of a metal core covered
with a dielectric layer of thickness 𝑡. Let us assume
that the nanodisk is in a medium with dielectric per-
meability 𝜖m, and the dielectric permeability of the
dielectric disk shell equals 𝜖s (Fig. 1).

Since the disk sizes are much smaller than the
length of the incident light wave, the optical (plas-
mon) properties can be studied in the quasi-static
approximation. However, analytic solutions to the
boundary value problems for the Laplace equation ex-
ist only for a limited number of cases (the spherical
or spheroidal geometry). In the other cases, numeri-
cal methods are applied, or the nanoparticle is repre-
sented by a similar-in-shape spheroid. In particular,
in works [36, 37] this approach was used to study the
optical (plasmon) properties of metal nanodisks. The
particle under study was assumed to correspond to
a spheroid with the aspect ratio equal to the ratio
between the longitudinal and transverse sizes of this
particle. However, in work [38] it was shown that,
closer to the real situation, is the equivalent-spheroid
method, in which the nanoparticle is replaced by a
spheroid with the effective aspect ratio found from
the equality of the ratio between the moments of in-
ertia with respect to the corresponding axes of the
particle and the analogous ratio for the spheroid. In
particular, the calculations of the longitudinal sur-
face plasmon resonance frequencies carried out for a
cylinder using this method showed a better agree-
ment with the experiment [38, 39] than the corre-
sponding calculations in the framework of the similar-

in-shape spheroid approach. Therefore, when study-
ing the plasmonic properties of metal-dielectric nan-
odisks, we will use the approach of an equivalent
oblate spheroid.

According to the aforesaid, the optical properties
of a two-layer nanodisk will be described by the rela-
tionship for the polarizability of an equivalent metal-
dielectric spheroid

𝛼
⊥(‖)
@ = 𝑉

𝜖
⊥(‖)
@ (𝜔)− 𝜖m

𝜖m + ℒ(2)
⊥(‖)

(︁
𝜖
⊥(‖)
@ (𝜔)− 𝜖m

)︁ . (1)

Here, the diagonal components of the dielectric ten-
sor of the two-layer nanodisk are determined by the
formula
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is the volume fraction occupied by the metal, the
diagonal components of the dielectric tensor of the
metal core equal

𝜖⊥(‖) (𝜔) = 𝜖∞ −
𝜔2
𝑝
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𝜖∞ is the contribution of the ionic core to the dielec-
tric function of the metal, 𝜔𝑝 =

√︀
𝑒2𝑛𝑒/𝜖0𝑚* is the

bulk plasmon frequency, 𝑒 is the elementary charge,
𝑛𝑒 = 3/

(︀
4𝜋𝑟3𝑠

)︀
is the electron concentration, 𝑟𝑠 is

the average distance between the electrons, 𝜖0 is the
electric constant of vacuum, and 𝑚* is the effective
electron mass.

The effective relaxation rate has three components,

𝛾
⊥(‖)
eff = 𝛾bulk + 𝛾⊥(‖)

s + 𝛾
⊥(‖)
rad , (5)

where 𝛾bulk = 𝜏−1
bulk is the bulk relaxation rate, which

is a constant for a particular metal,

𝛾⊥(‖)
s = 𝒜⊥(‖)

𝑣F
𝑙⊥(‖)

(6)

is the surface relaxation rate, and

𝛾
⊥(‖)
rad = ℬ⊥(‖)

𝑣F
𝑙⊥(‖)

(7)
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is the radiative decay rate. In formulas (6) and (7),
𝑣F is the Fermi velocity of electrons, 𝑙‖ = 𝐻 − 2𝑡 and
𝑙⊥ = 𝐷− 2𝑡 are the longitudinal and transverse sizes
of the metal core. The size-dependent multipliers are
as follows:

𝒜⊥(‖) =
9

16
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from where, the depolarization factors ℒ(1,2)
⊥(‖) for

oblate spheroids are determined by the formulas
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and the functions F⊥(‖)
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The effective aspect ratios equal [40]

𝜚
(1, 2)
eff =

√
3

2
𝜚(1, 2), (14)

where the aspect ratios for the entire disk and the
metal core are, respectively,

𝜚(2) =
𝐷

𝐻
, 𝜚(1) =

𝐷 − 2𝑡
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. (15)

Finally, the frequencies of transverse (longitudinal)
surface plasmon resonances are found from the condi-
tion that the real part of the denominator in expres-
sion (1) equals zero. In the dissipative approximation
(𝛾⊥(‖)

eff → 0), we obtain

𝜔⊥(‖)
𝑠𝑝 =

=
𝜔𝑝⎯⎸⎸⎸⎸⎸⎷𝜖∞ −

𝜖m− 𝜖s
𝛽c

(︃
1+ 𝜖m

𝜖s

1−ℒ(2)
⊥(‖)

ℒ(2)
⊥(‖)

)︃(︁
1−ℒ(1)

⊥(‖)+𝛽cℒ(2)

⊥(‖)

)︁
1+ 1

𝛽c

(︃
1+ 𝜖m

𝜖s

1−ℒ(2)
⊥(‖)

ℒ(2)
⊥(‖)

)︃(︁
ℒ(1)

⊥(‖)−𝛽cℒ(2)

⊥(‖)

)︁

.

(16)

Note that according to formula (16), the frequencies
of the longitudinal and transverse SPRs depend on
three dimensional parameters: two effective aspect
ratios, 𝜚

(1)
eff and 𝜚

(2)
eff , and the bulk metal content in

the metal-dielectric disk, 𝛽c. This fact significantly
complicates the analysis of the size dependences of
the SPR frequencies 𝜔

⊥(‖)
𝑠𝑝 . However, the quantities

𝛽c and 𝜚
(2)
eff can be expressed in terms of 𝜚

(1)
eff and

𝑞 = 2𝑡/ (𝐻 − 2𝑡), thus reducing the number of size pa-
rameters affecting the SPR frequencies to two. From
formulas (14) and (3), we obtain
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The absorption, scattering, and extinction cross-
sections are given by the expressions
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@ = 𝐶abs
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@ . (21)
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Fig. 2. Frequency dependences of the real (𝑎) and imaginary
(𝑏) parts and the modulus (𝑐) of the longitudinal component
of the polarization tensor of Au@SiO2 nanodisks with various
sizes and a fixed dielectric shell thickness 𝑡 = 3 nm: 𝐷 =

= 40 nm, 𝐻 = 10 nm (1 ); 𝐷 = 80 nm, 𝐻 = 10 nm (2 ); 𝐷 =

= 100 nm, 𝐻 = 10 nm (3 ); 𝐷 = 80 nm, 𝐻 = 20 nm (4 ); 𝐷 =

= 80 nm, 𝐻 = 30 nm (5 )

The relationships for the optical efficiencies of absorp-
tion, scattering, and extinction look like

𝑄abs
@ =

𝐶abs
@

𝑆
, 𝑄sca

@ =
𝐶sca

@

𝑆
, 𝑄ext

@ =
𝐶ext

@

𝑆
, (22)

where

𝑆 = 𝜋𝑅2
eq (23)

is the equivalent cross-section area of the disk-like
nanoparticle. The equivalent radius 𝑅eq is found from

the equality of the sphere and disk volumes and is
equal to [36]

𝑅eq =
1

2
3

√︂
3

2
𝐷2𝐻. (24)

While obtaining numerical results, relationships
(1), (16), and (22) were used with regard for expres-
sions (2), (4)–(14), (17)–(21), and (23), (24).

3. Calculation Results and Their Discussion

The frequency dependences of the extinction effi-
ciency and the diagonal components of the polariza-
tion tensor, as well as the size dependences of the
surface plasmon resonance frequencies, were calcu-
lated for metal-dielectric disks with various sizes. The
material parameters for metals (cores) and insulators
(shells) required for the calculations are quoted in Ta-
bles 1 and 2, respectively.

In Fig. 2, the frequency dependences of the
real and imaginary parts and the modulus of the
longitudinal component of the polarization tensor
for Au@SiO2 disks with various diameters 𝐷 and
heights 𝐻 and a constant dielectric shell thick-
ness 𝑡 are shown. The calculation results testify that
the functions Re 𝛼

‖
@ (𝜔) change their sign, whereas

Im 𝛼
‖
@ (𝜔) > 0 within the whole examined frequency

interval. Note that, as the disk diameter 𝐷 increases
(at 𝐻 = const), the maximum of Im 𝛼

‖
@ shifts to-

ward the high-frequency region (the curve sequence

Table 1. Parameters of metal cores
(see, e.g., works [36, 39] and references therein)

Parameters
Metals

Cu Au Ag Pt

𝑟𝑠/𝑎0 2.11 3.01 3.02 3.27
𝑚*/𝑚𝑒 1.49 0.99 0.96 0.54
𝜖∞ 12.03 9.84 3.7 4.42
𝛾bulk, 1014 s−1 0.37 0.35 0.25 1.05

Table 2. Dielectric permittivities 𝜖s of dielectric shells

Parameter
Material

SiO2 ZnO Ta2O5 Nb2O5

𝜖s 2.10 4.00 4.67 6.15
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Fig. 3. The same as in Fig. 2 but for the transverse component
of the polarization tensor of Au@SiO2 nanodisks

1 → 2 → 3), and the corresponding maximum val-
ues simultaneously decrease. At the same time, as the
disk height 𝐻 increases (at 𝐷 = const), a “red’ shift of
the maxima takes place with a simultaneous increase
in their values (the curve sequence 2 → 4 → 5).

Analogous dependences for the transverse compo-
nent of the polarization tensor of Au@SiO2 disks are
shown in Fig. 3. An essentially different character of
the evolution of Im 𝛼⊥

@ with the change in the nan-
odisk diameter and height in comparison with that
of Im 𝛼

‖
@ should be noted. In particular, as the disk

diameter 𝐷 increases at 𝐻 = const, the maximum of
Im 𝛼⊥

@ undergoes a “red” shift (the curve sequence
1 → 2 → 3) rather than a “blue” one, as in the case

Fig. 4. Frequency dependences of the extinction efficiency
for Au@SiO2 nanospheroids (1 ) and nanodisks (2 ) with 𝐷 =

= 80 nm, 𝐻 = 20 nm, and 𝑡 = 5 nm

Fig. 5. Frequency dependences of the extinction efficiency
of Au@SiO2 nanodisks: with the changing sizes and the fixed
dielectric shell thickness 𝑡 = 3 nm (𝑎); with the changing shell
thickness and the fixed sizes (𝐷 = 80 nm, 𝐻 = 20 nm) (𝑏)

of Im 𝛼
‖
@. On the other hand, as the disk height 𝐻

increases at 𝐷 = const, the maximum of the imag-
inary part shifts towards the high-frequency region,
but its amplitude does not change (the curve sequence
2 → 4 → 5).

The frequency dependences of the extinction effi-
ciency for a disk and an oblate spheroid, (when the
spheroid semiaxes equal the radius, and the half-
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Fig. 6. Frequency dependences of the extinction efficiency for
Me@SiO2 (𝑎) and Au@D (𝑏) nanodisks. Nanodisk sizes are
𝐷 = 80 nm, 𝐻 = 20 nm, and 𝑡 = 5 nm

Table 3. Calculated SPR frequencies at 𝜚(1) = 2

SPR
frequencies

𝜖s = 2,10 𝜖s = 6,15

Au@SiO2 Cu@SiO2 Au@Nb2O5 Cu@Nb2O5

𝜔⊥
𝑠𝑝, eV 2.685 3.415 2.540 3.259

𝜔
‖
𝑠𝑝, eV 2.528 3.246 2.448 3.158

height of the disk) are compared in Fig. 4. The close-
ness of the 𝑄ext

@ (𝜔) curves for the disk and the oblate
spheroid testifies in favor of the equivalent-oblate-
spheroid approach while studying the optical prop-
erties of nanodisks.

The evolution of the extinction spectra with the
changes of the nanodisk diameter and height can be
observed in Fig. 5, a. We can see that the shifts of the
𝑄ext

@ maximum and the changes of its magnitude are
the same as for the maximum of Im 𝛼⊥

@. It should be
noted that the expression for 𝑄ext

@ (𝜔) is characterized
by the presence of two maxima for the extinction effi-
ciency, but Figs. 4 and 5 demonstrate only one. This
fact can be explained in either of two ways.

(i) As was noted in works [37, 42], the longitudinal
and transverse SPRs in non-spherical nanostructures
are excited at close frequencies; therefore, they do
not reveal themselves in the experimental and theo-
retical spectra. Indeed, for the Au@SiO2, Cu@SiO2,
Au@Nb2O5, and Cu@Nb2O5 disks at 𝜚(1) = 2, as well
as for monometallic disks [37],

Δ𝜔𝑠𝑝 =
⃒⃒⃒
𝜔⊥
𝑠𝑝 − 𝜔‖

𝑠𝑝

⃒⃒⃒
≃ 𝛾⊥

eff , 𝛾
‖
eff ; (25)

therefore, the two maxima merge into one (see Ta-
ble 3).

(ii) For disks made of other materials and charac-
terized by other 𝜚(1)-values, we have max

{︀
Im 𝛼

‖
@

}︀
≪

≪ max
{︀
Im 𝛼⊥

@

}︀
. Therefore, the second maximum

does not appear in the extinction spectra.
At the same time, an increase in the dielectric shell

thickness gives rise to only a slight decrease in the
extinction efficiency value within the whole examined
frequency interval (Fig. 5, b).

The frequency dependences of the extinction effi-
ciency for disks with various metal cores and various
dielectric shells are shown in Fig. 6. As one can see,
the maximum of 𝑄ext

@ undergoes a “blue” shift along
the metal series Au → Ag → Cu → Pt, which is as-
sociated with a growth of the plasma frequency (and,
accordingly, the SPR frequency) along this metal se-
ries. In turn, the covering of the disk with a dielectric
shell possessing a higher dielectric constant (the series
SiO2 → ZnO → Ta2O5 → Nb2O5) induces a small
“red” shift of the extinction efficiency maximum.

4. Conclusions

In the framework of the equivalent-spheroid ap-
proach, relationships for the extinction efficiency and
the diagonal components of the polarizability ten-
sor for metal-dielectric disks, as well as for the fre-
quencies of the longitudinal and transverse surface
plasmon resonances, have been obtained. It is shown
that, with an increase in the disk diameter or a de-
crease in the disk height, the amplitudes of the max-
ima of the imaginary parts of both the transverse
and longitudinal components of the polarization ten-
sor increase. However, in the former case, in con-
trast to the latter one, a “red” shift of the maximum
takes place.

The closeness of the numerical values of the extinc-
tion efficiency at the same frequency for nanodisks
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and oblate spheroids with the corresponding lengths
of semiaxes has been demonstrated, which confirms
the feasibility of using the equivalent-spheroid ap-
proach to study the optical properties of metal-
dielectric disks.

It has been found that the absence of the second
maximum in the extinction spectra can be explained
by two reasons: (i) the merging of the maxima due
to the proximity of the longitudinal and transverse
SPR frequencies and (ii) the suppression of the sec-
ond maximum due to the smallness of the imaginary
part of the longitudinal polarization component in
comparison with that of the transverse component at
this resonance frequency.

It has been proved that, by changing the core
metal, we can substantially affect both the position
and the amplitude of the extinction efficiency maxi-
mum, which is explained by the difference in the op-
tical characteristics of different metals.
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ПЛАЗМОННI ЯВИЩА
В МЕТАЛ-ДIЕЛЕКТРИЧНИХ НАНОДИСКАХ.
ПIДХIД ЕКВIВАЛЕНТНОГО СФЕРОЇДА

В рамках пiдходу еквiвалентного сфероїда отримано вира-
зи для дiагональних компонент тензора поляризовностi та
ефективностi екстинкцiї, а також розмiрних залежностей
частот поздовжнього i поперечного поверхневого плазмон-
ного резонансу для метал-дiелектричних нанодискiв. Наве-
дено результати розрахункiв вказаних характеристик для
дискiв рiзного розмiру. Проаналiзовано вплив матерiалiв
осердя й оболонки та розмiрiв диска на положення та вели-
чину максимумiв ефективностi екстинкцiї. Визначено при-
чину виявлення тiльки одного максимуму в спектрах екс-
тинкцiї метал-дiелектричних нанодискiв.

Ключ о в i с л о в а: метал-дiелектричний нанодиск, тензор
поляризовностi, ефективнiсть екстинкцiї, швидкiсть рела-
ксацiї, поверхневий плазмонний резонанс.
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