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A complete weakly-nonlinear
multimodal system for modeling the
liquid sloshing dynamics in an upright
annular cylindrical tank *
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Employing the Lukovsky-Miles equations, a weakly—nonlinear modal
system is derived for studying the resonant liquid sloshing in an upright
[multi-] annular cylindrical tank. The system contains all up to the third
order polynomial quantities in terms of the hydrodynamic generalized
coordinates and can be adopted for getting the Narimanov-
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A Introduction

The nonlinear multimodal method is an efficient analytical tool for
studying the sloshing dynamics of an inviscid incompressible liquid
with irrotational flow. The method makes it possible to derive compact
systems of nonlinear ordinary differential equations which could be
employed in classification and quantification of nonlinear liquid motions
in resonantly excited tanks. The most general, fully-nonlinear modal
equations were independently derived by Lukovsky and Miles in 1976 (see,
details in the books [3,4]). These equations could be a base for getting
approximate weakly-nonlinear modal equations which are exemplified in
[1,3]. Derivation of these approximate modal equations involves nontrivial
analytical algorithms which should, in some cases, use the computer
algebra [5,6]. An alternative algorithm was recently proposed in [2] for
the spherical tank shape. The present paper extends this algorithm to the
case of an annular upright cylindrical tank.

B Modal solution and the Lukovsky—Miles equations

The absolute velocity potential ®(z,y, z,t), and the free surface X(t) are
the two unknowns of the nonlinear free-boundary problem which describes
the liquid sloshing dynamics under assumption that the liquid is ideal
incompressible with irrotational flow. Normally, the liquid motions are
considered in the tank-fixed coordinate system Oxyz and, for brevity, we
assume that the tank is exposed to translatory motions whose velocity
is defined by the time-dependent vector v (t) = (vo1(t), vo2(t), vos(t)) in
projections on the axes of this coordinate system.

In accordance with the multimodal method, the velocity potential is
postulated in the form

(I)(xvyazat):vO'r+(p(Iayvzvt)a 7’:(517,2/72)7 (1)

where, after introducing the cylindrical coordinate system whose Oz axis
coincides with the symmetry axis,

o(x,r,0,t) ZPMl )i (x,7) cos (M)

+ Z Roni (1) i (,7) sin (mB) . (2)
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Here, the capital indexes imply summation from zero to infinity but small
indexes mean the summation from 1 to infinity, namely, M = 0,1,2...,
m = 1,2..., 4 = 1,2.... The functions ¢ (z,r) are the meridional
projections of the natural sloshing modes which take, for the considered
tank shape, the form

cosh(kpsi(z + h))

cosh (karih) Fari (kagir) (3)

Y =

so that kps; and far; (kaer) can be found in an analytical form (the
solution for the single-ring cross-sectional shape is given in [1,3]). The
functions Pyy;(t) and Rjy;(t) can be treated as the generalized velocities.

The free surface equation admits in the considered case the single-
valued modal solution

x = f(r,0,t) Zle ) fagi (1) cos (MO) —i—ZrmZ ) fmai (1) sin (mn) ,

(4)
where pys;(t) and rr;(¢) play the role of the generalized coordinates.
The paper [2] showed that the fully-nonlinear modal equations by
Lukovsky & Miles for the axisymmetric tanks take the form

aflAb aflAb
Z Oparn Dmn+ ZA Ab)(Mn)PMn+ZA (Ab), (mn)Rmn;
Mn
(5a)
oAT,
n — .mn Apr P n Rmn
Z 51?1\ pM mn a/r"rn,n " ; A{[n) ab) " " Z (ab) mn)
(5b)

implying the kinematic subsystem but the dynamic modal equations read
as

0A%, OAT 1 3A](D§4n)(Lk) S
"P n m”Rmn—i-— ————— PynP,
22 N P P

A ol
5 Z 8 ) o R+ Z %PMank t5, =0
mnlk P Ab M e P Ab PAb
(6a)
3 3A7\4np =S 04 p, L1 3 OA M) (L) PP
67‘@17 Mn 37°ab mn 2 37°ab Mnl Lk

Mn mn MnLk
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OAL, ol
98 (mn) (1k) (Mn) (1K)
= — Ry R — = P R =0.
Z 8r » i+ 5 Z Mnltk +

2 2 i Orap Orap

(6b)

Here, A = 0,1,2..., a,b = 1,2... and the following coefficients are
function of the generalized coordinates

r 27

A% = p / / cos (A)EG) (r:0:p1; (1); 73y (1) dOdr,  (Ta)

r 27

A%y = p//sm (aB) Zxp (136 p15(t);1435(8)) dbdr, (7b)

r 27T
AR ) = / / [cos (A9) cos (M) - 0y (7303015 (1) 35 (1)
T0 0

+sin (A) sin (M) - 24, 11y (565 p]j(t)Tij(t))} o dr, (Sa)

r 2w

AT oy = / / [sin (a8) sin (m8) - =) (73 0: 1 (1) 735 (1))

’I"()O

+ cos (af) cos (m#b) - E%ab)(mn) (r; 0, pr, (t)rsj (t))} dfdr, (8b)

r 2w

Ab)(mn) // cos (A0) sin (m0) -H(Ab) mny (13605015 ()5 735(1))
— sin (A460) cos (m#) - Egm (r;0;p1;(t);7i5(t))| dfdr. (8c)

C Weakly-nonlinear modal equations

Our task consists of deriving, in an explicit form, a Taylor—type
approximation of (7) and (8), resolving the kinematic subsystem with
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respect to P, and Ry,,, and deriving the weakly-nonlinear modal
equations with respect to the generalized coordinates only. Denoting

f= ZpMifMi cos (M0) + Z T'mi fma sin (m@) (9a)
Mi mi
deduces that
1P = Z Z PPN i g cos (M) cos (NG)
Mi Nj
+ Z Z PMiTm; fai fmg cos (M6) sin (m0)

Mi mj

+ Z Z TmiTnj fmifnjsin (m@)sin (nd), (9b)

mi nj

/= Z Z Z PPN PiL v g frei cos (MO) cos (N6) cos (K6)
Mi Nj Kl
+ Z Z ZpMipermlfMifNjfml cos (M8) cos (N8) sin (m#)
Mi Nj ml
+ Z Z Z PMiTn; Tt fari frg fmi cos (M) sin (n6) sin (mé)
Mi nj ml
+ Z Z Z TmiTnj Tkl fmifnj fro sin (m0) sin (nd) sin (k6) . (9c)
mi ng ki
If the following notations are adopted

2m

A G k= /cos(i@) ...cos(j0) -sin(4h) . . .sin(j6) db, (10a)
—— —— 0

N Na

Ny Ny

A(mi) ... (nj).(Kl) . .. (sw) :/fmi---fnj-féz---f;w dr,  (10b)

N N Ny Na
then

r 27

//f2 drdf =Y paipN;AMNAGr (V)

ro 0 MiNj
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+ Z PMiTmgi AMmA(Mi)(mj) T Z TmiTni A mnAmiy(nj)-  (11)

Mimgj minj

Furthermore, expanding A%, and A’ up to the third polynomial

mi
terms in pys; and 7,,; gives

r 2w
sinh kap (2 + h) e=F(n6:1)
Ahy = AG) —— (K dodr, (12
Ab p//cos( ) K ap cosh(kaph) fan(kaer) 0 r, (12a)
T0 0
SHIGIATHORMO)
) r 2w . sinh kab(aj n h) z=f(r,0,t)
ab = p SID(AH) ' k bCOSh(k bh) fab(kabT) d9dr, (12b)
a a 0
To 0
2 (1301, (£)i7i5 (1)
where
Efflz = # [Sinh(kAbfL') COSh(kAbh) + COSh(kAb.’L') Sinh(kAbh)]
kap cosh(kaph) o
= Jap [sinh(kapz) + tanh(kap) cosh(kapx)]
kap 0
kap tanh(kaph k2
= fap |z + %(Ab)xz + %x?’} . (13)

Tedious derivations lead to the expressions

Ay, = ZpMiAAM/\(Ab)(Mi)

Mi
k ap tanh(kaph
Abf(%) Z PMiPNGAAMNA(Ab)(Mi)(N)
MiNj
+ Z TmirnjAA,mn)\(Ab)(mi)(nj)
mingj
ko
+ Z PMiPNFPKIAAMN K A(Ab)(Mi)(NJ) (K1)

MiNjKl
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+ Z PMiTnj Tl D AM nm A (Ab) (M) (nj)(ml) ¢ > (14a)
Minjml
Agb = TmiA,amA(ab)(mi)
Kab tanh(kabh)
B E— Z PMiTmi AM,amA(ab)(Mi) (mj)
Mimgj
+k—gb Z PMiPNTmi AMN,amA(ab)(Mi)(N)(ml
6 2 iPNjTm s;am A\ (ab)(Mi)(Nj)(ml)
MiN jml
+ Z TmiTanklA,amnk)\(ab)(mi)(nj)(kl) ) (14b)
minjkl
and
A%,
Tt = AauAan o) + Kav tanh (kaoh) D PNAAMNA D) (M) (V)
ke
+=5 Z PNPKIAAMNEKA(Ab)(Mn)(K1)(N7)
NjKI
ko
+ 4o T Tmi D AM km A(Ab) (Mn) (kj)(ml), (15)
kjml
0AY,
O kap tanh(kaph) %: Thi A A mkA(Ab) (mn) (kj)
ke
+5" Z PMiTki D AM,mkA(Ab) (Mi)(mn)(kj), (15D)
Mikj
DAT, 1
m = §kab tanh(kabh/) ZijAM,amA(ab)(Mn)(mj)

mj

k2
+ %b > PN TmAMN amNat) (M) (V) (i) (156)
Njiml
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6Agb kab tanh(kabh)
= A amA(aby(mn) + — ZpMiAM,am/\(ab)(Mi)(mn)
mn Mi
kzb
+ % Z PMiPNFAMN, am(ab) (Mi)(N ) (mn)
MiNj

ks
+ Tb Tig T A amik A (ab) (mn) (ij) (k1) - (15d)
ijkl
into the Taylor series

. pp rr pr
Expanding A{7, Almiyngy and Ay

. Nj)’ ,(ng)
gives
A’()zb)(Mn) = p/V (Yap cos(A0)) - V (Yarn cos(MO))dQ,  (16)
Q
where

V (ap(z,7) cos(Af)) = O ap cos (AB) n Ot ap cos(AB) n 1 0v4p cos(A0)

e 20 r o
W os(40) _ b iﬁ?ffﬁ; ") faokasr) sin(A0)
O ap (C;: (40) ACZZZ:&Z);;—; h. fav(kapr) cos(A0)
Dy co (A9) _ kay cczssl;léc]:ﬁ;r M) 1 () cos(A9)
(Vi - Vi) =
kavkyin Sl:if{:j:h;—cﬁz]h?fz\iiiﬂfn (z+7)] Jabfarn cos(AB) cos(MO)
N AM Cosiiiﬁl(’g;b)hgi;:ﬁ?:ﬁg(I + )] fabfarn sin(Af) sin(M6)

kanknin cosh [kap(x 4+ h)] cosh [kym (z 4+ h)]

! !
r2 cosh(k aph) cosh(knrnh) Favfan cos(AF) cos(M).

(17)

+

After simplification for (8)
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f(r,0,t)
=(1) kavknin

=(Ab)(Mn) = cosh(kaph) cosh(karnh)
0

- (sinh [kap(z + h)] sinh [Earn (2 4 B)] favfarm

—i—% cosh [kap(z + h)] cosh [k (z + h)) fgbf]'wn> dr, (18a)

!
=2 B / AM cosh [kap(x + )] cosh [k (z + h)]

= ndz,
(Ab)(Mn) cosh (kaph) cosh (karmh) favfarnde

’ (18b)

{ab)(mn) = P/ (Ve Vy) = P/V (Yapsin (ad)) - V (Ymn sin(mb)) dQ,
Q Q

(19)
Ak ) = P / (VenVer) =p / V (b 05(A0)) - (b sin(m)) dQ.
Q Q
(20)
Expanding E&)b)( Mn) and Egi)b)( Mn) UP to the second polynomial order

in pari, Tmi gives

K Tanfa
=(1) _ D (Ab)(Mn) (2) (1) AbJ Mn
S(An(m) = 0 {K(Ab)(Mn)fAbe" + K anyuny) =2 }

(Ab)(Mn)

(5) Fanf i
+ K(Ab)(Mn) {K(Ab)(Mn)fAbe" + T - X

K avy(avn Fanfrin
L Kanom) {Kfi)ben)f s fain + KO, o S L2 o)

2 r2
(il)b) Mn) K (Z)b) Mn)
E¢avy vy = AM fap farn K((O)# +z+ % 22y (21b)
(Ab)(Mn)

where

0) 1

_ . ( _
Kavy(van) = kavknn; Koy amy = 2R,

)
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K atmy = ks tanh(kaph) — Earn tanh(kar,h);
K((Z)b)(Mn) = kap tanh(kprnh) — karn tanh(kaph);
K((i)b)(Mn) = kap tanh(kaph) + ke tanh(karn h);
K iy = kv tanh(karah) + Kar, tanh(kayh);

K (i = tanh(kaph) tanh(kary h); - (22)

thus

_ o (@)
Alan)(vn) = Hav) umy DAM T Biapy (i) B AM

+ (K(Ab)(Mn)K((i)b)(Mn) + AM) ZpNi)\(Ab)(Mn)(Ni)AAMN
Ni

A(Ni),(Ab) (Mn)

+ K(ap)(Mn) ZPM’TAAMN
Ni
4
+ MgA)b)(Mn) Z DPNiPZjN(Ab)(Mn)(Ni)(Z]) DAMNZ
NiZj
(4)
+ K Av) (Min) Z TUT 25 N(Ab) (M) (1i) (z)) D AM, 1z
lizj
N nvr s
3 (N4)(Zj),(Ab)(Mn)
+ /J’EA)b)(Mn) Z DPNiDZj JTQ Aamnz
NiZj
A 17)(z Ab)(Mn
+M§ib Mn) Zrlzrm—( X J)T(Q 1 )A AM, 1z
lizj
5
+ NEA)b)(Mn) Z DPNiPZjN(Ab)(Mn)(Ni)(25) AN Z,AM

NiZj

5
+ uEA)b)(Mn) > rurz A any (i) (= Do aniz - (23a)

lizg

rr _ (2)
Alab) (mn) = Pab)(mn)Diam + b (mn) Dam

(5)
+ K(ab) (mn) K(ab) (mn) ; pNi)\(ab) (mn)(Ni) AN,u,wz
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A(N4),(ab)(mn)
+K (ab) (mn) Z pPNi—— 3 AN,amtam Z PNiA(ab)(mn)(Ni)DamN
Ni

Ni
+ }Lgib (mn) Z leij)‘(ab )(mn)(Ni)( Z_])ANZ am
NiZj
(4)
+ K(ab)(mn) lZ: TUT 25 A (am) (mn) (16) (25) D ,amiz
izj
N nt s
3 (N4)(Z3),(ab)(mn)
+ luga%)(mn) Z PNiPzj Jrg ANZ,mn
NiZj
A1) (25),(ab) (mn)
o ab)(mn) Z T1iT 25 T—A amlz
lizj
+M8b (mn) Z PNiPZjN(ab) (mn)(Ni)(2) AN Z,am
NiZj

(5) .
+ 'u(ab)(mn) Z TliszA(ab)(mn)(li)(zj)A,amlzv (24&)

lizj

pr (1) _ (@
A (Ab)(mn) — N(Ab)(mn)AAm M(Ab)(mn)AvAm

)
+ K (a6) omm) Ky () D T2 N(AB) (mm) (2) D A,z

=
A z Ab)(mn
+ K(a)(mn) Z T2 LAA mz — Am Z T25 A (Ab) (mn) (z5) Dm, Az
zJ zj
4)
+ MEAZ, (mn) Z DPNiT2j A(Ab) (mn) (Ni)(25) D AN, m=

Nizj

(N1%)(z7),(Ab)(mn
(Ab mn) ZpNszg )2( i )A AN,mz

Nizj
5)
—MEA;, (mn) ZpNzTZJ)‘(Ab)(mn)(Nz)(ZJ)AAN m=  (25a)
Nizj
and
K A
(1) (Ab)(Mn) (2) (1) (Ab)(Mn) | .
H(aby(Mn) = K© {K(Ab)(Mn))‘(Ab)(M") + K(Ab)(Mn) r2 } )
(Ab)(Mn)
(1) (3)
2 K(Ab)(Mn)AM 3 K(Ab)(Mn)K(Ab)(Mn)
(2) _ A ., 3) _ :
Heavy(Mn) = K(O) (Ab)(Mn)> F(aby(Mn) = 5 ;

(Ab)(Mn)
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(4) (3)
(4) _ Banom Ky am - ) _ Kl AV (26a)
P Aby(Mn) = 5 " H(Ab)(Mn) = 2 '

Using these expressions and the formulas from Appendix in [2] leads
to the desirable weakly-nonlinear modal equations in which all the zero
hydrodynamic coeflicients are excluded.

D Concluding remarks

The present paper extends the derivation algorithm from [2] to the case of
an upright multi-annular cylindrical tank. The analogous expressions for
the Taylor approximation of the nonlinear quantities of the Lukovsky—
Miles modal equations were obtained but the final form adaptive and
Narimanov-Moiseev type equations can easily follow from the Taylor
approximations and the formulas presented in Appendix of [2].

The forthcoming studies should focus on investigation of the secondary
resonance phenomena as well as on examining the resonant liquid sloshing
and comparison with recent experimental data.
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