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Fractal operators are the data representatives in fractal data compaction
methods. With fractal compression, encoding is extremely computationally
expensive. Decoding, however, is quite fast [1]. In order to increase encoding
efficiency the prerequisites for fractal operator could be eased. The aim is
to find new spaces and conditions under which iterations of the operator
converge to some fixed point.

1. Introduction. Iterations convergence of fractal operator is being
studied in different metric spaces. It is already studied in the space of com-
pact subsets of real plane with Hausdorff metric [2]; p-summable functions
for 1 < p < oo with standard distance; space of continuous functions on
real interval [3] and bounded functions on real plane with uniform metric.

This article describes fractal operator in weighted L, [(a7 b)] space for
1 < p < 0. There are conditions found for the operator to be eventually
contractive on some closed subset of the space. It guarantees that the
operator has unique fixed point and its iterations converge to this point.

2. Fractal operator concept and properties. Let I = [a, b)) C R
be a closed interval,

L3O = {£: 1 R| 1] 00y = ([ w@If@P dr) " < o0} -

weighted L, (I) space with summable function w: L,(I) — R. As well

as L,(I), L;U(') (I) is considered as a set of equivalence classes of functions
equal nearly everywhere.
The given space could be considered as a generalization of L,(I) space,

having function w(z) = 1, L;)(‘)(I) = L,(I).
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Hereunder for space L},U(')(I ) we consider 1 < p < oo and a standard
metric p.

Consider an approximation of function f € Lg(')(l ) with an attractor
of IFS (T°*)%2, which is initiated by the operator T in the case where
the attractor is a fixed point f} of operator T'. Such an approximation is
usually called fractal, because f7 could be a function with the graph that
has a fractional Hausdorff dimension [2].

FEventually contractive operator is an operator that holds Lipschitz con-
dition and there is a power of its iteration that is a contractive operator.
The minimum of such powers is eventually contractive operator’s index.

Contractive index of an eventually contractive operator of index k is

Tok Tok:
LB gy PITLTT)
trayerrom, P 9)
f#9

< 400, keNuU{0}

It is followed from the definition that the eventually contractive op-
erator is an operator that holds Lipschitz condition and all its iterations
beginning with a particular power are contractive operators.

Indeed, since L(Tm) < 1, then, staring from k,
L (DM <1, 0<p<m—1
Introduce a fractal operator. Set n € N, n > 2. Choose:

e a partition A = {a =29 < 1 < ... < x, = b} of interval I; denote

I = [xi—1, 24),a = 1,2,...,n — 15 I, = [xp—1, Tp]; it is clear that

IiCI,i:I,Q,...,n; U?:lIi:I; Iilmlig :®,1<il < 19 <ng

e sets of points {a;}7 1, {Bi}1, from I such that a < o; < 8; < b,
i=1,2,...,m;

e a set of diffecomorphisms {¢;}" 1, ¢i: [a, i) — Liyi =1,2,...,n,
i.e. differentiable bijections with differentiable inverses;

e a set {¢;}7, of mappings ¢; € C(I xR), i = 1,2,...,n, which
are uniformly continuous as functions of the first argument and hold
Lipschitz condition: |¢);(z, y1)—¥i(z, y2)| < d;|y1 —y2| for any = € I,
{y1,y2} C R and some d; > 0.
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Fractal operator of function f € L},”(')(I) is the mapping

(Tf)(x) = Zwi (67 (@), (o7 (2)))1r,(2) (1)

forxel, fe L;}(')(I).

Here 1 4(x) is the indicator function of set A. The product of indicator’s
zero value and undefined expression is zero.

Thus, an operator T' (which is non-linear, in general case) is defined by
setting a partition of interval I into subintervals I; and defining mappings
D, (z, y) = (q&i(x), U, (x, y)) T maps any function f into partially-defined
function that is a deformed copy of restriction of f on each its domain
interval.

3. Eventually contractive operator in L;;U(')(I). Let T be a fractal
operator, f € Lg(')(l). To verify that T'f is a function in Lﬁ(')(l), let us
estimate the norm HTf”i“’("(I)'

If a function w is ﬁnitg and summable then define the signed measure
v(E) = [pwdp, E C R. Radon—Nikodym theorem states that for a

signed measure v the function w is defined uniquely accurate within 0-

measure sets. Then represent w as Radon—Nikodym derivative w = %

and in [, w(x)|T f(x)|” du change the measure, we obtain [, |T'f(z)[Pdv =
=ITfI7, (1) < oo- Now, let w be infinite and summable, than

/Iw(l‘)KTf)(x)\p dx = /Iw(l’)‘z 1/’i(¢;1(35)’ f(‘b;l(w)))]lh (x)’pdgc _
B Z/ w(@i@) i, f(2)] 6 (w) dv =

=0 [ wone) e S0+

i=1 é; (1)

iz, £(2)) = ¢i(x, f(x0))] ¢ () da.

After using the inequality (a +b)" < 2" 1(a™ +b"), {a,b} CR, n > 1,



Fractal operator in weighted L, space

129

we obtain

Z/ W)l( ))+wl(‘x’ f(x))_wz(xv f(
<2 IZ / ) (el TP+

o ) — e, L)
<2“Z -, @) S

+df|f( )* (xo)\p) i() dz < oc.

Verify that T is a continuous operator. It is follows from:

p(Tf, Tg)? = / w(@)|(T) (@) - (Tg) ()P de =

I

< [ w67 oo lde =

- Zd” [, ) )~ ooPehto) <

(I)

x0)) " (x

< (,Z & mie 1) /¢ gy V@) — g da

i

Thus, it is proved the following.

Statement 3.1. Consider the interval I = [a, b], the partition A =

= {x0,21,...,2n}, the set of points {aq, b1, az, PBa, .

.y O,y B}, the sets of

bijective functions {¢; }1_, and mappings {1;}"_, defined in the section 2.
Then the operator T defined in (1) maps continuously L;}U(')(I) into itself

for a summable function w.

Further, estimate distances between fractal operator iteration’s images



130 0.0. Grigoriev, M.O. Nazarenko

of two different functions. First, estimate p(T°%f, T°%g).

p(T°2f, T%g)P = /1 w(@)|(T(T]))(x) = (T(Tg))(x)["dz =

=3 [ wl@ o @), T @) = o (@), Talr (@)Pde <
< [ w@IT 67 (@) - To(o7 @)lPde =
=S [ w@T@), Towlre e =

¢; (1i)

) w(z)| Zd)j(sb}l(ﬂf), Fe7 (@)L, ()~

w(@)|f(x) — g(x) [P $i(¢; (x))(x) do =

Il
M s
H'M s
Q
=
S—

o5 (I;né; (1:)

=3 ) (i, /¢ ety PN~ gD 6106 ()

With the help of mathematical induction show that the following holds

p(T*f, T*g)P <

n
(o) [ @ - g
_ Giy, (Lig, NNy " (Lig Ny~ (L))

n
<2

’Ll:l ik 1

X(¢i, 0+ 0y, ) (z) da.
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Having induction base, show induction step.
p@MMﬁTW%N—/MH(TWW@%WW%WWM=

—Z / D67 (@), T F(67 1 (2))) -
—wz ¢; (@), T g(¢; ! (2)))[Pdw <

<M / w(@)| T £(67 () — T g (@) Pde =
i=1 i

Y / @I (@), T (@)l a)da <
i=1 ¢, (1)

g. Z:_ (dill'.dikJrl)p/qb w(x)x

k41 (I,;kﬂﬁ---ﬁ¢[21(1,12m¢;11(1,‘,1 )))
x|f(x) = g(@)[P (i, 0+ 0 ¢y (,) () da.

Further, denote the following values:

|f —glP x

Viy...ig,p — ?ip [A I G (TiyNds Ly ))-)
0, Lomttn, neenor (ynos (1)
{f,g}CF i k 2 2 1 1

<l o0 0, da( [ 17 =gl da) ]

Wk,p = Z (dil"'dik )pvilmik,P :

i1,.enip=1

Consider a set of functions F such that F' C T(F). Then

p(T°F f, Tk g)P
sup

PE T2 9] oy,
F#4, p(f, g)P P
{f,g}CF

The existence of finite limit w, = limkﬁm(wkyp)l/ k < o0 follows from
the fact that the given sequence is submultiplicative [4]. Thus, it is proved
the following

Statement 3.2. For the operator T defined in (1) and a set of functions
F such that F C T(F), there is a finite limit w, < co.
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Further, having the sequence of inequalities

TF, TgP
sup Mgzcﬁvi’p’
f#9, p(fa g)p i=1
f,g}yCF
Tf T =
an PLST9) S>oodl b v,
g, PGP T =

{f, g}CF

one can be convinced that the operator T is eventually contractive if there
is such a number k that wy , < 1. Thus,

Statement 3.3. For the operator T defined in (1) and a set of functions
F such that F C T(F), if w, < 1, then operator T is eventually contractive
in F.

Applying the well-known Banach fixed-point theorem generalization [5],
it is easy to obtain the following

Statement 3.4. For the operator T defined in (1) and a set of functions
F such that F C T(F), F is closed, if w, < 1, than operator T has the
unique fived point fr in LZ’(')(I), and for any f € F we have T°Ff —
fr, k— oo.

Thus, it is shown that a fractal operator could be considered on a
weighted L,, space and could be used for some data compaction.
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