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The system of differential equations of the form

2 w2(:c2—:c1)+m for r=1,
Eam: W (Trp1 — 2Ty + Tpo1) + ke for T=2,3,...,n—1, (0)

—wQ(xn—:cn_l)+nn for r=n.

is discussed with w € RT and &, being R-valued continuous functions. With
help of a complex approximation method the functions x, are approached
by finite sums involving convolutions of Bessel functions and the functions
Kr. Since we may let (zr) correspond to consecutive atom sites (including
empty sites) in a chain of crystallographic lattice, transversal to the surface,
mathematically, our solution relates also the general solution to the solution
for a fixed leaf of a foliation generated by layers of the crystal in question,
in our case the third leaf from the boundary surface.

Physically, the result, extending those of R. W. Zwanzig (1960), A.S. Dol-
gov and N.A. Khizhnyak (1969), J.B. Sokoloff (1990), and B. Gaveau,
J. Lawrynowicz and L. Wojtczak (1994, 2005, 2009), permits including in
interacting oscillations the dependence on spin waves.
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1. Introduction and motivation. The theme is somehow related to
two research activities of our unforgetable friend Professor Promarz M.
Tamrazov [1]:

e difference and differential contour-solid problems for holomorphic
(and meromorphic) functions in the complex plane and in complex
analytic spaces,

e equilibrium potentials of general condensers and their complete de-
scription (in our case this corresponds to the so-called stochiometric,
entropy depending configurations of atoms and vacancies in sites of
the crystallographic lattice).

We consider a system of equations (0) with w € R and z,. being R-valued
continuous functions. The equations (0) are simplified by introducing the
following substitutions and new units:

WK (1) = 2 (d/dr) x,.(T) forr=1,...,n,
W2 Koy y1(7) = 2,(7) — 2py1(7) forr=1,...,n—1, (1)

W Klgn1(7) = 2,(7), 7=2wt and w=+/K/m,

m standing for the mass of all (identical) atoms and K denoting the lattice
force constant. An easy calculation shown that the substitutions (1) into
(0) give the system

d _ 1 .

Zoua(7) = =5 [us(7) — e,

d _ 17 ~

EUT(T) =3 {ur_l(T) — Upp1(7) + %r} forr =4,6,....,2n — 2,
d . 1 . ~

— Uy (7) = = [tp—1(T) — Upy1(7)] for r = 3,5,...,2n — 3, (2)
dr 2

d _ 1.

EUQTL(T) - 5 [U'Qn—l(T) + 57'] B

d 1 4 4

—Ugp41(T) = ZUan(T), &r = [1/w K] K, and w*K # 0.

dt 2
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The first differential equation in (2), because of the explicit appearance of
u3 in it, showns the specific role of the third layer. We rewrite the system
of equations (2) in a more convenient form. Let w, = u,(7) = Uy42(7) for
r=0,...,2n — 2. Then (2) becomes

d 1( )

—ug=—=(u; — ¢

dr 0 2 1 1)

d 1( + ) f 2.4,... 2n—4
—Up = = r—1 — Up E1l,. or = Ly, ..., i
dTu 2 Up—1 Ur41 §7+1 T n

d 1

o = §(ur_1—ur+1) forr=1,3,...,2n—3, (3)
L s = 3z + 1)

dT’U/anQ - 2 U2n—3 En)s

d 1

—Ugp—1 = —Ugpy—_2.

g7 Uan—1 = Jlan—2

We have to suppose that €1, €9, ..., £, are R-valued continuous functions.
In addition to u; = w3 also us = us has a specific role, analogous to that
of uz in [2] — we can express (d?/dr?)u; as a linear function of ug:

d? 1/d d 1 1
FU1:§ EUO—E’LLQ = Z<U1_51)_Z(U1_US+62):

= i(ug, — &1 —é&9). (4)

We summarize with the following

Key Lemma. The substitutions (1) give rise to replace the system (0)
by the system of first order differential equations (3) with €, being nonvan-
ishing R-valued functions and the equation for r = 1 replaced by the second
order equation (4).

The role of the above mentioned replacement and a possibility of using
some u,, instead of u; have been discussed in detail in [2]; cf. also the
beginning of Section 2 and Theorem 1. Physical applications of the results
presented in the Key Lemma, the Extended Third-Layer Theorem given
in Section 2, and the Extended k th-Layer Theorem given in Section 3
will be published in [3], focusing on lattice interaction dynamics and ther-
modynamical chaos; applications related with thermodynamical spin wave
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description — [4]; for an earlier physical content see [2, 5 — 10]. Further
results relates with [3], in the context of composition algebras will appear
in [11].

2. Extended Third-Layer Theorem. The equation (4) plays the
key role in the problem of solving the system of (3), r # 1, and (4). Indeed,
we can extended the Third-Layer Theorem of |7, 2] as follows:

Theorem 1. For the sake of simplicity confine ourselves to the case
Up = Uz, Ul = U3, Up—2 = U2n—4, U2n—1 = U2p—3- (5)
The function us = us(7) in the solution
up = uk(7), k=1,2,...,2n — 1, (6)
of the system of (3), r # 1, and (4) can be expressed as

t

ug(t) = —/ 2 Ja(t — s)ui(s)ds +

t—s
0
on—2 1 . )
+ - /|:t7 Jr(t—s)_ — Jr_g(t—s):|5%r+l(s)d8_
7 even 0

Rl r r—2
2 Y 0 |20 - 200 0)] 6 (0), )

where J., r = 0,1, ..., are the Bessel functions of the first kind.

Proof. Let us consider the generating function

2n—2 2n—1
O(z,7) = Z up(7)2" 4+ Z ur(1)2",
r=0, r=1,
T even T odd
for z € C, 7 € [0,7*]. By (3) it satisfies the relation
o 2n—1
259 =—(uy —e1) + ; up2™ T — wgy 5222

r odd
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2n—1 2n—4
_ Z urzr’l—k Z sérﬂzr—f—ugn,gz?"’?+sn22”’2+
r=1, r=2,
r odd reven
2n—2 1 2n—2
4 Z UT(ZT+1_ZT71): <z_) —ul—‘r Z 51,,,+1Z
”’Tez\/%h 'reven
0 = 0(z0) [1 ! t) +
= z,0)exp|=(z——
*P 2 z
1 t 2n—2
+ 5/[—111(3) + Z €1r417 } eXp[* (z - ) (t— s)}ds
0 Y even

Observe now that

exp [; <z—> } Z Jm(7)2™  for z € C\{0}, 7 € RorC,

m=—0o0

J_n(z) = (=1)"Jp(2) for n € Z, and J,41(7) = 2(n/7)Jpn(7) — Jp1(7)
for n € Z. Hence

2n—1 +oo [2n-—1
> )= Y lz T (t)u, (0)2F —
k=0 k=—o00 L r=0

t 2n 2
1
_i/J (t — s)uy(s)zFds + Z /Jk r t_8)51T+1( s)z*ds
0

T even

and, by comparison of the proper coefficients on the both sides, formula

O LAARNNAAL
VUV

Fig. 1. The relative distance us(t) for n = 4, and e1(t) = e4(t) = cost

ea(t) = e3(t) = sin2t, uo(0) = ur(0) = 5 - 10— ,u1(0) = ug(0) = 3 - 10—97,
u2(0) = u5(0) = 2-107%, u3(0) = u4(0) = 10~
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Physically, us represents the relative distance between the atoms in the
third layer; an example is shown in Fig. 1.

3. Extended k th-Layer Theorem. With the help of formula (7) we

may express, in an analogous way, the other functions uy in (6). Namely,
we have

Theorem 2. For the sake of simplicity we confine ourselves to the case
(5). The functions uy in the solution (6) of the system of (3), r # 1, and
(4) can be expressed as

o fork=1,3,....2n—1

k t

1 m—1

up(t) = (_1)%(k+1) E (_1)§(m+1)/ﬁ o1 (t — s)uy(s)ds—
modd 0

2n—2 k
1 1(m r—+ 1—m
—(=DFED YT ()R “)/ﬁjm—m(t*s)%m(&)d“
r=0, m=1,
r even m odd 0
n—l k r+1—-—m
1 r lim —
72(f1)2(1‘3+1) Z(f]_) Z (—1)2( +1)f<]r+l—m(t)ur(0)7 (8)
r=0 m=1

meven S
m—2 k t
SDEY Y [t s)ey e (9)ds
e e 0
2n—1 k 1—m
S Y () Y P @ (0). (9)
r=0 m=0,
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Proof. By Theorem 1, the general formula for k£ odd reads:

2n—1

wlt) = 30 (- (1R (2 (1) = (1) | e (0) +

1 1
+5/ It = 8) = (=)D 5)] g (s)ds —
1 2n—2
2 Z / (k+1) Jry1(t —8) = Jrp(t = s))] 5%r+1(5)d5
r=0,

and hence (8) follows. In analogy, the general formula for k even reads:

2n—1

w(t) = 30 (17 [(“)FT 5 (0) + T (8)] n(0) -

r=0

N | =

/ [72(t = ) = ()it — )] ua(s)ds —
0

¥
3

-2

l\D\»—t

¢
/ 2 Jrao(t — ) — J,._k(t—s)}eér_irl(s)ds
1, 0

“H
mO

and hence (9) follows. Physically, uy represents the relative distance be-
tween the atoms in the k th layer; an example is shown in Fig. 2.

) L AN NN
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Fig. 2. The relative distance u2(t) for n = 4, and e1(t) = ea(t) = cost,
e2(t) = e3(t) = sin2t, uo(0) = u7(0) = 5 - 10 9,u1(0) = ug(0) = 3-1077,
u2(0) = u5(0) =2-107°, u3(0) = u4(0) = 10~
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