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BcranoBiieno HeoOXifHi, a TaKOXK JOCTATHI YMOBM JIOKAJBHOI JIHIHHOT
OIYKJIOCT1 ObJracTeil 3 TVIAIKOI0 MEXKEI B GAraTOBUMIPDHOMY y3arajbHEHO
kBareprionnomy mpocropi Hy 5 (n > 2).

The necessary and sufficient conditions of local linear convexity of domains
with smooth boundary in multidimensional generalized quaternion space

.5 (n>2) are found.

The paper ([1]) presents analytical conditions of local linear convexity of
domains with smooth boundaries in a multidimensional quaternion space
H™ in terms of some special linear form of the second order. The aim
of this work is to establish similar conditions for the case of generalized

quaternion algebra H, g (|2, 3|, see also [4]).

Let H, g be the algebra of generalized quaternions (further quater-

nions)

a =ap + aie; + azes + ases,

where ag, a1, a2,a3 € R, and 1, ey, es, e satisfy the following multiplication

table:
. ‘ 1 €1 €9 €3
1 1 €1 €9 €3
€1 €1 — €3 — Qe
€2 €2 —€3 —p Bei
es) es aex —fer —af,

where «, 8 are real nonzero numbers.
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Let us consider the vector space Hgﬁ =Hy g x Hy g x ... x Hy g with

«— n
elements z := (z1, 22,...,2,) € HJ, 5, where

zj = a) +aler + xhes + ahes €Hap, j=T,m, |z]|=

The neighborhood U(w) of a point w = (w1, ws,...,wy) € Hf, 5 is an
opened ball U(w) = {z: ||z —w|| < po}-

Since the algebra H,, g is non-commutative with respect to the multipli-

n n
cation, the equations ) a;z; =0, > zja; =0, aj,2; € Hyp, define
j=1 j=1

geometrically different hyperplane of 4n — 4 dimension, in general case.
In addition, we may consider 2" — 2 intermediate cases between two men-
tioned hyperplanes for which equations contain the alternated summands
a;jzj, z;a;. For a concreteness, in the following definition we use the case
where variables are multiplied by constants from the left only.

Definition. Domain Q C H7, 5 is said to be locally linearly convex if
for every boundary point w = (wq,ws,...,w,) of the domain there is a

n
hyperplane ) a; (2; —w;) =0, a; € Hap, 2 = (21,22,...,2n) € Hf g,
j=1

which passes through the point w € 02 and does not intersect §2 in some
neighborhood of w. If a such intersection is empty, then €2 is said to be
linearly conver.

Let us consider the following quaternions:

Zj 1‘6 —|—a:{el +33%62 +33g63,
zjl = xé + x{_el — x%eg — JJ%@?, ,
ZJ2 = xé — x{el + :c%eg — :céeg ,
23 z) — xjer — xhes + xles.

We express the real variables x?c in terms of the quaternions zé with respect
to non-commutativity of generalized quaternions. So, we get that

w =47 (g2 2+ ),
vy =47la ey (—z — 2 + 27+ 2D), ()
xy =478 ley (=2 + 2] — 23 +23),

 =4""(apf) les (=2 + 2} + 27— 23)
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or _
xy =47" (2 2+ 2+ 2,
v =47ta M (—z—zj 20420 e, @)
wh =47 (—zy 2 — 2 42 e,
wh =47YapB) Tt (=2 + 2] + 27— 25) es.

Let = {z: p(z) < 0} be a domain of the space HY, 5 with the bound-
ary 9Q = {z : p(z) = 0}, where p(z) = p(z,2",2%,2%) 1 HL ; — Risa
twice contlnuously differentiable real-valued function in the neighborhood

U0Q), 2t = (24,24, ..., 2) e H? 5+ 1=1,2,3, and grad p # 0 everywhere
on 0f). Let us consider the total dlfferentlal of the function p as real func-
tion of independent variables {xf T, = 0,4 at the point w € U (99):

n 3
=33 ®

7j=11=0

Replacing the variables xf and zé in (1) and (2) with their differentials
d:c{ and dz}, respectively, and substituting in (3) the expressions of dz{ ,

we obtain (here and everywhere 2§ := z;)

or
n

> Op(w)
:ZZdz az ’

j=1k=0

are calculated with the formulas

where formal derivatives

p(w
5z§
8p( ) _ (39( w) 18p(w)e _10pw) 1 9p(w) ,
- 1 - 62
a 9z B ox) ap 3x3

)

< _10p(w) | 10p(w) 1 Op(w e3>’
8;100 @ B o) 065 85C3 (4)
w 1<8p 13p(w)e ~ 10p(w )e 1 dp(w . >
8z I\ o "o od B om 2 aB 8x3 )
p(w) 1 <8p(w 1 9p(w) 1 3p( ) 1 9p(w )
- — €1 €9 — €3
32’ T4 oz}  a Ox) B o] aB ol



304 T. M. Osipchuk

Let us rewrite the formulas (4) as

dp(w) 1~ dp(w)
= — ’)/lp - ep7 l = 0, 3,
ERRE P

where 7, are the elements of matrix

, 1 11
«a e}
i
Q e}
O
@ @
R T
«@ B af
And let
Ppw) 1 ¢ 9 p(w)
g T e ey, jii=T,n, l,k=0,3.
0zFozk ~ 16 p%z:o’wp%g Oz’ O peo J
Then
n 3 n
Pp(w) 9 p(w)

2 _ 7 l k
dp(w) = Z Z T 7 dz] dxj, = Z Z R ldzjdz =
4,j=1k,l=0 k=1 3,7=1k,l=0 © 77

n 3 n
9 p(w) 9 p(w)
_ k I 1 gk
=3 ) dz o 4 = > d2}dz] e )
i,j=1k,i=0 s i,j=1k,i=0 s

We pay attention to the order of multiplication of quaternions in (5).

Theorem. If the domain §Q is left locally linearly convex, then for every
point w € O and for all vectors s = (s1,82,...,8,) € Hy 5, 8[| = 1,
which satisfy the equation

" Op(w
Y 2 =0, ©)
=1 7%

the following inequalities are true:

n 3
Pp(w)
i 9%

i,j=1k,1=0
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3

la p(w
;11@21:0 ]azkazl K $20
st ka p(w
Jz:m;o a 8zk8z 20.

If for every point w € 0) and the same vectors s at least one of the

inequalities is true
gk
>y azkaz st >0,

i,j=1k,l1=0
3
0?
> 3 45 HAE >0
4,7=1k,l=0
>y ek 0.
i,j=1k,1=0 z Z

then the domain 2 is locally linearly convez.

The proof of Theorem is similar to that of Theorem 1 from [1] and
Theorem from [5]. We note only that to proof it we need to consider
Taylor series in a quaternion form. In addition, the equation (6) defines a
hyperplane of the definition for the domain 2.
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