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In this paper, we investigate the complex oscillation of the nonhomogeneous
linear differential polynomial gy = g (f7 e 7f(/m) = Z?:o djf(j) + b,
where d; (j =0,1,---,k), b are analytic functions generated by solutions
of the differential equation f* + A (z)f =0, k > 2, where A(z) £ 0 is
analytic function with finite iterated p-order in the unit disc A = {z € C:
|z| < 1}. This paper improves very recent result of Cao, Li, Tu and Xu.

1. Introduction and statement of results. In this paper, we assume
that the reader is familiar with the fundamental results and the standard
notations of the Nevanlinna’s theory on the complex plane and in the unit
disc A = {z € C:|z| < 1} (see [1 — 5]). We need to give some definitions
and discussions.

Definition 1.1 [6, 7]. Let f be an analytic function in A, and

Doy () o= limsup % ML 1)

=a< oo (ora=o0),
r1- —log (1_T) ( )

then we say that f is a function of finite a degree (or of infinite degree)
defined by maximum modulus function M (r, f) = Im‘ax |f (2)]-

Now we give the definitions of iterated order and finiteness degree of
the order to classify generally the functions of fast growth in A as those in
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C (see [8, 9, 3]). Let us define inductively, for r € [0,1), exp; r := e” and
€Xpp41 T = exp (expp 7“) , p € N. We also define for all r sufficiently large
in (0,1), log; r := logr and log,,,; r := log (logp r) , p € N. Moreover, we
denote by expyr := 7, logyr :=r, log_; r := exp; r and exp_; r := log; 7.

Definition 1.2 [10, 11]. Let f be a meromorphic function in A. Then
the iterated p—order of f is defined as

log, T'(r, f)
pp (f) =limsup—2———""% (p>1 is an integer),
P =R oy )
where log] 2 = log™ # = max {logx, 0}, log;_Hx = log™ 1og; z. If fis

analytic in A, then the iterated p—order of f is defined as

. log M (r, f)
pum,p (f) =lim SupL

p>1 is an integer).
g (T-1) | Eer)

Remark 1.1. It follows by M. Tsuji [4, p. 205]) that if f is an analytic
function in A, then we have the inequalities

p1(f) < pma(f) <o (f) + 1,

which are the best possible in the sense that there are analytic functions
g and h such that par1 (9) = p1(g) and par1 (R) = p1(h) + 1, see [11].
However, it follows by Proposition 2.2.2 in [3] that par, (f) = pp (f) for
p>2.

Definition 1.3 [10]. The finiteness degree of the order of analytic func-
tion f(z) in A is defined as

0, if f is of finite degree,

min{j € N: ppr; (f) < +oo} if f is of infinite degree,
and par,;j (f) < oo for some j € N,

+00, if paj (f) = +oo forall j € N.

iv (f) =

Definition 1.4 [12]. Let f be a meromorphic function in A. Then the
iterated exponent of convergence of the sequence of zeros of f (z) is defined
as

log;r N (r, %)
Ap (f) = limsup

—— = (p>1 is an integer),
M o (1 =) )
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where N (r, %) is the counting function of zeros of f(z) in {z: |z| < r}.
Similarly, the iterated exponent of convergence of the sequence of distinct

zeros of f(z) is defined as

_ 10g;r N (r, %)
Ap (f) = limsup

_ > 1 is an integer),
P e o) 77 )

where N (r, %) is the counting function of distinct zeros of f(z) in
{z:]z| <r}.

Definition 1.5 [12]|. The finiteness degree of the convergence exponent
of the sequence of zeros of analytic function f(z) in A is defined as

0, iEN (T’ %) =0 (log 1ir) )
ix(f) = min{j € N: ); (f) < +oo0} ifsome jeN
with A; (f) < 400 exists,
00, if A; (f) = +oo for all j € N.

Remark 1.2. Similarly, we can define the finiteness degree iy (f) of
Ap(f)-

For k > 2, we consider the linear differential equation
fP+ AR f=0, (1)

where A (z) # 0 is an analytic function in the unit disc of finite iterated
p—order. It is well-known that all solutions of equation (1) are analytic
functions in A and that there are exactly k linearly independent solu-
tions of (1) (see, [2]). For fixed points of entire functions or meromorphic
functions on the plane, there are sequences of results, see [13]. In [14],
Chen firstly studied the problem on the fixed points and hyper-order of
solutions of second order linear differential equations with entire coeffi-
cients. After that, there were some results which improve those of Chen,
see [15 — 20]. Recently many important results have been obtained on the
complex oscillation theory of solutions and differential polynomials gener-
ated by solutions of differential equations in the unit disc A, refer to see
[21, 22, 12, 23, 24] and others. In this paper, we continue to consider this
subject and investigate the complex oscillation theory of differential poly-
nomials generated by analytic solutions of higher order linear differential
equations in A.
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Let £(G) denote a differential subfield of the field M (G) of mero-
morphic functions in a domain G C C. Throughout this paper, we simply
denote £ instead of £ (A). Special case of such differential subfield

Lp41,,={g meromorphic in A: p,41 (9) < p},

where p is a positive constant.

In [23], Cao, Li, Tu and Xu investigated the fixed points of linear dif-
ferential polynomial generated by analytic solutions of second order differ-
ential equation in the unit disc and obtained the following result.

Theorem A [23]. Let A(z) be an analytic function of infinite degree
and of finite iterated order parp (A) = p > 0 in the unit disc A, and let
f Z£ 0 be a solution of the equation

A f=0.

Moreover, let
PU =P (£ f) = pif ¥
§=0

be a linear differential polynomial with analytic coefficients p; € Lpi1,p,
assuming that at least one of the coefficients p; does not vanish identically.
If ¢(2) € Lpt1,p is a non-zero analytic function in A, and neither P [f]
nor P [f] — ¢ vanishes identically, then we have

ix(PIfl—¢)=i(f) =p+1

and

)‘P+1 (P [f] - ‘P) = PM,p+1 (f) = PM,p (A) = p.

Remark 1.3. The idea of the proof of Theorems A is borrowed from
the paper of Laine and Rieppo [18] with the modifications reflecting the
change from the complex plane C to the unit disc A.

The question which arises: Can we obtain a result which generalizes
Theorem A by considering equation (1)?

The main purpose of this paper is to investigate the complex os-
cillation of the linear differential polynomial gy = g (f7 fle ,f(k)) =
= E?:o djf(j) + b, where d; (j=0,1,---,k), b are analytic functions
generated by solutions of equation (1). The method used in the proofs of
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our theorems is simple, and different, from the method in Laine and Riep-
po [18] and Cao, Li, Tu and Xu [23]. Before we state our results, we define
the sequence of functions ; ; ( =0,1,...,k—1) by

o — aaj_l—i—ai,l’j,l, foralli=1,2,....k—1,
J a1 — Aag_1j-1, fori=0

and
o di foralli=1,2,...,k—1, @
0T dy — diA, fori=0.

We define also h by

Qo0 1,0 - Ok—1,0
Q0,1 1,1 B Ok—1,1
h =
oo k-1 Q1k—1 - - Og_1k—1

and ¢ (z) by
Y (2)=Colp—b)+Cr (o =)+ +Cr_y ((p(lc—l) _ b(k_l)) ’

where C; € L,11, (j =0,1,...,k — 1) are meromorphic functions depend-
ing on oy ; and ¢ (z) (#0) € L,41,, is analytic function. We obtain:

Theorem 1.1. Let A(z) be an analytic function of infinite degree and
of finite iterated order parp (A) = p > 0 in the unit disc A, and let f #0
be a solution of equation (1). Moreover, let

k
gf=g(f,f’,-~- 7f(’“>) = "dif D +b (3)
j=0

be a linear differential polynomial with analytic coefficients d; € Lyi1,p,
b e Lpy1,p, assuming that at least one of the coefficients d; does not van-
ish identically such that h # 0. Let ¢ (2) (£ 0) € Lpt1,, be an analytic
function such that v (2) £ 0. Then the differential polynomial g; satisfies

ix(gr —¢)=ix(gr—p)=i(f) =p+1

and

Ap+1 (95 — @) = Apr1 (9 — @) = pp+1 (f) = prrps1 (f) = pup (A) = p.
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Theorem 1.2. Let H be a set of complexr numbers satisfying
densa{|z| : z € H C A} > 0, and let A(z) # 0 be an analytic func-
tion in the unit disc A such that p, (A) = p < +oo and for real number
a > 0, we have for all € > 0 sufficiently small,

T (r,A(2) > exp, {a (1_1|>}

as z — 17 for z € H, and let f % 0 be a solution of equation (1).
Let be the linear differential polynomial (3) with analytic coefficients d; €
Lpt1,p, b € Lpt,p, assuming that at least one of the coefficients d; does
not vanish identically such that h # 0. Let ¢ (2)(#0) € Ly11, be an
analytic function such that ¢ (z) # 0. Then the differential polynomial g¢
satisfies

ix(gr—@)=ix(gr—9p)=1i(f)=p+1

and pp (A) < Apt1 (97 — @) = Aps1 (95 — @) = pp+1 (f) = prps1 (f) <
< pup (A).

2. Some lemmas. We need the following lemmas in the proofs of our
theorems.

Lemma 2.1 [10]. If f and g are meromorphic functions in A, p > 1
is an integer, then we have

(i) pp (f) = pp (1/f) s pp (a-f) = pp (f) (a € C—{0});

(ii) pp (f) = pp (f'):

(iii) max{p, (f +9),pp (f9)} < max{p, (f),pp (9)};

(iv) & pp () < pp(9), then py (f +9) = pp(9), po (f9) = Pp (9)-

Lemma 2.2 ([12], Lemma 2.5). Let p > 1 be an integer, and let f ()
be a meromorphic solution in the unit disc A of the differential equation

P+ A (@) fE -+ ALR) f Ao (2) f =

where Ag (2), -+ ,Ar—1(2) and F # 0 are meromorphic functions in
A such that max{ppi1 (F),pps1(A;) (G=0,-,k=1)} < ppy1(f) <
+o00. Then ix (f) = ix(f) = i(f) = p+1 and Apy1 (f) = A1 (f) =
pp+1 (f)-

Lemma 2.3 [10]. Let p > 1 be an integer, and let Ao(2), -, Ak—1(2)
be analytic functions in A such that i (Ag) = p. If

max{i(4;):5=1,--- [k—1} <p



40 B. Belaidi

or

max{pM,P (AJ) ] = ]-7 7k7 1} < PM,p (A()),

then every solution f % 0 of the differential equation
FO 4 A ) f* D 4 A () + A (2) f=0

satisfies i (f) =p+1 and ppi1 (f) = pyp+1 (f) = parp (Ao) .-

Lemma 2.4. Let A(z) be an analytic function of infinite degree and
of finite iterated order parp (A) = p > 0 in the unit disc A, and let f #0
be a solution of equation (1). Moreover, let

k
j=0
be a linear differential polynomial with analytic coefficients d; € Lyi1,p,

b€ Lyt1,p, assuming that at least one of the coefficients d; does not vanish
identically such that h # 0. Then, the differential polynomial gs satisfies

i(97) =1i(f) =p+1, pps1(9r) = ppt1 (f) = prmp+1 (f) = parp (A) = p.

Proof. Suppose that f # 0 is a solution of (1). Then by Lemma 2.3, we
have i(f) =p+1, ppt1 (f) = pyp+1 (f) = prp (A) = p. Substituting
f®) = —Af into (4), we obtain

gr —b=def® +dp1 fEV 4 pdof =

=dp1 fO + o+ (do — diA) £ (5)

We can rewrite (5) as

k-1
g5 —b="> aiof?, (6)

i=0

where «; ¢ are defined in (2). Differentiating both sides of equation (6) and
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replacing f*) by f(*) = —Af, we obtain

gy =V

k-1 kel _
Zaé,of(” + Z%‘,of(zﬂ) =
=0 =0

k—1 ‘ k ‘
Za;,of(l) + Z%‘—l,of(l) =
i=0 i=1

k—1 k-1
apof + Zaé,of(i) + Zaiq,of(i) +ap_1of ) =

We can rewrite (7) as

where

{ abo+aim1p, foralli=1,2,...,k—1,
;1 = ’

i=1 i=1
k-1 .
O46,0f + Z (042,0 + 01%1,0) O~ ap—10Af =
i=1
k—1 ‘
(a;,o + Olifl,O) f(z) + (CY()’O — CVk,L()A) f (7)
i=1
k—1 ,
gy —b = Zamf(z)’ (8)
i=0

9)

g0 — Aag_1,, for i = 0.

Differentiating both sides of equation (8) and replacing f*) by f) —=
= —Af, we obtain

g‘/f/ _ b/l

k—1 k-1 ‘

S 9+ S 10 -

i=0 1=0

k—1 ‘ k ‘

Za;,lf(l) + Zaifl,lf(z) =

i=0 i=1
k—1 k-l ‘

ag 1 f+ Zaégf(l) + Zaiq,lf@) + g1 fM =
i=1 i=1

k—1
a(),lf + Z (O‘;,l + az‘—1,1) O - ap_11Af =
i=1
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k—1 ‘
= Z (04271 + Oliflyl) f(l) + (046,1 — Ozkfl’lA) f (10)
i=1
which implies that
k—1
gy =" = aiaf®, (11)
i=0
where , ]
- Joaigt e, foralli =120k -1,
Y2 = { a1 — Aag_1,1, fori=0. (12)
By the same method as above we can easily deduce that
_ k—1 '
g9 0D =N "0 D, G =01, k-1, (13)
i=0
where
o a g taig, foralli=1,2,.. k-1,
@iy = { g j_1— Aag_1j-1, fori=0 (14)
and d;, for all k
i, foralle=1,2, ..., k—1,
@0 = { do — dy, A, for i = 0. (15)

By (6) — (13) we obtain the system of equations

g —b=oagof +oiof +---+ Oék71,0f(k71) )
gy =V =ap1f+aif +-+ 11 f*EY
gf =V =aoaf +araf + - Fap12f Y,

g)(ckfl) —pk—1) — agp—1f+or g1 f +--+ Oékfl,lcflf(k_l) .

Since h # 0, then by Cramer’s rule, we have

gf — b 1,0 e Ok—1,0
! /

gy —0b o110t Q11
" /!

g5 —b 1,2 e ag—1,2

f

k— ) _
95@ 1)*b(k b a1 k-1 " 01 k—1

f== h
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Then
f=Colgr =b)+Ci (gf =)+ +Cra (g P =6*D) - (16)

where C; are meromorphic functions depending on «; ; with p,11 (C;) <
< pm,p (A), where «; ; are defined in (14) and (15).

By (6) and Lemma 2.1, we have p,11(97) < pp+1 (f) and by (16),
Lemma 2.1 we get that ppy1 (f) < ppt+1(gs). Hence i (gf) =i (f) =p+1
and pp+1 (g7) = pp+1 (f) = papt1 (f) = parp (A) = p. Lemma is proved.

Remark 2.1. In Lemma 2.4, if we do not have the condition h # 0,
then the conclusion of Lemma 2.4 cannot holds. For example, if we take
dp=1,dy=Aand d; =0 (j =1,2,...,k — 1) then h = 0. It follows that
g5 =band ppi1(97) = pp+1 (0) < parp (A) = pp41 (f) = pap1 (f) -

Lemma 2.5 [22]. Let H be a set of complex numbers satisfying
densa{|z| : z € H C A} > 0, and let A(z) # 0 be an analytic func-
tion in the unit disc A such that p, (A) = p < +oo and for real number
a > 0, we have for all € > 0 sufficiently small,

T (r,A(z)) > exp,_; {a (1_1|Z>p—e}

as z — 17 for z € H. Then every solution f % 0 of equation (1) satisfies
pp (f) = 400 and prrp (A) = ppi1 (f) = paps1 (f) = p-

Lemma 2.6. Let H be a set of complex numbers satisfying densa{|z| :
z€ HCA}>0,and let A(z) Z 0 be an analytic function in the unit disc
A such that p, (A) = p < 400 and for real number a > 0, we have for all
e > 0 sufficiently small,

T (r,A(2)) = exp,_y {a (1—1|Z>p€}

as z— 17 for z € H, and let f #£ 0 be a solution of equation (1). Let be
the linear differential polynomial (4) with analytic coefficients d; € Lpt1,p,
b€ Lpt1,p, assuming that at least one of the coefficients d; does not vanish
identically such that h # 0. Then, the differential polynomial g¢ satisfies

i(gr) =p+1, pp(A) < ppi1(9r) = pp+1 (f) < purp (A).
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Proof. Suppose that f # 0 is a solution of (1). Then by Lemma 2.5,
we have

i(f) = p+1, pp(A) <ppr1(f) = prp+1 (f) < pup (A) = p.

By using similar arguments as in the proof of Lemma 2.4, we obtain Lemma
2.6.

3. Proofs of Theorems.
Proof of Theorem 1.1. Suppose that f Z 0 is a solution of (1). Then
by Lemma 2.4, we have

i(g97) =0+ 1,pp1(97) = pp1 (f) = prrpr1 (f) = parp (A).

Set w(z) = gy — . Since ppy1(p) < pmp (A), then by Lemma 2.1 we
have

Ppt1 (W) = pp11(95) = pp+1 (f) = prrp+1 (f) = paap (A).
To prove Apy1(9r — @) = Aps1(9r — %) = pps1(f) we need to prove
Apt1 (W) = Apy1 (W) = ppya (f) . Substituting g = w + ¢ into (16), we

get
f=Cow+Crw + -+ Croyw* D + 4 (2), (17)

where
6 (2) = Colp =)+ Cr (¢ = V) + -+ oy (p*70 = kD)

and pp4+1 (¥) < parp (A) . Substituting (17) into (1), we obtain

2k—2
Croqw®7V 4 37 g0 = — (00 1+ A(2)p) = H,
3=0
where Cy_1, ¢; (j =0,1,...,2k —2) are meromorphic functions with

Pp+1 (Cr-1) < parp (A) 5 pp+1 (85) < pmp (A). Since ppi1 (¥) < parp (A)
and 9 (z) # 0, it follows from Lemma 2.3 that H # 0. Obviously, there
holds

max{pp+1 (Ck—l) )y Pp+1 (¢]) (.] = 07 1a RN 2k — 2) y Pp+1 (H)} <

< pmp (A) = ppy1 (w)
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= i(w) = p+1
and App1 (w) = App1 (w) = ppya1(w), Le ix(gr — ) = ix(gr —¥) =
= i(gr—¢) = i(f) = p+1and ANpyi(gr—¢) = Apra(gr —9) =
= pp+1 (f) = prap1 (f) = pup (A)

Proof of Theorem 1.2. Suppose that f # 0 is a solution of (1). Then
by Lemma 2.6, we have

Then by Lemma 2.2, we obtain ix(w) = ix(w)

i(9r) =p+1, pp(A) < pp11(95) = Ppt1 (F) = parpr () < paap (A)
Set w (2) = g5 — ¢. Since ppi1 () < pp (A), then by Lemma 2.1 we have
pp (A) < ppir (W) = pp1a (95) = ppi1 () = Parpr (F) < parp (A) .

Substituting g5 = w + ¢ into (16) and using a similar reasoning as in the
proof of Theorem 1.1, we get

2k—2

Crow®V 4 37 g0 = — (00 + A(2)4) = H,
3=0
where Cy_1, ¢; (j=0,1,...,2k —2) are meromorphic functions with

Pp+1 (Cr-1) < pp (A), ppt1(d;) < pp(A). Since ppi1 (¥) < pp(A) and
Y (z) #Z 0, it follows from Lemma 2.5 that H # 0. Obviously, there holds

max{pp+1 (Ck—l) y Pp+1 ((rbj) (] = 07 ]-7 ey 2k — 2) s Pp+1 (H)} <

< pp (A) < ppy1 (w).
Then by Lemma 2.2, we obtain iy (w) = iy(w) = i(w) = p+1
and Apy1 (w) = Apy1 (w) = ppy1 (w), Le ix(gr —p) = ix(gr —p) =

=i(gr—@)=i(f) =p+1land p, (A) < Ay (g5 — ) = Apr1 (g5 — ) =
= pp+1 (f) = prrp+1 () < parp (4) -
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