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Generalized kinetic equations for dense

gases and liquids far from equilibrium

in Renyi statistics

Dedicated to the 80 th anniversary of Prof. D.Ya. Petrina

Based on the Zubarev nonequilibrium statistical operator method and
the maximum entropy principle for the Renyi entropy the nonequi-
librium statistical operator and the generalized kinetic equations for the
nonequilibrium one- and two-particle distribution functions are obtained
for description of kinetic processes in gases and liquids far from equilibrium.

Äëÿ îïèñó êiíåòè÷íèõ ïðîöåñiâ ó ãàçàõ òà ðiäèíàõ äàëåêèõ âiä ðiâíîâà-
ãè íà îñíîâi ìåòîäó íåðiâíîâàæíîãî ñòàòèñòè÷íîãî îïåðàòîðà Çóáàð¹âà
òà ïðèíöèïó ìàêñèìóìó åíòðîïi¨ Ðåíi îòðèìàíî íåðiâíîâàæíèé ñòàòè-
ñòè÷íèé îïåðàòîð òà óçàãàëüíåíi êiíåòè÷íi ðiâíÿííÿ äëÿ íåðiâíîâàæ-
íèõ îäíî÷àñòèíêîâî¨ òà äâî÷àñòèíêîâî¨ ôóíêöié ðîçïîäiëó ÷àñòèíîê.

1 Introduction

The ideas of D.Ya. Petrina for investigation of urgent problems in
statistical theory of many-particle system based on the strict mathematical
approach to the Bogoliubov equations [1, 2, 3, 4] remain important
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nowadays. The study of nonequilibrium processes in gases and liquids
far from equilibrium or in �nite quantum systems (nanosystems) are
among them. These investigations are actively developed by the followers
of D.Ya. Petrina [5, 6, 7, 8].

Di�erent models and approaches are applied for the study of nonlinear
kinetic �uctuations in dense gases, liquids and plasma far from equilibrium
with the typical long-range interactions which remains urgent in statistical
theory of nonequilibrium processes [9, 10, 11, 12, 13, 14].

In the present paper, for description of nonequilibrium processes in
dense gases and liquids we propose to use the Renyi entropy which depends
on parameter q (0 < q 6 1) and coincide with the Shannon-Gibbs entropy
at q = 1. In reference [14] based on the Zubarev nonequilibrium statistical
operator (NSO) method [15, 16] and the maximum entropy principle for the
Renyi entropy there were obtained the NSO and the generalized transport
equations for the parameters of the reduced-description of nonequilibrium
processes in extensive statistical mechanics. Here, we apply this approach
to description of kinetic processes in dense gases and liquids far from
equilibrium, when the nonequilibrium one- and two-particle distribution
functions are chosen for the reduced-description parameters.

2 Zubarev nonequilibrium statistical

operator in Renyi statistics

Within the framework of the Zubarev NSO method, when the
basic parameters of a reduced description 〈P̂n〉t are selected accor-
ding to N.N. Bogoliubov, the nonequilibrium statistical operator
ρ (x1, . . . , xN ; t) = ρ

(
xN ; t

)
can be presented in general form as a solution

of Liouville equation with taking into account a projection [15, 16]:

ρ(xN ; t) = ρrel(x
N ; t) (1)

−
∫ t

−∞
eε(t

′−t)T (t, t′)[1− Prel(t′)]iLNρrel(xN ; t′)dt′.

Here, T (t, t′) = exp+

{
−
∫ t
t′

[1− Prel (t′)] iLNdt′
}
is the evolution opera-

tor with regard to projection, exp+ is the ordered exponential, iLN is the
Liouville operator for a system of interacting particles, which in classical
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case has the following form:

iLN =

N∑
j=1

~pj
m
· ∂
∂~rj
− 1

2

N∑
l 6=j=1

∂

∂~rj
Φ (rlj)

(
∂

∂~pj
− ∂

∂~pl

)
.

We use the following notations: xj = {~pj , ~rj} are the phase variables of
the particle j, Φ (rlj) is the interaction energy of two particles, ~pj is the
j-particle momentum and m its mass, rlj = |~rl − ~rj | the distance between
a pair of interacting particles. Prel(t

′) is the generalized Kawasaki�Gunton
projection operator whose structure depends on the form of the relevant
statistical operator:

Prelρ
′ =

(
ρrel(t)−

∑
n

δρrel(t)

δ〈P̂n〉t
〈P̂n〉t

)∫
dΓNρ

′ +
∑
n

δρrel(t)

δ〈P̂n〉t

∫
dΓN P̂nρ

′.

ρrel(x
N ; t′) is the relevant statistical operator which is equal to ρ(xN ; t)

at the initial moment of time. We will determine ρrel(x
N ; t′) using the

Lagrange method from the condition of entropy functional maximum for
the Renyi entropy [14]

SR(ρ) =
1

1− q
ln

∫
dΓNρ

q(t).

The corresponding functional at �xed parameters of the reduced descrip-
tion, taking into account the normalization condition, has the following
form:

LR(ρ) =
1

1− q
ln

∫
dΓNρ

q(t)− α
∫
dΓNρ(t)−

∑
n

Fn(t)

∫
dΓN P̂nρ(t),

where, Fn(t) are the Lagrange multipliers. Equalizing its functional

derivative to zero δLR(ρ)
δρ = 0 and determining parameter α = q

1−q −∑
n Fn(t)〈P̂n〉t we obtain the relevant statistical operator in the form:

ρrel(t) =
1

ZR(t)

[
1− q − 1

q

∑
n

Fn(t)δP̂n

] 1
q−1

, (2)

where

ZR(t) =

∫
dΓN

[
1− q − 1

q

∑
n

Fn(t)δP̂n

] 1
q−1
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is the partition function, δP̂n = P̂n−〈P̂n〉t. The Lagrange multipliers Fn(t)
are de�ned from the self-consistency conditions:

〈P̂n〉t = 〈P̂n〉trel. (3)

The variation derivative of the relevant statistical operator can be
presented in the form:

δρrel(t)

δ〈P̂m〉t
= ρrel(t)δ

[
1

q
ψ−1(t)

(
Fm(t)−

∑
n

δFn(t)

δ〈P̂m〉t
δP̂n

)]
,

where δ [. . .] = [. . .]− 〈[. . .]〉trel and we use the notation

ψ(t) = 1− q − 1

q

∑
n

Fn(t)δP̂n. (4)

We calculate the derivatives of the Lagrange multipliers with regard to
the reduced-description parameters in the following way:

δFn(t)

δ〈P̂m〉t
=

(
δ〈P̂m〉t

δFn(t)

)−1
.

This can be done in general case. Thus,

δ〈P̂m〉t

δFn(t)
=

∫
dΓN P̂m

δρrel(t)

δFn(t)

and after calculating δρrel(t)
δFn(t)

in the right-hand side of relation we obtain

the set of equations for the desired derivatives

δ〈P̂m〉t

δFn(t)
= 〈δP̂m

1

q
ψ−1(t)〉trel

∑
l

δ〈P̂l〉t

δFn(t)
− 〈δP̂m

1

q
ψ−1(t)δP̂n〉trel.

The solution in matrix form is

δ〈P̂ 〉t

δF (t)
= −

[
I − 〈δP̂ 1

q
ψ−1(t)〉trelF (t)

]−1
〈δP̂ 1

q
ψ−1(t)δP̂ 〉trel = f(t),

where
δ〈P̂m〉t

δFn(t)
=

(
δ〈P̂〉t

δF(t)

)
mn

= fmn(t).
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Thus, the functional derivative can be written in the form:

δρrel(t)

δ〈P̂m〉t
= ρrel(t)δ

[
1

q
ψ−1(t)

(
Fm(t)−

∑
n

f−1mnδP̂n

)]
.

Then, the Kawasaki�Gunton projection operator has the following
structure:

Prel(t)ρ
′ = ρrel(t)

∫
dΓNρ

′

+
∑
m

ρrel(t)δ

[
1

q
ψ−1(t)

(
Fm(t) +

∑
n

f−1mn(t)δP̂n

)]

×
(∫

dΓN P̂mρ
′ − 〈P̂m〉t

∫
dΓNρ

′
)
.

It is further necessary to explore an action of the operators Prel(t)iLN
on the relevant statistical operator. Since

iLNρrel(t) = −ρrel(t)
1

q
ψ−1(t)

∑
n

Fn(t)
˙̂
Pn = A(t)ρrel(t),

then Prel(t)iLNρrel(t) = Prel(t)A(t)ρrel(t) = [P (t)A(t)] ρrel(t), where
P (t) is the projection operator which now acts on dynamic variables:

P (t) . . . = 〈. . .〉trel

+
∑
m

δ

[
1

q
ψ−1(t)

(
Fm(t) +

∑
n

f−1mn(t)δP̂n

)]
〈. . . δP̂m〉trel.

Since

A(t) = −1

q
ψ−1(t)

∑
n

Fn(t)
˙̂
Pn,

we can present [1− Prel(t)] iLNρrel(t) as follows:

[1− Prel(t)] iLNρrel(t) = [1− P (t)] iLNρrel(t) (5)

= −
∑
n

In(t)Fn(t)ρrel(t),

where

In(t) = [1− P (t)]
1

q
ψ−1(t)

˙̂
Pn
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are the generalized �ows. Taking into account (5), we can now write down
an explicit expression for the nonequilibrium statistical operator (1):

ρ(xN ; t) = ρrel(x
N ; t) (6)

−
∑
n

∫ t

−∞
eε(t

′−t)T (t, t′)In(t′)Fn(t′)ρrel(x
N ; t′)dt′.

This allows us to obtain the generalized transport equations for the
reduced-description parameters. They can be presented in the form:

∂

∂t
〈P̂m〉t = 〈 ˙̂

Pm〉trel +
∑
n

∫ t

−∞
eε(t

′−t)ϕmn(t, t′)Fn(t′)dt′, (7)

where

ϕmn(t, t′) =

∫
dΓN

˙̂
PmT (t, t′)In(t′)ρrel(t

′) (8)

are the generalized transport kernels (memory functions) � the time
correlation functions describing the dissipative processes in the system.
They are built on the generalized �ows In(t). Transport equations (7)
describe non-Markovian processes and when ϕmn(t, t′) ≈ ϕmnδ(t − t′)
describe Markovian processes. The set of transport equations is not
closed. The nonequilibrium Lagrange multipliers in it (the nonequilibrium
thermodynamic parameters in the case of hydrodynamic description) are
determined from the self-consistency conditions (3). From this point of
view, the set of transport equations is closed. Nonequilibrium statistical
operator (6) and transport equations (7) compose a complete instrument
for description of nonequilibrium processes when the reduced-description
parameters 〈P̂n〉t are selected.

In the following section we apply the presented approach to description
of nonlinear kinetic �uctuations in gases and liquids far from equilibrium.

3 Generalized kinetic equations

in Renyi statistics

For description of kinetic processes in classical gases and liquids far
from equilibrium the nonequilibrium one- and two-particle distribution
functions can be selected as the basic parameters of the reduced description

f1(x; t) = 〈n̂1(x)〉t, f2(x, x′; t) = 〈n̂2(x, x′)〉t, (9)
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where

n̂1(x) =

N∑
j=1

δ(x− xj), n̂2(x, x′) =

N∑
j=1

N∑
l=1

δ(x− xj)δ(x′ − xl)

are the microscopic phase densities of N particles in volume V . The
latter completely satisfy conservation laws of particles density, momentum
and energy since they de�ne microscopic densities of particles number,
momentum and energy:

n̂(~r) =

∫
d~p n̂1(~r, ~p), ~̂p(~r) =

∫
d~p n̂1(~r, ~p) ~p,

ε̂kin(~r) =

∫
d~p n̂1(~r, ~p)

p2

2m
,

ε̂int(~r) =
1

2

∫
d~p

∫
d~p′
∫
d~r′Φ(|~r − ~r′|)n̂2(~r, ~p;~r′, ~p′)

and

〈n̂(~r)〉t =

∫
d~pf1(~r, ~p; t), 〈~̂p(~r)〉t =

∫
d~pf1(~r, ~p; t)~p,

〈ε̂kin(~r)〉t =

∫
d~pf1(~r, ~p; t)

p2

2m
,

〈ε̂int(~r)〉t =
1

2

∫
d~p

∫
d~p′
∫
d~r′Φ(|~r − ~r′|)f2(~r, ~p;~r′, ~p′; t).

Conservation laws for average particles number, momentum and total
energy have the following form:

∂

∂t
〈n̂(~r)〉t = − 1

m
~∇ · 〈~̂p(~r)〉t, (10)

∂

∂t
〈~̂p(~r)〉t = −~∇ :

(
〈
↔̂
T
kin(~r)〉t + 〈

↔̂
T
int(~r)〉t

)
,

∂

∂t
〈ε̂(~r)〉t = −~∇ ·

(
〈~̂jEkin(~r)〉t + 〈~̂jEint(~r)〉t

)
,

where 〈ε̂(~r)〉t = 〈ε̂kin(~r)〉t + 〈ε̂int(~r)〉t is the nonequilibrium average value

of total energy density and ~∇ = ∂
∂~r .

〈
↔̂
T
kin(~r)〉t =

∫
d~p

~p ~p

m
f1(~r, ~p; t)
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is the nonequilibrium average value of the kinetic part of stress tensor
density,

〈
↔̂
T
int(~r)〉t =

1

2

∫
d~p

∫
d~p′
∫
d~r′

∂

∂|~r − ~r′|
Φ(|~r − ~r′|) (11)

× (~r − ~r′)(~r − ~r′)
|~r − ~r′|

f2(~r, ~r′; ~p, ~p′; t)

is the nonequilibrium average value of the potential part of stress tensor
density,

〈~̂jkinE (~r)〉t =

∫
d~p

p2

2m
~p f1(~r, ~p; t)

is the nonequilibrium average value of the kinetic part of energy �ow
density,

〈~̂jintE (~r)〉t =

∫
d~p

∫
d~p′
∫
d~r′
[
~p

m
Φ(|~r − ~r′|)

−Φ(|~r − ~r′|) (~r − ~r′)
|~r − ~r′|

]
f2(~r, ~r′; ~p, ~p′; t)

is the nonequilibrium average value of the potential part of energy �ow
density. It follows from the above relations that the nonequilibrium
one-particle distribution function de�nes the macroscopic nonequilibrium
densities of particles number, momentum as well as kinetic part of
total energy, stress tensor and energy �ow. Whereas, the two-particle
nonequilibrium distribution function de�nes potential part of total energy,
stress tensor and energy �ow. Thus, in systems far from equilibrium
the nonlinear hydrodynamic �uctuations are caused by the nonlinear
�uctuations of nonequilibrium one- and two-particle distribution functions
for which the kinetic equations should be built. Therefore, in the case when
the nonequilibrium one- and two-particle distribution functions f1(x; t) =
〈n̂1(x)〉t and f2(x, x′; t) = 〈n̂2(x, x′)〉t are selected as the parameters of the
reduced description, according to (2) the relevant distribution function has
the following form:

ρrel(t) =
1

ZR(t)

{
1 − q − 1

q

[ ∫
dxa(x; t)δn̂1(x; t) (12)

+

∫
dx

∫
dx′b(x, x′; t)δn̂2(x, x′; t)

]} 1
q−1

,
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where

ZR(t) =

∫
dΓN

{
1 − q − 1

q

[ ∫
dxa(x; t)δn̂1(x; t)

+

∫
dx

∫
dx′b(x, x′; t)δn̂2(x, x′; t)

]} 1
q−1

is the partition function of the relevant distribution function. The para-
meters a(x; t) and b(x, x′; t) are determined from the self-consistency condi-
tions:

〈n̂1(x)〉t = 〈n̂1(x)〉trel, 〈n̂2(x, x′)〉t = 〈n̂2(x, x′)〉trel. (13)

The relevant distribution function (12) can be presented in a slightly
di�erent way

ρrel(t) =
1

ZR(t)

{
1 − q − 1

q

[ ∫
dxa′(x; t)n̂1(x) (14)

+

∫
dx

∫
dx′b′(x, x′; t)n̂2(x, x′)

]} 1
q−1

writing down the Lagrange parameters in the form:

a′(x; t) = a(x; t)

{
1 +

q − 1

q

×
[ ∫

dxa(x; t)f1(x; t) +

∫
dx

∫
dx′b(x, x′; t)f2(x, x′; t)

]}−1
,

b′(x, x′; t) = b(x, x′; t)

{
1 +

q − 1

q

×
[ ∫

dxa(x; t)f1(x; t) +

∫
dx

∫
dx′b(x, x′; t)f2(x, x′; t)

]}−1
.

It is important to note that in the case of q = 1, a′(x; t) = a(x; t),
b′(x, x′; t) = b(x, x′; t) and we obtain the relevant distribution function
corresponding to Gibbs statistics.
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Now we can present the nonequilibrium statistical operator as follows:

ρ(t) = ρrel(t) +

∫
dx′
∫ t

−∞
eε(t

′−t)T (t, t′)a(x′; t′)I(1)n (x′; t′)ρrel(t)dt
′ (15)

+

∫
dx′
∫
dx′′
∫ t

−∞
eε(t

′−t)T (t, t′)b(x′, x′′; t′)I(2)n (x′, x′′; t′)ρrel(t)dt
′.

Here,

I(1)n (x; t) = [1− P (t)]
1

q
ψ−1(t)iLN n̂1(x),

I(2)n (x, x′; t) = [1− P (t)]
1

q
ψ−1(t)iLN n̂2(x, x′)

are the generalized �ows in which the function ψ(t) equals to

ψ(t) = 1− q − 1

q

[∫
dx a(x; t)δn̂1(x; t) +

∫
dx

∫
dx′b(x, x′; t)δn̂2(x, x′; t)

]
.

Using the NSO (15) we obtain a set of the generalized kinetic
equations for the reduced-description parameters (9) f1(x; t) = 〈n̂1(x)〉t
and f2(x, x′; t) = 〈n̂2(x, x′)〉t according to (7):

∂

∂t
〈n̂1(x)〉t =

∫
dx′Φ11

nn(x, x′; t)a(x′; t) (16)

+

∫
dx′
∫
dx′′Φ12

nn(x;x′, x′′; t)b(x′, x′′; t)

+

∫
dx′
∫ t

−∞
eε(t

′−t)ϕ11
nn(x, x′; t, t′)a(x′; t′)dt′

+

∫
dx′
∫
dx′′

∫ t

−∞
eε(t

′−t)ϕ12
nn(x;x′, x′′; t, t′)b(x′, x′′; t′)dt′,

∂

∂t
〈n̂2(x, x′)〉t =

∫
dx′′Φ21

nn(x, x′;x′′; t)a(x′′; t) (17)

+

∫
dx′′

∫
dx′′′Φ22

nn(x;x′;x′′, x′′′; t)b(x′′, x′′′; t)

+

∫
dx′′

∫ t

−∞
eε(t

′−t)ϕ21
nn(x, x′;x′′t, t′)a(x′′; t′)dt′

+

∫
dx′′

∫
dx′′′

∫ t

−∞
eε(t

′−t)ϕ22
nn(x;x′;x′′, x′′′; t, t′)b(x′′, x′′′; t′)dt′.
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Here,

Φαβpp (x, x′; t) =

∫
dΓNpα(x)

1

q
ψ−1iLNpβ(x′)ρrel(x

N ; t), (18)

ϕαβIpIp(x;x′; t, t′) =

∫
dΓN iLNpα(x)T (t, t′)Iβp (x′; t′)ρrel(x

N ; t′), (19)

are the kinetic transport kernels, where we use the notation pα(x) =
{n̂1(x), n̂2(x, x′)}. Neglecting the two-particle correlation at q = 1 the
generalized kinetic equation in Renyi statistics transforms into the kinetic
equation within Gibbs statistics [16] with the transport kernel calculated

using the relevant distribution function ρrel(t) =
∏N
j=1

f1(xj ;t)
e . In this case,

at q = 1, within the NSO method [15, 16] the Liouville equation should be
solved with the boundary condition

∂

∂t
ρ(xN ; t) + iLNρ(xN ; t) = −ε

ρ(xN ; t)−
N∏
j=1

f1(xj ; t)

e

 ,

that corresponds to the Bogolyubov hypothesis of weakening of correla-
tions between particles.

For a more detailed calculation of structure of correlation functions
(18) and transport kernels (19) let us consider an action of the Liouville
operator on n̂1(x) and n̂2(x, x′):

iLN n̂1(x) = − ∂

∂~r
· 1

m
~̂j(~r, ~p) +

∂

∂~p
· ~̂F (~r, ~p), (20)

where

~̂j(~r, ~p) =

N∑
j=1

~pjδ(~r − ~rj)δ(~p− ~pj) (21)

is the microscopic momentum density in the space of coordinates and
impulses,

~̂F (~r, ~p) =
∑
l 6=j

∂

∂~rj
Φ(|~rj − ~rl|)δ(~r − ~rj)δ(~p− ~pj) (22)

is the microscopic force density in the space of coordinates and impulses.

iLN n̂2(x, x′) = − ∂

∂~r
· 1

m
~̂j(~r, ~p)n̂1(x′)− n̂1(x)

∂

∂~r′
· 1

m
~̂j(~r′, ~p′) (23)

+
∂

∂~p
· ~̂F (~r, ~p)n̂1(x′) + n̂1(x)

∂

∂~p′
· ~̂F (~r′, ~p′).
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Taking into account calculations (20)-(23) we obtain, particularly:

Φ11
nn(x, x′; t) =

[
Ωnj(x, x

′; t) · ∂
∂~r′
− ΩnF (x, x′; t) · ∂

∂~p′

]
, (24)

ϕ11
nn(x, x′; t, t′) =−

[
∂

∂~r
·Djj(x, x

′; t, t′) · ∂
∂~r′

(25)

− ∂

∂~p
·DFj(x, x

′; t, t′) · ∂
∂~r′
− ∂

∂~r
·DjF (x, x′; t, t′) · ∂

∂~p′

+
∂

∂~p
·DFF (x, x′; t, t′) · ∂

∂~p′

]
,

ϕ22
nn(x, x′, x′′, x′′′; t, t′) = (26)

− ∂

∂~r
·
[
Djnjn(x, x′, x′′, x′′′; t, t′)· ∂

∂~r′′
+Djnnj(x, x

′, x′′, x′′′; t, t′)· ∂
∂~r′′′

]
− ∂

∂~r′
·
[
Dnjjn(x, x′, x′′, x′′′; t, t′)· ∂

∂~r′′
+Dnjnj(x, x

′, x′′, x′′′; t, t′)· ∂
∂~r′′′

]
+
∂

∂~p
·
[
DFnjn(x, x′, x′′, x′′′; t, t′)· ∂

∂~r′′
+DFnnj(x, x

′, x′′, x′′′; t, t′)· ∂
∂~r′′′

]
+
∂

∂~p′
·
[
DnFjn(x, x′, x′′, x′′′; t, t′)· ∂

∂~r′′
+DnFnj(x, x

′, x′′, x′′′; t, t′)· ∂
∂~r′′′

]
+
∂

∂~r
·
[
DjnFn(x, x′, x′′, x′′′; t, t′)· ∂

∂~p′′
+DjnnF (x, x′, x′′, x′′′; t, t′)· ∂

∂~p′′′

]
+
∂

∂~r′
·
[
DnjFn(x, x′, x′′, x′′′; t, t′)· ∂

∂~p′′
+DnjnF (x, x′, x′′, x′′′; t, t′)· ∂

∂~p′′′

]
− ∂

∂~p
·
[
DFnFn(x, x′, x′′, x′′; t, t′)· ∂

∂~p′′
+DFnnF (x, x′, x′′, x′′′; t, t′)· ∂

∂~p′′′

]
− ∂

∂~p′
·
[
DnFFn(x, x′, x′′, x′′; t, t′)· ∂

∂~p′′
+DnFnF (x, x′, x′′, x′′′; t, t′)· ∂

∂~p′′′

]
,

where

Djj(x, x
′; t, t′) =

∫
dΓN~̂j(x)T (t, t′)(1− P (t′))

1

q
ψ−1(t)~̂j(x′)ρrel(x

N ; t′),
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DFF (x, x′; t, t′) =

∫
dΓN ~̂F (x)T (t, t′)(1− P (t′))

1

q
ψ−1(t) ~̂F (x′)ρrel(x

N ; t′),

are the generalized di�usion and friction coe�cients in the spatially-
impulse space within Renyi statistics. Herewith,∫

d~p

∫
d~p′Djj(x, x

′; t, t′) = Djj(~r, ~r
′; t, t′),

∫
d~p

∫
d~p′DFF (x, x′; t, t′) = DFF (~r, ~r′; t, t′)

which at q = 1 become the generalized di�usion and friction coe�cients
in Gibbs statistics. The obtained kinetic equations contain correlation
functions of the second, the third and the fourth order Ωnj , ΩnF ,

Ωnnj , ΩnnF , Ωnnjn, ΩnnFn in dynamic variables n̂(x), ~̂j(x), ~̂F (x). Ω are
the correlation functions describing nondissipative processes. D are the
generalized memory functions � the time correlation functions built on the

dynamic variables n̂(x), ~̂j(x), ~̂F (x), [1 − P (t)]~̂j(x), [1 − P (t)] ~̂F (x) � and
describe non-Markovian dissipative processes in the system. At q = 1 they
transform to the memory function of Gibbs statistics. Memory functions
like Dnjnj and DnFnF have an interesting structure

Dnjnj(x, x
′, x′′, x′′′; t, t′) =

=

∫
dΓN n̂(x)~̂j(x′)T (t, t′)[1− P (t′)]

1

q
ψ−1(t)n̂(x′′)~̂j(x′′′)ρrel(x

N ; t′),

DnFnF (x, x′, x′′, x′′′; t, t′) =

=

∫
dΓN n̂(x) ~̂F (x′)T (t, t′)[1− P (t′)]

1

q
ψ−1(t)n̂(x′′) ~̂F (x′′′)ρrel(x

N ; t′),

they can be approximated in the following way:

Dnjnj ≈ DnnDjj +DnjDjn, DnFnF ≈ DnnDFF +DnFDFn.

This corresponds to the ideology of the mode-coupling theory.
Generalized kinetic equations (16), (17) with regard to (24)-(26) by

their structure are the equations of Fokker-Planck type. They can serve as
a basis for transition to the generalized hydrodynamic equations which are
based on the set of equations of conservation laws for particles number,
momentum and energy densities (10). Indeed, multiplying the set of
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transport equations (16), (17) by the �rst moments of the nonequilibrium
one-particle distribution function f1(~r, ~p; t): (1, ~p, p2/2m) and by 1

2Φ(|~r −
~r′|), we obtain the generalized equations of hydrodynamics with the de�ned
generalized viscosity and heat conductivity coe�cients having separated
kinetic and potential contributions.

4 Summary

By means of the Zubarev NSO method and the maximum entropy principle
for the Renyi entropy we obtained the nonequilibrium statistical operator
and the generalized kinetic equations for the nonequilibrium one- and
two-particle distribution functions f1(x; t) = 〈n̂1(x)〉t and f2(x, x′; t) =
〈n̂2(x, x′)〉t for description of kinetic processes in gases and liquids far from
equilibrium. We investigated an inner structure of generalized memory
functions which permitted to show that the kinetic equations contain
correlation functions of the second and higher order (Ωnj , ΩnF , Ωnnj ,

ΩnnF , Ωnnjn, ΩnnFn) in dynamic variables n̂(x), ~̂j(x), ~̂F (x). By contrast
to Ω describing non-dissipative processes, the dissipative processes in the
system are described by the memory functions of the kinetic equations D

built on the variables n̂(x), ~̂j(x), ~̂F (x), [1− P (t)]~̂j(x) and [1− P (t)] ~̂F (x).
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