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O nmenHOii 3KBNBAJIEHTHOCTU MPOEKTIB-
HbIX CKPEMIEHHbIX IEMHBIX KOMIIJIEKCOB

We obtain a necessary and sufficient condition for n-dimensional finitely
generated projective crossed chain complexes to be stabilized by free
groups and free modules to the chain equivalence.

OrpumarHo HEOOXigHY Ta JOCTATHIO YMOBY TOTO, KOJH N-BHMIpHI CKiHIEeH-
HOIOPOJ/I?KEHI IIPOEKTUBHI CXPEIeH] JIAHITIONOBI KOMILIEKCH MOXKHa, CTaldi-
JTI3yBaTH BLILHUME IPYIIAMH Ta BIIBHUME MOIYJISMHU 0 JIAHITIOTOBOI €KBi-
BAJIEHTHOCTI.

Tlosyuerno Heo6x0aMMOE ¥ TOCTATOYHOE YCIOBHE TOTO, KOT/Ia N-MEPHbIE KO-
HEYHONOPOXK/IEHHBIE ITPOEKTUBHBIE CKPEIleHHbIe TeITHble KOMILJIEKCHI MOXK-
HO CTaOWIM3MPOBATH CBOOOIHBIMU TPYIIIIAMUA U CBOOOJHBIMU MOIY/ISIMA 10
TIETHON SKBUBAJIEHTHOCTH.

Cserol maMsTi
Baamnmupa BacunbeBuda [lapko
MTOCBSTIIAETCS

1. BBEJAEHUE

Kokpodr u Cson [1] mokazanu, 910 roMOTONNYECKH SKBUBA-
JIEHTHbIE 1IPOEKTUBHBIE (CBOOO/IHBIE) KOMILIEKCHI MOYXKHO CTabu/iu-
3UPOBATH IIPOCKTUBHBIMU (CBOBOHBIMM) MOLY/ISME 10 HEHHOM K-
BUBAJICHTHOCTH, U MPUMEHIIN STOT PE3yIbTaT K M3YIEHUI [OMO-
TOMMYIECKNX THIIOB HEOJHOCBA3HBIX MBYMepHBIX CW-KOMILIEKCOB.
B monorpadun [2] lapko mokasan anajor teopembl Kokpodra-
CaoHa 17151 CBOOOTHBIX CKPEIIEHHBIX IIEITHBIX KOMILTIEKCOB. ABTOD B
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pa6ote [3| noyunn HeoGxoaUMbIE U JIOCTATOYHBIE YCIOBHSL, KOIJIa
N-MEPHBIE MEITHbIE KOMILJIEKCHI, COCTABJIEHHbBIE U3 KOHETHO MOPOK-
JIEHHBIX TTPOEKTUBHBIX MOIYJIEH, MOXKHO cTabuim3upoBaTh CBOOOI-
HBIMK MOJIYJISIMU JI0 LIEIIHOf 9KBUBaJIEHTHOCTH, & B pabore [4] jo-
KazaJs aHasior reopeMbl Kokpodra-CBoHa J1jisi IPOEKTUBHBIX CKPe-
IMEHHBIX TEMHBIX KoMITekcoB. B 2011 romy Bhimia MoHorpadust
Bpayna, Xurrunca u Cusepsi [5], B KOTOPOii ¢ SHIMKIOTEUIECKOM
ITOJTHOTOH OMMCBHIBAIOTCS COBPEMEHHBIE JOCTHKEHUS B HeabeeBoii
anarebpanveckoil TOMOJOTHH, B YaCTHOCTH PACCMATPUBAIOTCI OC-
HOBHBIE TIOHSITHSA, UCIOJIb3yeMble B TaHHOH crarhe. Llean mamHoi
paboThI MOMYYINTL HEOOXOIUMOE B JOCTATOYHOE YCIOBHE TOTO, KO-
I/Ia N-MepHbIe KOHEYHO MOPOKICHHBIE MIPOEKTHBHBIE CKPEIIeHHBIE
IIEMTHbIe KOMILIEKCHI MOXKHO CTaOM/IN3HPOBATE CBOOOTHBIMU TPYII-
ITaMH 1 CBOOOJHBIME MOJIYJISMH J0 IENHON 9KBHBAJIECHTHOCTH.

2. TIPEABAPUTEJILHBIE CBEJEHUNS

[ycrs € — npoussosbhast Kareropus, a f: Ag — Bow f: A1 —
B1 —wmopdusMbl B Heil. Bygem ropoputh, uto Mopdusm f corpa-
naem mopdusm f, eciu cymecTByioT MoHoMopduam ¢: Ay — Ag
n suuMopcdusM w: B1 — By Takne, 9TO AHarpamMma

A04L>A1

i

B()#Bl

KOMMYTATHBHA, TO eCTh f = wa. Jlerko BUJETH, YTO OTHOIIEHUE
«COXPAHATH MOP(MHUIM» SABJSIETCT TPAH3UTUBHBIM, TO €CTh €CIu
Mopduam h coxpamser Mopdu3M ¢, a MOPU3M ¢ COXPAHIET MOP-
dusm f, To h coxpanser f.

Jasee, mycTh € — KaTeropusi ¢ KOHEUHBIM KOTIPOU3BeAeHuEM P
u HynesbiM obbexToM 0. Ymoawenuem mopdusma f: A — B ¢
LIOMOLIBIO 0ObeKTa C naseiBaercs Mmopdusm fo: AGC — B Taxoii,
uro fo = fP0. Cmabususayueii Mopdusma f: A — B ¢ TOMOIIBIO
obbexTa C' HaseBaercss mopdusm f&: AdC — B @ C Takoit, ut0
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fét = f @ id¢. OueBugHo, 9TO yTOIIEHTE fg n crabuamsanns
f& coxpausitor mopdusm f. OTmerum, 4ro B KaTeropuu Cpyuil
KOTIPOU3BEIEHNE 0DO3HAYACTCS Uepes .

ITycts A —HeroTOpas dpurcupoBanHada rpymma. OBo3HATNM Te-
pe3 4 KaTeropmuio, OObLEKTAMHU KOTOPOH SBJSIOTCS CBODOTHBIE
nponsseieanss A x F' rpynmbl A Ha ¢cBOOOHBIE KOHETHOTIOPOIK JEH-
Hble Tpynnbl F', a MopdusMmaMn — Bce TOMOMOPMOU3IMBI

p: Ax F1 —> Ax Fy,

JeficTBytomue ToxKaecTeenno Ha A. O0bekThl Kareropun %4 Oy-
JIeM Ha3bIBATH KOHEUHOCBODBOMHBIMU A-TPYIaMA, a MOP(MUIMBI —
CTaOMILHBIME A-TOMOMOP(DI3IMAMIE.

IIycts R — accommaTwBHOE KOJIBIIO ¢ equHWTel, a M — jeBbIit
R-momyns. CewmeiictBo smementos {m; € M|i € I}, mopoxaro-
mee Mojysib M, HazwbiBaeTcs cucmemoli obpasyrowux Moy M.
Fcam xe mpsamas cymma Bkiodenutt Rm; — M, ¢ € I, 3amaer
n30MOPQPU3M

f: ® Rm; — M,
el

To cemeiicreo {m; € M|i € I} nasbiBaerca 6azucom Mozpyias M, a
MOIITHOCTh MHOXKeCTBa I — basuchvim wucaom momyna M. Basuc-
HOE YHCJI0, BOODIe TOBOPA, 3aBUCUT OT BLIOOPa Dasuca, u mOITOMY
HE MOYKeT CIyXKHUTb WHBAPUAHTOM CBOOOAHOTO Moayas F = R™,
n € N. Koabmo R Takoe, uTo 6a3nucHOe UUCI0 JIFOOOTO CBOOOIHOTO
MOJYyJIsi OIIPEESIEHO OAHO3HAaYHO, HazbiBaeTcda I BN xoavyom nin
KOADYOM C UNBAPUAHMMHbLM 6as3ucHuim wucaom. VzsectHo |6, crp.
168], uro I BN KosbllaMK SBJISIOTCSL BCE HETEPOBBIE KOJIbLA, KOM-
MYTaTUBHbBIE KOJIbId W KOJIblld, UMCHOIINE HeTpHBHaJ’IbeIﬁ I'OMO-
Mopduam B I BN-kombi0. B uacTHOCTH, BCe 11€I09UCTIEHHbBIE TPYTI-
nosbie Kosibiia Z[H| 6ynyT I BN KoJbIIaMu, TIOCKOJIBKY ayrMeHTa-
[Usi SBJSETCS HETPUBUAJBHBIM roMomopdusmoM B I BN Kobilo

Z.
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3. CKPEIIEHHBIE MO/JIYJIN

Crpewenrvim modyaem (nm G-cxpewenmvim modysem C') Ha-
seiBaercst Tpoiika (C) G, d), rne C — ajymrusaas (He 06g3aTEIBHO
abenesast), a G — myabruiimkarushag rpynnst, d: C — G —ro-
momopdusm, G aeiicreyer na C' cieBa apromopdusmamu (T0 €CTh
sacdukcuposan romomopdusm G — Aut C), mpu 3TOM TOMOMOD-
dusm d yHaoBIETBOPSIET CACAYIOMINM YCIOBUAM:

1)d+ec—d=d() e,

2) d(gc) =g d(c) g ', roec,d € C,g€G.

Bce ckperernbie Moy 06pa3yor Kareroputo X . (Hamp. [5]).
Mopdwuszmonm ckpemtennsix Moxyseii (C, G, d) u (C',G',d") B xare-
ropuu X.# siBasiercst napa (@, 1)) romomopdusmos ¢: C — C' u
Y: G — G’ Takas, 9T0 IMArpaMma

c—.q

[l

oL
kommyTatuBHa 1 p(gc) = ¥(g) ¢(c). Ipu arom G-mopgpusmom G-
CKpeleHHbIX MOjlyJ/eil HasbiBaercs romoMopdusm ¢: C — C' Ta-
Koit, uto (¢, idg) —mMopdusm ckperentbix MozyJeit. Bee G-ckpe-
meHHbIe MOy U G-MOpGU3Mbl 00Pa3YIOT TOAKATETOPUIO X Ay
KATETOpUu X A .

[Tycrs (C, G, d) — ckpemennsiit Moayib, {¢; | i € I} —Hekoro-
poe MmuOX)ecTBO (hukcuposarubix dmementos u3 C. Torga (C, G, d)
HA3BIBAETCS CE0000HBIM CKPEUEHHbIM Modyaem ¢ basucom {¢; | i €
I}, ecu s kaskgoro ckpemtenaoro moayasa (C7, G, d") u npous-
BOJIBHBIX MHOXKeCTBa d1ementos {c, | i € I} uz C' u romomop-
dbusma : G — G’ rakoro, uro Pd(c;) = d'(c}), cymecrsyer epun-

creennblit romomopdusm p: C — C') nis koroporo ¢(¢;) = ¢

1
u (p, 1)) —romoMopdu3M CKpeIeHHbIX Moy eii. Yaiirxen [7| qo-
Ka3aJI CYIeCTBOBAaHNe CBODOMHBIX CKpereHHbIx Momyseit (C, G, d)
ISl IIPOM3BOJILHOM Irpynnsl (G, B 4aCTHOCTH, ecjn (G KOHEYHO CBO-

bommas A-rpymnma.
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Iycrs (C, G, d) — ckperuennstit Mmogynb u M — Z[H|-momyib, re
H = G/dC. Ha monynb M moxuO cmorpersb Kak Ha Z[G|-Momyib
¢ TpunasibibiM jefictBueM dC. I'pynna C @ M apisiercs, 0UeBu/I-
HO, G-CKPENEHHBIM MOJLYJIEM C JIMArOHABHBIM JIEHCTBAEM TPYIIITHI
G u rpannynbiM romomopdusmom d @ 0: Cd M — G, 3agaHHbIM
coorromenuneM d @ 0(c,m) = dec u HaswiBaercs M -ymoawenuem
ckpermennoro moayas (C, G, d).

Hanomuuwm (cm. mHampumep [8]), uro nse rpymnmet G u H ¢ of-
HOIl 1 TOI Ke 06JIACTBIO OIEPATOPOB Y HA3LIBAIOTCA ONEPAmopHo
UOMOPPHBLMY, €CTTN CYTIECTBYeT Takoi mzomopdusm f: G — H,
aro f(og) = o f(g) Mg mpousBosbHbIX g € G u o € Y. [lpu arom
TOBOPSIT, 9TO (aauTnBHas) rpynna G onepamopro packaadviéaems-
€A B TIPAMYIO CyMMy cBoux moarpynn A u B, ecin G = A® B n
0cA C AuoB C B mist Tpou3BOJIBHOTO 0 € Y.

JIemma 3.1. Iycmo (C, G, d) — ckpewsenront modyas u M — Z[H]-
modyan, 2de H = G/dC. Crxpewennvit modyas (D, G, 0) asasem-
ca M-ymoawernuem G-cxpeutennozo modyas C mozda u moavko
moada, %K020a

1) epynna D onepamopro packiadbieaemcs 6 npamyto Cymmy c6o-
uz nodepynn C' u M', onepamopno usomopdpruviz C u M co-
0OMBEMCMBEHHO;

2) ecau f: C — C" — onepamopnuiti usomoppusm, mo d(fc) = de
daa npouseoavnoeo ¢ € C;

3) M’ C kerd.

HokazaresnbcrBo. Heobrodumocms odeBUIHA.
ocmamounocmy. Ilycts g: M — M’ — onepaTopHbIii ©30MOD-
duzm. Torga orobpaxkenue ¢: C & M — D =C' & M', 3anasae-
moe dopmyioit p(c,m) = (fe,gm), aeasierca G-uzomopdu3Mom
G-crpemmennbix moaymett D u C @ M. O

Bamerum, uro eciu {¢; | i € I} — cucrema obpasyrormux G-ckpe-
mennoro Moxayng C, a {m; | j € J} — cucrema o6pasyrommx Mo-
ayns M, to {(c;,0) | i€ I} U{(0,m;) | j € J} —cucrema obpazy-
fomux ckperiennoro Moayast (C @ M, G,d @ 0), B gacraoctu, G-
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ckperientbiit Moyib C' @B M KOHEYHOTOPOXKIEH TOTJA U TOJBKO
TOrJa, KON KOHEUHOIMOPOXK AEHHBIMU ABJIAIOTCH CKPEIIeHHbII MO-

ayab (C,G,d) n Z[H]-momnyns M.

JIemma 3.2. ITycmo (C, G, d) — cxpewernwd modyss, H = G/dC,
a M — Z[H]-modyav. Ecau (C, G, d) — c60600nwiti crpeusertvil mo-
dyav, M — c60600nviti Z[H|-modyas, mo M -ymoawerue

(C o M,G,do0)

cxpewernozo modyas (C, G, d) 6ydem c60600HbIM CKPEUECHIDIM MO-
dyaem.

Hoxka3zareabcrBo. Kaxpriit cBobomublii Z[H]|-MOmLy/Ib SBISETCS,
04Y€BHUHO, U CBOOOIHBIM (G-CKpeIeHHbIM MojyJieM. [lockompky

(¢c,m) = (¢,0) + (0,m)

Jst mponsBogibHOTO (¢,m) € C' @ M, 10, Kak Jierko Bujerh, G-
ckpertenubiit Monyias C' @ M saBjsiercss ¢BOOOIHBIM TI0 OTIPeIe/Te-
HUIO. Il

B nansreitem moHamobnTCsa Caeyromee yTBEpK IeHne mpo CBO-
BoJiHBIe KOHETHOIIOPOK IeHHBIE CKPeIlleHHble Moyan [4, memma 5).
Hamomuuwm, uro abesuanusayued rpynmbl M HA3BIBACTCA TPYMIA
M® = M/[M, M], rne [M, M] — xommyrant rpynmsr M.

IIpennoxenne 3.3. ITycms (D,G,0) u (D',G,9") — ce0bodnvie
KOHEUHONOPOHCOEHHDIE CKPEUWLHHBIE MOJYAU,

H=G/0D =G/d'D,
U nNYcmv UmMeem mMecmo KOMMYMamueHad Ouaepamma

d

1 H G2 p C ker d 0
I
1 H G ped o kerd +—— 0,
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6 xkomopoti C' u C' — ce0bodnvie Konewnonopoocoernnve Z[H|-mo-
dyau. Tozda umeem mMecmo KOMMYMAMUSHAA JUGZPEMMA

1 H 90 p @ D' G prab e ker(d@id) «— 0
0’60 / ab d'@id ! ab U :
1 H D@D —— C'"® D «——ker(d #id) +—0,

8 KOmopo f—G—usomopdﬁusm, coxpanarouud omobpascenue f,
@ coxpanaem p, ker(d @ id) = kerd u ker(d’ @ id) = ker d'.

Sadukcupyem rpynny G. PaccMoTpuM ere oJivH BayKHBIH KJIacc
CKPEITEeHHBIX MOy Tefl — G-TIPOEKTUBHBIE CKPEITEHHbIE MOYITH, KO-
Topble OblIM BBeJeHBI B 00ux0j Parkiaiidom [9]. Ckperuentbrit
vonyaes (C,G,d) masbBaercst G-TPOEKTHUBHBIM, €CIH OH TPOEK-
TUBHBIA B Kareropun X.#Zg. Porknaiid [9] mokazan ciempyromiee
yTBepP:K IeHE.

Ilpengoxxkenme 3.4. Ckpewennmt modyav (C,G,d) sasasemcs
G-npoexmusHbim Mo20a U MOoAbKO M020a, K020a CYWECTNEYIM NPO-
exmuenvili Z|H|-modyav P, 2de H = G /dC, u ce0600nwiii G-cxpe-
wennntd modyasv B makxue, wmo C @ P u B asamomcesa uaomopp-
HOLMU 68 Kamezopuu X MG .

Jlaee 6e3 IBHBIX CCHLIOK Oy/IeM HMCIOJB30BATH CAEMYIOIIEE yT-
Bep2K ICHUE.

Caencreue 3.5. IIpednoaosicum, umo (C, G, d) xoneunonopooic-
dernnti G-npoexmusHuill cxpewennviti modyassv. Toeda cyuecmey-
em koneuronoposcoennol npoekmuenut Z|H|-modysv P maxod,
ymo G-cxpewerntnt modyav B, usomopprut C & P, ceoboden u
KOHEUHOTLOPOHCOEH.

HokazaresnncrBo. [eiicrBurensho, ecin {¢; | i € I} —cucrema
obpasytomux G-ckperiearoro mouynas C, 1o G-CKpPeIeHHbIil Mo-
JIyab B, onucaHHbll B Tpe1yioxKeHnn 3.4, CTPOUTCS KaK CBODOIHBIN
ckpermenHbIil Monyb (B, G, 0) ¢ 6asucom {b; | i € I} Taknm, 910
0b; = dc;. Tax xax G-CKpeleHHbIi MonyabL B ¢BobomeH, TO cyle-
creyer G-mopdusm n: B — C Takoii, uto nb; = ¢; IJisi KaXKJI0TO
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i € I. Tlockombky {¢; | ¢ € I} —cucrema obpasytomux G-ckpe-
meraHoro Moayas C) 1o 1 apasgercs suuMopduzmom. Anpo smwm-
MopduU3Ma 1) U ABAAETCA OMUCAHHBIM B IPEIIOKEHUN 3.4 TIPOEK-
tuHbIM Z[H|-Mmoayib P rakum, uro B ~ C'® P. Ho torja, ecaun G-
ckperienubiit Moayib C' KOHEIHONOPOXKAEeH, TO ¢BOGOHbIH Z[H |-
momyib B2 ~ 2P @ P rakike sBISIOTCS KOHETHOMOPOK JEHHbIM,
a CJIeJIOBATE/IbHO, KOHEYHOIIOPOXKJIEHHBIM OyJeT M IIPOEKTHBHBIH

Z[H]-monynb P. O

JIemma 3.6. IIycmo (C, G, d) — cxpewernod modyav, H = G/dC,
a M — Z[H]-modyav. M-ymoswenue (C ® M,G,d & 0) cxpewen-
nozo modyaa (C,G,d) bydem G-npoexmusnvim CKPEULLHHBIM MO-
dyaem mozda u moavko mozda, koeda (C,G,d) 6ydem G-npoex-
MUBHbM CKpetenHbM Modyaem, a M — npoexmuenoim Z[H|-mo-
dyaem.

HokazareascrBo. Heobzrodumocmo. llycrs (C & M,G,d & 0) —
G-TIpOEKTUBHBI CKpeIIeHHbIil MotysIb. Torma cymecTByer mpoek-
tuBHbI Z[H|-Mmonyne P takoit, uto C @ M & P — cBoboansiit G-
CKPEIIeHHBII MOIy/Tb. AbGenann3aris

(CoM@eP)®=CcaMaP

siBsisiercsi cBOGOHBIM Z[H |-Mo/ysiem, OTKyia CJegyer POeKTHE-
nocrs Z[H]-monyns M. U3 npoektusnoctu Z[H|-momynst M & P
caenyer G-upoekTuBHOCTh cKperertoro moaynst (C, G, d).
Jlocmamounocms. Tipeanonoxum reneps, uro (C, G, d) — G-nipo-

eKTUBHBIN CKPeIeHHbIi Moy/b, M — npoextusabiii Z[H|-Mozyiib,
a P u () —upoekrupnble Z[H|-momnynn, nononustone (C, G, d) u
M 5o cBoboHOr0 G-CKperieHHOro Mosysisi u cBoboaoro Z[H|-ymo-
JLyJist COOTBETCTBEHHO. Torma 1mo gemme 3.2 G-CKPeITeHHbIi MOLYITh

CoM)e(PeQ)~(CoP)a(MaQ)

sBJIsieTcsl CBOOOTHBIM, a ciaeposarenbho, (C & M, G,d & 0) — G-
IPOEKTUBHBIN CKPEIEHHBINH MOIYJIb. U
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Iycrs (C,G,d) — ckpemennbiit Mmogyns u p: E — G —romo-
Mopdusm rpynm. PacemorpuM guarpaMMy KOaMaJbraMMbl TOMO-
mopduszmos d u p

D-2,E

|
C

G,

|

rie D = {(c,e) € C x E | d(c) = p(e)}. Oupenenus neiicreue E
Ha D coornorennewm eq(c, e) = (p(e1) ¢, ere el_l), W IPAHUYHBIH TO-
momopdusm 0: D — E coorHomennem 0(c, €) = e, MOAYIUM, 9TO
(D, E, Q) — ckpemennbliit Moaynb, a (p, p), tae p: D — C 3anaerca
cooTHOmenueM p(c, €) = ¢, — MOPMU3M CKPEIEHHBIX MOJTYJIEH.

Ilycts F— cBoGoanasa rpymma u p: G x F — G — yrosrienne
TOXKIECTBEHHOr0 roMmoMopdusma idg ¢ momorsio rpynns F. Cma-
buausayuet; ckpemennoro moays (C; G, d) ¢ moMompo ¢cBOGOIHOI
rpyuubl F (win F-crabuinusanueil) Ha3blBAETCs CKPELIEHHbIH MO-
ayib (D, G« F, ), o6o3Hadatonmiics Takzxke ((NZ’, GxF, J), KOTOPBI
SIBJSIETCA KOaMaabramoit romomopdm3mos d u p. bynem cunrars,
9TO KOMMYTATHUBHAS IHATPAMMa,

¢ —% GuF (3.1)

c—4 . q

samaer F-crabwmmsammo (C, GxF, d) ckpemennoro mogyns (C, G, d).
Nwmeer Mecto crepyromiee yTBepKaenue |4, semMma 2|.

Ipepsoxenne 3.7. Ilycms 3adana KOMMYMamMuenai Juazpam-
ma (3.1). Tozda

1) cywecmsyem moppusm (T,1) cxpewernnoz modyset (C, G, d)

u (O, G * F,d) maxoti, wmo (p, p)(t,1) = (ide,idg);

2) p(dé) = dC u omobpasicenue p undyyupyem usomopPusm
pv: Gx F/dC ~ G/dC;
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3) 0m06pa:)fceHu;z pul um)yuupymm 63auMNO 0bpaTIbIE U30-
Mmoppusmor p* . kerd ~kerd u 7*: kerd ~ kerd.

Creayroiee yrBepx/jenue jokaszano B |10, semma 1.2].

IIpennoxkenne 3.8. Ilycmo (5, GxF, CT) — F-cmabuausavyus ceo-
6odnozo (G-npoexmusnozo) cxpeusernozo modyas (C,G,d). Tozda
(C,G * F,d) asaaemca ceobodnum (G * F-npoexmuenvim) crpe-
WEHHDBIM MOOYAEM U C? ~ CPHR", 20e R = Z[H], a n — pane
c60600n0t epynno. F'. Boaee moezo, ecau {c; | i € I} — 6asuc ceo-
6o0nozo cxpeujennoeo modyasn (C,G,d), a {z; | j € J} — 6basuc
epynnwe F', mo {(ci,ude;) | i€ IYU{(0,2;) | j € J} — 6asuc F-
cmabususayuu ckpewennozo modyaa (C,G,d), ede1: G — GxF —
ECMECTNEEHHOE BAOHCEHUE.

JIemma 3.9. IIycmo (C, G, d) — cxpewernnud modyav, H = G/dC,
M — Z[ |-modyan, a F — ceobodnan epynna. Tozda M -ymoause-

Hue (C & M,G % F, d e 0) F-cmabususayuy CKpeus,entozo mo-
dyaa (C’ G, d) uso./wopgiHo e20 F-cmabususayuu M-ymosuwenun

(C®M,G+Fdao).

HokazareabcrBo. O6ozuaunm wepes g * f u ¢’ * [’ mponssosns-
Hble 3j1eMeHThl rpynnbl G * F, a uepes g u ¢’ —ux obpasbl npu
romomopdusme p: G x ' — G, SBASONEMCS yTOJMEHUEM TOXK-
JIECTBEHHOI'O FOMOMopCbI/BMa idg ¢ HOMOTIBIO. IPYTIITbI F. Toraa

G * F-CKpeleHabie MOLY/Iu CeMu C’ & M MOXKHO 33/1aTh KakK
MHOYKECTBA,

CoM={(c.g*fm)|ceC, gxfeGxF,meM, dc=plg*f) =g}
mf:{(c,m,g*f)\cea meM, gxfeGxF,d®0(c,m)=dc=p(g*f)=g}
C TPAHUIHBIMU TOMOMOPdU3IMaAMU
d®0(c,gx fym) =dle.gx f)=g=f, d©0(com.gxf)=g+f

u nefictBusaMu rpynmnbl G x F

(g * f)(c,g* fm) = (g'c. (g = f)g* F)g" * f)71 (g = f/)m)
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(g"* [)(e;m g% f) = (d'c.g'm, (" * f) g * F)(d" * f)7)
= (g'e; (g = fym, (g"* f) g * ) g+ )7
coorBercrBerno. llociemnee paBencrBo B mocsesueit hopmysie u

BOOOIIE BOBMOXKHOCTD mTocTpoenust MuOKecTB CBM u C & M cae-
JIyeT U3 TMYHKTa 2) TpeJIoKeHust 3.7.
—_

B muox)ecrBe C' @ M paccMOTpUM TIOMHOXKECTBA,

C'={(c,0,g9%* f)}, M ={(0,m,1)}.
OuesBuzno, uro ycmoBus 1)—3) jemmbl 3.1 BBINOJIHEHBI, CJIeI0Ba-
TeabHo, (G % F-CKpeleHHbie MOIY/In CeaMuCaoM nzoMopd-

HBI. |

B nanbueitinem nonamoburcs Takzke CJEHLYIONIEE YTBEPKICHUE
[4, nemma 3.

IIpengioxkenue 3.10. [Tyemv G = AxF u G' = AxF' — xoneuno
ceobo0nwe A-zpynnu, ©: G — G’ — ux cmabuavroiti A-20momop-
Pusm, U NYCMBb 3600HA KOMMYMAMUEHAL QUAZPAMMG 2PYNN

1 H+™ G2 ¢ ker d 0
SR I
1 H o v ker d’ 0,

20e (f,p) — mopPusm KOHEUHONOPOHCIEHHBT CEOBOOHBL CKPEULEH-
oz modyaeti (C,G,d) u (C',G",d'), a p. — usomoppusm. Toeda
ecou (C,GxF',d) u (C',G'« F,d') — F'- u F-cmabuiusauuu ceo-
6oonwx ckpewennmxr modyset (C,G,d) u (C',G',d") coomeem-
CMEEHHO, MO UMEEM MECTNO KOMMYMAMUEHAA OUGZDAMMA

le— H™ GeF e Co— kerde——0

R

1<—H’ﬁG’*F<i/CT’<—kerJ’<—O,
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6 Komopoti (f, ©) — MOPPUIM CKDEUWEHHBT MOOYAeT (5, GxF, J)
u (C',G"'x F,d"), omobpasicernus @ u [ corpanaom omobpagricenus
© u f coomeememeento, npudem O — usoMopPusm.

4. CTABUJIBHO U30MOP®HBLIE CKPEIIIEHHBIE MOAVYJIN

Mycts G = Ax Fu G = Ax F'—xoneuno ceobogubie A-
rpymmen, (C,G,d) n (C',G',d') — xoneunonopox nenusie G- n G'-
MPOEKTUBHBIC CKPEIEHHBIE MOJIY/TH COOTBETCTBEHHO, MTPUIEM

H=G/dC =G'/dC'.

Bynem rosoputhb, uro ckpemenusie Moayau (C,G,d) u (C',G’,d")
cMabusbHO U30MOPPHbL, eci cTabUIbHO 30MOPMOHBIMEU OYIYT IIPO-
extusHble Z[H]-Mmoxynu C 2P u C' 2P, Hamomuum, uro na R-Mosyiis
P u P’ naspiBatorcs cmabuibHo u30MOPEHHuIMU, €CTA CYTIECTBYIOT
JIBa HATYPAJIbHBIX YUCJIa M U N Takue, aro P & R™ ~ P' & R".
Od4eBUIHO, 9TO OTHOIIEHHE «OLITH CTAOMIBHO M30MOPQMHBIMUY IB-
JISIETCST OTHOIIIEHNEeM 3KBUBaJeHTHOCTH. JIJIsT ya00CTBa CCBIIOK Ha,
HEOOXOAMMBIE PE3YIHLTATHI CPOPMYTUPYEM CIIETYIONIEe YTBEPK Te-
HWe, TlepBasi 9acTh KOTOPOIO OYEBH/IHA, & BTOpas JOKa3aHa B |3,
aemma 1.

IIpennoxenue 4.1. 1) Ecau R-modyav A cmabusvho uzomoppen
R-modyaio A’, a R-modyav B cmabuavro uzomoppen R-modyaro
B', mo R-modyav A® B cmabuavro uzomopper R-modyaro A'GB'.

2) Ecau Py u Py — deéa cmabuabhio u3omMophrus npoexmusHuis
R-modyaa, a Q1 u Qo — ux donoanenua do c60600nbix MOOYLET,
mo Q1 u Q2 cmabuAbHO U3OMOPPHDL.

JIemma 4.2. IIyemv G,G' € F4, (C,G,d) u (C',G',d") — xo-
neunonopoocdennvie G- u G'-npoexmuenvie cxpewernnvie ModyAU
coomsemcemeenno, npuuem H = G/dC = G'/d'C’, a P u P’ —
NPOUSBOALHBIE CMAOUALHO U3OMOPPHBIE NpoekmusHbie L[ H]-mody-
au. Crpewennoe modyau (C,G,d) u (C', G, d") 6ydym cmaburvno
USOMOPPHVLMU MO20a U NMOABKO Mo2da, K020a COOMBEMCMBYIOULUE
P- u P'-ymoswenus (C®P,G,d®0) u (C"® P, G, d &0) 6ydym

CMabusbHO U3OMOPPHBILMU.
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JokazareabcTBO. Heobrodumocmsb CaeayeT U3 Ornpeie/IeHusT CTa-
OMIBbHON M30MOPQPHOCTH MPOEKTUBHBIX CKPEIIEHHBIX MOIYJIeH u
epBoit gacTu mpemaoxenns 4.1.

Jlocmamounocmub. Tlycrs npoektusnble R-momyam P u P rae
R = Z[H], u P- u P'-yronmenuss (C & P,G,d & 0) u (C' &
P G d @ 0) ckpermenubix momyeit (C,G,d) n (C',G',d")—cra-
6upHO u3oMopdubI. 1o Bropoit uacTu mpeaoxenns 4.1 cTabMIb-
HO m3oMopduEIMU OyayT 1 R-moxymu Q u @', nononnsromye P u
P’ 1o cBoGogHbIX MOyEit. 113 HEOOXOAMMOCTH CIEIy€eT, 9TO CKpe-
mennbie Moaynn (CEPPHQ, G, d®060) u (C'eP'aQ’, G, d®&060)
OyayT crabunbao mzomopdubivu. Tak xkak P @ Q u P’ @& Q' — cso-
Gonuble Mogym, T0 ckpemiernsle moayau (C,G,d) u (C',G',d’)
TakKe OyayT cTabuibHO n30MOpPdHBIME, YTO U TPeOOBAIOCH J0Ka-
3aTh. O

JIemma 4.3. ITyemv G,G' € Fy, (C,G,d) u (C',G',d') — koneu-
nonopooicdennve G- u G'-npoexmusnuvie cxpewernmvie ModyaAU CO-
omeemcmeenno, npuvem H = G/dC = G /d'C', a F u F' — npo-
U36OALHBIE KOHEUHONOPOAHCcIennbie c60600nve 2pynno. Ckpeujen-
noe modyau (C,G.d) u (C',G',d) 6ydym cmabuavno usomopd-
HoLMu Mozda u Mmoavko mozda, Kozda coomeememeyrouue F- u
F'-cmabuausayuu (C,G* F,d) u (C',G' « F',d') 6ydym cmabuas-
HO USOMOPPHBLMU.

JlokazaTeabCTBO. YTBEPXKICHWE JIEMMbI CIeIyeT U3 TPAH3UTHUB-
HOCTY OTHOITIEHUST «OBITH CTAOUIBHO U30MOPQPHBIMUY U MTPEIJIONKE-

Huda 3.8. O

5. OCHOBHBIE PE3VJIBTATH

Tpamunuonuo (cm. mampuwmep, 5], [7]), cxpewennom yenrowm
romnaexcom (C;, G, d;) HA3BIBAETCS TOCIEIOBATEILHOCTD TPYIIT U
rOMOMOP(U3MOB

di do

1 H G Cy

d4 dn dn+l

Cs Ch

CO CJIETYIONIAMU CBOUCTBAMMU:
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1) (Cs, G, dy) — cBOGOmHBI ckpermennbii Moayab u H = coker da;

2) jas i > 3 Cy — ceobouustit Z[H]-moyib, d; — romomopdusm
Z[H]-monyneit, ds(Cs) — Z[H|-moyb;

3) dl O di+1 =0.

Mopgpusmom f: (Ci, G, d;) — (C!,G',d}) ckpemennbix nenubix
kommwtekcos (Cj, G, d;) u (Cl,G’',d]) HaseiBaeTcs Takasi COBOKyII-
HOCTB roMomopdusmos fi: G — G, fi: C; — CI, i > 2, xoto-
past coxpansieT cTpykTypel Ha G u Cj, ¢ > 2, ¥ BO3HUKAOIINAE
JIrarpaMMbl FOMOMOPhU3MOB OyIyT KOMMyTaTuBHbIMEA. Ecmu mpn
9TOM KaXKJbIil U3 TOMOMODP(MUIMOB f; sIBJIAETCS U30MOPQU3IMOM,
to romoronndeckue cucreMsl (C;, G, d;) u (C, G, d},) HasbiBatoTCst
uzomopprvimu, a Mmopdusm f = {f;} — usomopdusmon.

Ckpemennsiii nennoit kommtere (Cy, G, d;) Ha30BEM npoekmus-
HbtM, €CIIH

1) (C2, G, d2) — G-IpOEKTHBHBIN CKPEIIEHHBIH MOTYJIb;

2) nasii > 3 C; — mpoextusHblit Z[H|-momyns, rine H = coker da.

Ckpemennsrii rienHoit kommtere (C;, G, d;) HA30BEM KoHEUHONO-
poorcdennvim, ecmu (Co, G, d2) — KOHETHOTIOPOK IEHHBI CKPEIeH-
Hblit Mozyb u Z[H|-momynu C; KOHEIHO HOPOXKJEHBI JIJisi BCEX
12> 3.

JlokazaTeIbCTBO OCHOBHOTO Pe3yJibTaTa JAHHONW CTaThbu OMUpar-
eTcsl Ha CJIEJIYIONLYI0 TeopeMy aBropa [3].

IIpennoxenne 5.1. ITycmov f: P — P’ — yennoe omobpasicernue
N-MEPHULT ULTVHHLEL KOMNAECKCOE KOHEYHONOPONCOEHHDIT NPOEKMUG-
HOLL MoyAel, urIyuupyroulee U3oMOPHUIM MOYAET 20M0OA02UT.
Jlas moeo, umobvl CYwecmse08ait GUuUKAUNHLE C80000HIE UETHDIE
xomnaexco, F u F' marue, wmo uennve xomnaexco, POTF u P o F
YENHO UOMOPPHVIE, HEOOT0AUMO U JOCTNATNOYHO, WINOObL OAM KAHC-
dozo i = 0,n modyau P; u P! 6viau cmabusvro usomopdnomu.

Teopema 5.2. ITyemo G,G' € F4, [: (C,G,d;) — (C,G,d;) —
MOPPUIM N-MEPHBLT KOHEYHONOPONCICHHDIT NPOCKMUBHHLL CKpe-
wennmx yenwox xomnaexcos (Cy, G, d;) u (CL, G, d}), undyyupy-
0WUT UBOMOPPU3M 2pynn u modyaet 2omonrozuti, u Maxod, 4mo
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f1: G = G' — asaaemca cmabuavrvim A-zomomoppusmom. To-
2da 0aa Mo20, ¥MObYL CYWELCMBOBAAY CMAOUAUIGUUL ePAHUNHBLT
eomomoppusmos d; u d ¢ nomowpio ceobodnT 2pynn u c60600-
HOLE MOOYAET MAKUE, YMO NOAYUYEHHBIE CKPEUEHNBLE YUENHDLE KOM-
naekcvr 6yoym usomophrbvLmu, HeobLTO0UMO U JOCMAMOUHO0, Moo
cxpewernvie mooyau (Co, G, da) u (Ch, G’ dYy), a makorce Z[H|-mo-
dyau C; u C! daa kasicdozo i = 3 6vuau cmabuAbHO U3OMOPHHHLMAU.

HoxkazareabctBo. Heobxodumocms. Ilycts cymecTByor crabu-
JIM3ALUN TPAHUYHBIX TOMOMOPdu3MOB d; 1 d ¢ TTOMOLIBIO CBOGOI-
HBIX TPYIIT U CBOGOJHBIX MOMIYJel Takue, 4TO TOJydeHHBbIe CKpe-
IIIEHHDBIE TIETHBIE KOMILIEKCHI OyanyT nzomopdubivu. Torma mo jrem-
mam 4.2 u 4.3 ckpemennsie mogyu (Co, G,ds) u (Ch, G, d,) Gy-
AYT cTaOMIBHO M30MOP(MHBIME, & 110 OTPEIASTCHUI0 CTAOUIBHO W30~
mopdabivu 6yayT u Moxyin C; u C! s kaxoro @ = 3, n.
Hocmamounocms. Ilycrts

di da ds dy dn

le—H a Cy By Lo 52)
fll le f:sl fnJ{
e HS g o b g B o

— nuarpamma Mopdusma f: (Cy, G, d;) — (CL,G',d;) n-mepHbIX
KOHEYHOTIOPOK IEHHBIX MTPOEKTUBHBIX CKPEIEHHBIX IEeMHBIX KOM-
mwiekcos (Cj, G,d;) n (C],G',d}), maxynupyromero nzomopdusm
IPYIT 1 MOJLysIeit romostoruii. [TpesmooskuM TakzKe, 9To CKperreH-
ubte mopynu (Co, G, d2) u (Ch, G, d,), a raxxe Z[H|-moaymm C; u
C! nnst xaxaoro i > 3 sBastorca crabunbHo nzomopdubmu. 1o
HPEeIOKEHNIO 3.4 CYIIeCTBY 0T KOHEUHOTIOPOXK JeHHble Z[H |-Mmoty-
mu P u P raxue, aro (Co® P, G, de®0) n (CLa P, G, dy®0) — cBo-
6ostrbie ckpemennbie Moy, Tak kak (Cy @ P) 2P u (CLoP') 2P —
cBobommbie Z[H]-momymu, a Cy® u Ch 2P — crabumsmo m3omopd-
wele Z[H|-mMomaynu, To mo BTOpOil wacTu mpemioxkenus 4.1 cra-
6unbuo uzomopdubivMu 6yayt u Z[H|-monymu P u P'. Ilycrs Q =
P® R™ ~ P' & R", rne R = Z[H]. Ilo nemme 3.2 cKpeleHHbIE
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moaymu (Co@Q, G,da®0) u (CLdQ, G, d,®0) apaaorcs cBobom-
HbIMu. Yroamasa mopdusmbl dy u dy u crabummsupys MOphU3MbI
f2, f3, d3 u dfy ¢ nomomp MOy () HOLYYINM KOMMYTATUBHYEO
JIMATPAMMY

d2 B0 ds®id dn

d
1 BQ——C3HQ— ... «——C)p
l f2@idJ/ f3@idl fnJ
@0 d,@id d) d,
1 i ®Q—— CioQ — cl,

HaYaJIbHBIA OTPE30K KOTOPOit

1 He™ @ Co @ Q —— ker(ds ®0) «—0

flJ/ fQ@idJ (fz@id)*l
d, @0

1 H G —— ) ® Q +—— ker(dy ® 0) «——0

do®0

yaoBseTeopseT ycaosusam npeanokernst 3.10. Tak kaxk G,G’ €
Fa, 0 G = AxFuG = AxF/, rae F FuF —CBo6ogHble

KOHEUHOINIOPOXK ICHHbIE TPYIIIIbI. ITycrs (02 DQ,Gx*F' dy® 0)
(CL®Q,G *F, d’ ®0)— F'- u F-crabummzanyuu CBOGOJHBIX CKpe-
menabix mogyei (Cy @ Q,G,d2 @ 0) u (Ch & Q,G,d, ®0) coor-
BercrBenno. Torma mo npemroxenuto 3.10 nmMeer MeCTO KOMMYyTa-
THBHAA JAArPAMMA

—_~—

1<—H<—G F’<—CQ@Q<—kerd2@0<—O

]
1*0

d d/@o —~—
1<—H<—G’*F<—C’@Q<—kerd’ ®0«+—0,

P

B KOTOPOIt (fo @ id, ]?1) — MopdU3M CKPEITEHHBIX MOTyJIeH

e~

(C;Eé/Q,G*F/,Cm) n (CZE.;Q,G’*F,dé@O),
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coxpaHsonuit orobpaxkenust fo u fi, mpuuem f; —uzomMopdusMm,
—J

u kerdy @ 0 = ker(da @ 0) u ker d), & 0 = ker(d), & 0). Takum obpa-
30M, auarpamMmy (5.2) MOXKHO TIPECTABUTE B BUJIE KOMMYTATUBHOMN
AnarpaMMbI

1 H dl*OG* F dZEBOC/Q-Eé/Q daEBidCS @ Q da 04

fiJ J%I{ f:z@idJ f{ f{
d" 0 d'ZEBO dééBid d, d~ d

l¢— He—— G+ F+—ChoQ+——C,®Q+—Cj+—— ...+ C".

B cury mzomopdroctn ]71 OTOXKIECTBUM TPYTIITHI
GxF' =G'«F =G.

Iycrs S u S’ — OpOEKTHBHBIE MOZYJ/TH, JOTIOJHAIONAE TPOCKTHE-
uote Moy C3 & Q u Cf & Q no ceoGopubix moayneit C u C'
cooTBeTcTBenHO. Torma, yromasa mopduamsl f3 @ id u fi ¢ momo-
b0 Momyns S u crabunusupys MopdusMer dg n dly ¢ TOMOIIBIO
momyseit S u S’ COOTBETCTBEHHO, MOTyUaeM KOMMYTATUBHYTO [Ha-
rpaMmy

1 H G2 pel o™ qpase® Mo,
S
1 H Gl ped o CQ@S’&. o
rue
D=G50Q, D=8 Q.
C=C38Q®S, C'=Ci0Qa Y,
0=ds 50, o =dy 0,
d = ds @ id @0, d = dy ®id @0,
dy = dy @ id, 7, = d, @ id,

fo= fodid, B = fs @id a0, fi=f1o0.
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HawanpHBIN OTPE30K 9TOH AMArpaMMbl

1 H G2 Dt ¢ ker d 0
1A
1 H Gl pd kerd «—— 0

VIOBJETBOPSET YCIOBUAM TPEAIOKEHN 3.3, & TOITOMY JTHATrpaM-
My (5.2) MOYKHO MIPEJICTABUTH B B KOMMYTATHBHON THATDAMMBI

1 H G g prab S o prab B g

e
H H 7| Al f{ »|

J— / ] d/ d/ d/
1 H el OGOD/GBDab d'@id C/@Dab 4 CQ@S, 5 n C;L-,

rae fg u f;, COXPAHAIOT 0TOOpakKeHnuda fo U f3 COOTBETCTBEHHO, IIPHU-
qeM ﬁ — m3omopdusm. Yrommaa mopdpusmer D0 u & G0 u cra-
ouam3upysd Mophu3MbI fg, fg, d®id u d @id ¢ nomorpo Moy
Co 2P| mosryauM KOMMYTATHBHYIO JUADAMMY

e He—Ge2l Dl 6B ciase® . ¢,
N
e He Gl el G gy o
B KOTOPO#
E:D@D/ab@CQab, ﬁ:D/@DabGBCQab,
C=Ca®D*™qpC,b, O =C' @ D™ a0y,
0=0®0®0, =000,
d=doidaid, d=d eidaid,

oTobpaskenus fy = fg @®id mn J?g/ = fg @ id coxpamstoT 0oTOOpaKe-
uns fo u f3 COOTBETCTREHHO, MPHeM f2 — m3omopduzMm. yTOJIH_[aSI
MOPhU3MEL d f3 u f4 ¢ oMot Moayad Q& Cs, a MOpd)I/IBM d—

¢ momotbo Moy Q @ C4, u crabuau3upys MOpQHU3MBL d4 u d’
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¢ nomompio Mogyseit Q @ C3 u Q & C% COOTBETCTBEHHO, IOy YaeM
KOMMYTaTUBHYIO JUarpaMMmy

ul

9

1 H G D ceM T B o,
S
le—He—G ol vl ol b o
rie
C=Ca Qo) =CaQacCh,
Ci=(C128)a(QaCs), Ci=(Cias)o(QaCy),
d=dao, d=dao,
dy = dy ®id, d, = d, @id,

0TOGpaKeHus f3 = fg,, ®0u fy = J?4 @ 0 coxpaHsOT 0TOOpaYKeHUS
fs m f4 coorBeTCTBEHHO. YUNTHIBas JeMMY 3.9, MOXKHO 3alucaTh,
9TO N N
D~ Cy @ Ko, D' ~Ch& Kb,
rie
Ko~ (G4 Q)™ a(C:8Q), K~ (G5 Q) a(CeQ)

— cBobomubie Z[H|-moaynu. Kpome Toro, o9eBuaHO, 9TO
C = C30 K, 0" =0y @ K,

Cy=Cy® Ky, Cy=Cio Ky,
rae

K3~ (C3®Q®S)® D ™ a(Cy™aQ),

Ky~ (ChdQa8) e D™ a(C™aQ),

Ki~C30QaS, Ki~CloQos

— cBOOOIHBIE MOIYJIM.
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Takum obpazom, crabunusuposas orobpazkenust da, dy, ds, db,
d4, d)j ¢ HOMOIIBIO CBOGOIHBIX IPYNIT U CBOGOMHBIX MOIYJIEH, qHa-
rpavMmy (5.2) MOXKHO TIPEJCTABUTH B BUJE KOMMYTATHBHON juna-
IPAMMEI

1 H G P Co Kyt Cyo Ky« Cha Ky oo,
P
a0, A ;4 / / A / ;% dn !

1 H G'*x F CooKy+——Ci0 Ky +—CL O Kj+—— ...« C},

B KOTOPOit f1 U fo — m30MOpPGU3MEL.
Tak Kak a7apa TPAaHUIHBIX TOMOMOP(MU3MOB CKPEIIEHHBIX MOJTY-
Jeil sIBJISIIOTC MOjyJIsiMu (CM., Hanpumep, [5]) u orobparkenue f3

usynupyer msomopdusm fs,: Hy — Hi mMojyneit romosoruii, To
MOYKHO TIOCTPOUTH TAATPAMMY

d5 dG dn

0 Hy L Oy Ky <™ CLa K, Cs Cp

7 d dL dy d

00— Hyj+L Cha K+ O Ky« C! RS y/s

(5.3)
romomopdusma (n — 2)-MepHBIX TEMHBIX KOMILJIEKCOB KOHETHOIO-
POKJIEHHBIX TPOEKTUBHBIX MOJyJIeH, KOTOPBI HMHAYIUPYET W30-
MopdusM Moyseit romonornii. TIOCKOIbKY NMPOEKTUBHBIE MOLYJIH
Ci u C! nnst i = 3, n aBasiioTcst cTabUABHO M30MOP(MOHBIMU, TO 151
muarpammbl (5.3) cupasegyuso npejyoxkenue 5.1, U3 KOTOPOro u
CJIEJIYET CHPABEIMBOCTD JOCTATOYHOCTH JIAHHON TEOPEMBbI. O
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