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IIpo TomoJjiorivHy €KBiBaJIE€HTHICTH
IICEBJIO-rapMOHIYHNX (PYHKITIA
3araJibHOTO IIOJIOXKEHHS Ha IIJIOIIIHI

Topological classification of functions in the plane is considered. Using
a generalization of the Cronrod-Reeb graph we give necessary and suf-
ficient conditions when two pseudo-harmonic functions which have finite
number of singular points and comply with an additional condition are
topologically equivalent.

PosrasayTo mumrames TomosoriuHol kiacudikanii GyHKINN HA MIONTMHI.
Bukopucrosyioun ysarampuenus: rpady Kporpona-Piba mano meobxigmi i
[OCTATHI YMOBH, KOJIM Bl IICEBIO-TAPMOHIYHI (GYHKII 3araJbHOTO IIOJIO-
JKEHHS, IKi MaIOTh CKiHYeHY KiJIbKICTh CUHTYISIPHUX TOYOK i BiIIIOBiIAIOTH
TIeBHII JOJATKOBIN yMOBI, Oy/yTh TOIOJIOTiYHO €KBiBAJIEHTHIMH.

1. Bcrvil

Y pobori mOCaiIKYETHCH NUTAHHA PO3PIBHEHHS HENEPEPBHUX
byHKINE HA IJIOMMHI 3 TOYHICTIO JI0 OPIEHTOBAHOI TOMOJIOTIIHOL
€KBiBaJIEHTHOCTI.

V Taxiit 3araspHi TOCTAHOBII 114 3aJa4a Jy:Ke CKIaTHa, TOMY
MH 0OMERKYEMOCH KJIACOM (PYHKINHN, MHOKUHNA PIBHSA TKUX JTOKAIb-
HO MalOTh IPOCTY OyI0OBY — IICEBI0-TAPMOHIYHUME (DyHKITIIMA.
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Haragaeno, 1o hyHKIig Ha, MIOIWHI HAZUBAETHCS 1CE600-20-
MOHIYHOM, SIKIIO JIOKAJIHHO B OKOJII KOXKHOI TOUKHW 00/1acTi BU3HA-
YeHHY BOHA TOMOJIOTIYHO eKBiBaJsienTHA 110 Re 2" y mesdkomy OKOJii
NOYaTKY KOOPJIMHAT HA KOMILIEKCHIH tiomuni (n € N 3amexurs
Bl TOYKH).

Mu posrasgaeMo nceBao-TapMOHIUHI (DYHKIIT 3araJbHOTO MO0~
JKeHHsT (pi3Hl CHHTYJIAPHI TOUKH 3HAXOJIATHCS HA PI3HUX MHOXKHU-
HaX PIBHs ), IKi IO TOTO K MalOTh CKiHUY€HY KiJBKICTh CHHTYISIPHUAX
TOYOK.

Y sgKocTi ocHOBU i 0OY/I0BU 1HBApPIaHTY, KU PO3PI3HLE Ta-
ki dyuKIil, Mu 6epemo Tak 3Banuii rpad Kponpoga-Piba dymxmil
I'k_r(f) i HaALIsIEMO HOTO TOATKOBOIO KOMOIHATOPHOIO CTPYKTY-
poto.

Bizomo, mo Ha KoMmakTHHX HOBepxHsax rpadpwm Kporpona-Pi-
6a dyHKIi 3 TPOCTOI JIOKAIBHOW OynoBor (Hampukia, dhyH-
xiiit Mopca, abo 6iy1bIl 3arajbHO — MIaJKUX (DYHKIIIH 3 130/160Ba-
HUMU 0COBTMBOCTSIMHU) € TomosioriannMu rpacdamu. Curyariist Kap-
JIMHAJIbHO MIHAETHCH IIPU TEPEXO/Ti 0 HEKOMITAKTHUX [TOBEPXOHD —
BigoMi mpuk.Iau riraakux pyHKIiH 6e3 0co0uBOCTEl Ha IIJIOIIIHI,
st stkux romostoriunmit mpoctip ' p(f) #aBits He € Xaycmop-
dorum (aue. [1]).

V 3B’d3Ky 3 UM HAM TPUXOAUTLCS ITie O1IbITe 00MEeKyBaTH KJIacC
byHKI, dKUii ME PO3IVISIAEMO i BBOIUTH AOJATKOBY TEXHIUHY
yMoOBY, sika rapanTye, mo I'x_g(f) € “maiixke Tonosoriuaum rpa-
dbom” (vMu mHazmBaemo Taki 06’ekTu rpadaMu 3 uepemkaMu).

He mumnsuncek wa Taki 3HauHI 0OMEXKEHHS, MU OTPUMYEMO J10-
BOJII IMUPOKWI 1 mikaBuit kjaac QyHKIH. 3YMHHUMOCST HA ITHOMY
JOKJIAIHIIIIE.

Hexait M? — nsoBumipua mosepxus, f — ruaaka GyHKIis Ha Hiil
3 130JIbOBAHUME KPUTHIHUMHU TOTKAMHU.

SIkmo x € M? — peryisipaa TO4UKa, f, TO 33 TEOPEMOIO IIPO PAHT
(nuB. [|2]) ichye audeomopdism pesikoro okoiy Uy Touku = Ha
oKl mouaTKy Koopauuar B R?, sknii Bi06paskae KOMIIOHEHTH T1e-
peTuHiB MHOXKUH piBHs f ¢ U, Yy MHOXWHU DIBHS KOOPAWHATHOI
npoextii pry: R2 — R, pry: (21, 22) — 1.
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Bigoma Taka reopema (aus. [3,4]): das xoorcnoi isoavosanot kpu-
MUYHOT MONKY Ty (OKPIM AOKAABHUL exempemymis) dynruyii f €
C3(M?,R) icuye oxin, y axomy GyHEYIA MONOAINHO eKEi6aNEH-
mma do Re 2 dan dearozo k € N.

Orxe, koxxna bynkuia f € C3(M? R), gka He Mae JOKaIb-
HUX eKCTPeMYMIB 1 BCl KpUTHUYHI TOYKHK FKOI 130/IbOBAHI, € TICEBJIO-
TapMOHIYHOTO.

Pe3yJILTAT.

VY pozminax 2 i 3 Mu Bu3HAYAEMO KJjac (DYHKINH, sSKUil MU BU-
BUaEMO, i o3HauaeMo moHaTTs rpada Kporpoga-Piba.

Jonarkosa crpykTypa Ha rpadi Kponpoga-Piba Bxrriowuae opi-
€HTAI0 #Ooro pedep i JYacTKOBUIT MOPAMOK HA MHOXKWHI BEPIIHH,
SIKI TIOPOIKeH] HATPAMKOM 3pocTtants (GpyHKIl f. [uM morgarTam
OPUCBSIYIEHUH PO3IiT 4.

Tamoro ckramoBoro mpogarkoBol crpykrypu Ha L' _p(f) € cnin
y BepiuHax 1boro rpada. CriHoM y BepIivHI Ha3uBAEThCS BUOpa-
HUW TEBHUM YMHOM uyuks pebep, ski Ti innugenti. O3HAUEHHIO
UX [MOHSTH 1 JIOCHIJPKEHHIO BJACTUBOCTEHN CIIiHA, HPUCBSYEH] PO3-
mimm 5—7.

Y pozmijii 8 o3HaUeHI MOHATTS HABGHMANCEH020 1 CAGOO HABAH-
maoicenozo rpadis Kponpoga-Piba, a TakoX HDOHATTS iX exsica-
aenmuocms. KpiM TOTo MU 03HAYAEMO MOHATTS  0PIEHMO6aH0i No-
waposoi exeisanenmmuocmi GyuKIii f i g, 6k crabke, HixK TX
OPIERMOBAHA TMONOAOZIYHA EKEIBAACHITIHICITIY.

Hapermri, pozainun 9 ta 10 npucsadeni JoBeIEHHIO HACTYITHOTO
OCHOBHOT'O Pe3yJIbTaTy JaHol poboTH.

Teopema 1.1. Hexzati f,g: R? = R — dynxuii 3azarvnozo noso-
2ICEHHA, U0 3G0080ALHAINMD YMOBU .

Qynxyii f 1 g € opienMOBaHo NOULAPOBO EKGIGAAEHIHUMU MOODT
1 MIALKU Modi, Koau caabo nasanmasicenudi epagd Kponpoda-Piba
Ppynryil f exeisasenmuuti caabo wasanmadicenomy epady oonici 3

pyuryiti g abo —g.
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Qynruii f 1 g € OpieHMOBAHO MONOAVZIYHO EKBIGAAECHMHUMU
moodi © MiAbKY Modi, Koau ix Hasanmasceni epagu Kponpoda-Piba
€ eK6I8AAEHMHUMU.

Jaui mu 6ynemo nosgadaru depes A 1 Fr A saMmukammsg 1 Mexy
MHOXKMHE A, BIAMOBIIHO.

2. YMOBU & 1 @VHKIIIT 3ATAJIBHOIO TTOJIOYKEHH S

Hexait Vi, Vo — obnacti na maommni. Haragaewmo, 1o menepepsi
dbyukii g1: Vi — R 1a go: Vo — R mazupaoThCa mMonosoziumo
eKBIBAAEHMHUMY, STKITIO s geaknx romeomopdiamis h: Vi — Vs
ta h': R — R Bukonyernca pisnicts h' o g1 = g9 o h. @ynkuil g;
Ta G2 OPIEHMOBAHO MONOAVRIYHO €KBIBAAECHMHL, TKITO JTOJATKOBO
romeomopdizmu h ta h' 36epiraroTh opieHTAIliIO.

Hexait f: R? — R nenepepsua dpyHKIIis, SKa 3a/0BOJIbHSIE Ha-
CTYIHUM YMOBaM, SIK1 TIO3HAUUMO .

a) s koxuoro € R? B oxoui Toukn = dysKis f TOHO/IO-
riuno exsiBasieaTHa 10 Re 2™, n € N, B oxoJ1l modarky KOOpAUHAT
(sskmo 1 = 1, Ozl TOUKY T HABUBATUMEMO DE2YAAPHON) TOUKOO;
SKIO N > 1, TOMI T HABUBATUMEMO CUH2YAAPHOI TOUKOLO).

6) Yucno cuHryasgpHux TOUOK GYHKINI f € CKIHYeHHUM.

B) Hexait mia a € R, Touku x1,x9 € R? majexarsb pi3HUM
KoMmoHeHTaM MHOKuEE piasg f~!(a). Toni smaitmryThea BimkpuTi
okomu Uy 3 z1 1 Uy D x9, Taxi, 1mo mig kKoxkHOro b € R i xom-
nonenTn F, MHOxKuHN piBHs f ! (h) BUKOHYEThCA CIBBiTHOIIEHHS
(FbﬂUl :@)\/(FbﬂUz :Q).

Osnauennsa 2.1. Crxaorcemo, wo f: R? = R e dynruiero 3a-
20ABHO20 NOAOHCEHHA, AKWO HO KONHCHIT MHONCUHL DIBHA Mi-
Ccmumbes we 6iabwe 00HIel CuH2YAAPHOT MoK,

3. ITroctTip KPOHPOUA-PIBA ®VHKIIIT f

PozragremMo po3OUTTS TIOMUHU, €JIEMEHTAMHU SKOTO € KOMIIO-
HEHTH MHOXKUWH piBHs f. EjieMentTu po3butTs, 9Ki MicTATH CHHTY-
JIAPHI TOYKH, HA3BEMO CUH2YAAPHUMY. Bel 10T KOMTIOHEHTH MHO-
JKUH PiBHA Dy/IeMO HAa3UBATU Pe2yAdpHUMU.
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®axrop-npoctip I'x_g(f) maomman 0 BrazaroMy pO3GUTTIO
Ha3UBAETHCA npocmopom Kpowpoda-Piba ¢dynwuii f. Tlosaaummo
aepes 7y R? — Ig_p(f) Bisobpaskenns: mpoexil.

3 roro, mo f Binobparkae eseMeHTH po30UTTs HA KOMIIOHEHTH
CBOTX MHOXKWH piBHst B Touku R, Bummsae (pus. [5]), mo Heue-
pepsHe dakrop-imobpaxennst fx_pr: I'x_g(f) — R, Take, mo
[ =fk-romy.

Haramaemo Jesiki o3HavyeHHs 1 KoHCTpyKil (aus. [1]).

CxrazxeMo, 1Mo rpad crinuenuti, aKIMO MHOKWHA HOTO BEPIWH i
pebep e ckingennmu. ['pad aokasvHo-cKinyenut, SKITO KOKHA HO-
ro BEPIUHA IHITUJAEHTHA CKiHYeHi# KisbKocTi pebep. s jokanbHo-
ckinueHoro rpada KiJibKicTb pebep, SKUM IHIUJIEHTHA BEpPIIUHA,
Ha3UBAEThCA nopadkom sepuwunu. llemaero € pedbpo rpada, KiHIl
KOTPOTO 36irafoThes. Jucmramy Ha3UBAIOTHCS BEPIMHA TOPSIKY
OJTHH.

Hexait G ¢ soKagpHO-CKiHUeHH (He 000B’SI3KOBO CKIHYEHMIA)
rpad 6e3 nerejib. Posrisinemo G 9K 0 HOBUMIpHUI IPEICUMILIIIT-
AJBHAN KOMIIJIEKC, HyJbBHMIPHUMY CHMILIEKCAMY KOTPOTO € Bep-
[INHE, & OTHOBUMIpHUME € pebpa (nuB. |6]). Binmitumo, 1o rpad,
SAKUM HE MICTUTH KPATHUX pebep, € CUMILTIIAILHIM KOMILJIEKCOM.
Posrusinemo aberpakrruii nosieap |G|, o BiANOBIIAE IHOMY KOM-
mrekcy. Tononorist Ha |G| TOPOIXKYETHCST TOKPUTTSIM, sIKE CKJ1a/1a€-
ThCsI 3 3AMKHEHNX CUMILIEKCIB Komriekcy G (nigmuoxnua A C |G|
€ 3aMKHEHOI0 TOJI ¥ TITBKKA TOAl, KOJW 11 MepeTuH 3 KOXKHUM pe-
6pom G € 3amxuennm ). Jlaai ropopsian npo Tomosorito Ha rpadi G
mu GyzeMo MaTu Ha yBasi Tonosoriunuit npoctip |G

I'pad G, Ha gxkoMy 3ajaHa OMUCAHA BUILE CTPYKTYPa TOMIOJIO-
DIYHOTO TIPOCTOPY, HABUBAETHCT MONOA0IUHUM 2padom. Ham mu
OyzeMo po3rasaaaT TiAbKY Taki rpadm.

Samrnerum pebpom G OyaeMo HA3UBATH BiANOBIIHUN 3aMKHE-
HU OJIHOBUMIDHUI CUMILIEKC, & GI0KPUMUM PebpoM — BIAKPUTHIT
cummiekce (pebpo 6e3 Bepius, gki € Horo KiHigMn).

Hexait Vp € migmuokuuot0 MHOKuMHKM jucTKiB V) rpada G (Bu-
nagok Vp = & MU He BUKJIIOUAEMO).
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Hexait e C G — (3amkuene) pebpo G, IHIMIEHTHE TEAKOMY JIUC-
tky 3 V. Muoxuny e\ V) nazsemo uepewrom. Ipocrip Gog = G\
Vb Ha3UBAETHCA MONOAO2IUHUM epadom 3 wepewkamu. [Tozmaanno
4epe3 Xy 1 Ky MHOXKUHY CUHI'Y/ISPHUX TOYOK 1 00’€IHAHHSA CUHIY-
JIAPHUX KOMIIOHEHT MHOKUH pisus f. Yncno a € f(R?) mazupae-
ThCS CUHRYAAPHUM 3HaMeHHAM DYHKIUT f, K110 f_l(a)ﬂzf # .

Bayparkennsa 3.1. Hexait 2 € R?, F, — KOMIIOHEHTa MHOMKIHK
piBna f, axa Micturs 2. Ockinbkn muoxuaa F, C f~1(f(x)) 387a-
swa (mue. [7]), T0 Fy = F.

3 ymoB S ciaigye, mo mMuoxkuaa Ky € He3B a3HUM 00’ €qHAHAAM
CKIHYEHO! KITbKOCTI 3aMKHEHUX CUHTYIAPHAX KOMIIOHEHT MHOKIH
pieust f. Tomy muoxkuna K\ F, 3amKHeHa i £ Mae OKiJ, axuil He
NMEPETUHAETHCA 3 MIE€I0 MHOKMHOIO.

3 nysxTiB a)-B) ymoBu 1 3 [1, Teopema 1|, BumimBae Take

TBEPIZKEHHA.

Teopema 3.2. Ipocmip Kponpoda-Piba dymnxuii f: R? — R, wo
3000804bHAE YMOBY F € 2padoM 3 UEPEUKAMU, MHONCUHE GEPUIUH
AKozo 3bizaemoca 3 muoocunoto m(Ky).

Bamxneni pebpa U _r(f) € obpasamu 3amukarmns Komnonenm
muooicuny R?\ K £, MepewKy € 00pasamu 3aMUKAHIA KOMNOHERTN
R2\ Ky, wo maromo 36°asny meocy.

SayBaxkenns 3.3. 3a osnauenusM, rpad ['x_g(f) — noxkaabHo-
CKIHYeHWH, a TOMY 3 MTOTIEPETHROTO 3ayBayKeHH 1 TEOpPEMH 3.2 CJi-
nye, 1o 1ieft rpad ckindenwnii, kojgu f BiAmosinae ymoBam .

4. OPICHTALISA PEBEP I'PA®A KPOHPOIA-PIBA I
BIJIHOIIEHHS TTOPSIJIKY HA OO BEPUIMHAX, 1110
IHAYKOBAHI f

Hexait f e dyukieo 3aragbHoro mojoxkents. [lomiTumo, 1o Ha,
pebpax rpady I'x_gr(f) dyukuis fx_g € cTPOro MOHOTOHHOTO.

JliticHo, y TPOTUBHOMY BHIAJKY Ha, JEAKOMY BIIKPUTOMY pe-
Opi e dbyuxuia fx_p mMana 6 (HeCTPOrwil) JTOKATHHUI EKCTPEMYM.
Bracmifox nporo obmexkents f| 1) Mamo 6 y geakiit Toumi x
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BIIKPUTOI MHOXKWHA Wﬁl(e) JIoKabHU ekcTpemyM. Otxke, f Tex
MaJja 6 JOKaJIBHUN eKCTPEMYM y TOUI &. A 11e HEMOYKJIUBO, OCKI/Ib-
KU 33 YMOBOK 'Y JIESIKOMY OKOJIl TOUKHU & (PYHKITsT f TOTOJIOTTTHO
exBiBasieHTHA 10 Re 2™ B OKOJ TIOYATKY KOOPAMHAT I TIEBHOT'O
n € N. A Touka () oueBUIHO HE € JIOKAJbHUM eKcTpemymoMm Re 2™
Hi pu gxomy n € N.

Omxe, Ha KOXKHOMY pebpi rpady 'k gr(f) BusHaveHwMii HAPS-
MOK 3pocTanHs fx_ g i dyukmis f ingykye opienrarito va ' g(f).

Ha muoxuni seprims ' p(f) MoxHa BBeCTH IEKIJIBKA PI3HUX
BIJTHOIIIEHE CTPOTOTO YaCTKOBOTO TIOPAJIKY, OB’ sI3aHuX 3 f.

Osnaunmo nopsiior P (f), moxkaasmm v1 < vy TOl i JwIie To,
ko fix_p(v1) < frx—r(v2), e v1, v — BepwHu Ha rpadi. 3 03Ha-
genna 2.1 cainye, mo fx_pr(v1) # fx—r(v2) npu v; # ve. Tomy
It (DYHKII 3araabHOTO TMOJTOKEHHST TOpsioK Py (f) € siniiHmM.

3posymisio, mo mopsaok Pj(f) y3romaxenuit 3 opieHTaIiero Ha
I'k_r(f) y HacrymrOoMy cenci. ZKImo BepmuHM v Ta v € BIAIO-
BITHO TOYATKOM i KiHIleM opieHTOBaHOrO pebpa e, To v < V3.

Yacrrosuit nopsinok Po(f) wa muoxkwuni seprima I'g_g(f) Bu-
BHAYMMO HACTYITHAM IUHOM. CKarKeMo, IO BEpIHHA v] TEPeye
Vg, SKIMO iICHYE OPIEHTOBAHWN TLIAX, A SKOTO BEPITUHA V] € TT0-
9aTKOM, & Vo — KIHIIEM.

Bigmirnnvo, o nopsiaok Po(f) € cnabmmm 3a Pi(f), ockiabku
I'i_gr(f) moxe micTuTH BepMHM, SKi HE MOXKHA 3’€JIHATH 34 J0-
IOMOTOX0 OPIEHTOBAHOTO IIJISIXY.

Hexait f e dynkiiero 3aranbroro nonoxenns, I' g r(f) — 11 npo-
crip Kponpoma-Piba. 3 oryiany Ha Teopemy 3.2 Mmu OymemMo Ha3uBa-
tn U _r(f) opienmosarum epagom 3 uepewramu Kponpoda-Piba
dyukmil f, abo ckopoueno epagom Kpowpoda-Piba dyrkii f.

5. OBHAYEHHSA IUKJIY

st Toro, 1106 03HAYNTH JAOAATKOBY CTPYKTYPY Ha rpadax Kpon-
pona-Piba, Ham Oy/e MOTpiOHE TOHATTS MUKIY €J1eMeHTIB MHOXKU-
HI.

Orxe, Hexait A — meaxa MHOKUHA, A% — MHOKHHA BCIX CKiHTe-
HUX TOCTioBHOCTEl enemenTis A. Hexaii hh — po3buTTss MHOKIHI
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A, IOpoZKEHe BiHOIEHHSIM
(a1,a9,...,a.) ~ (ag,...,ar,a1), (ai,...,a;) € A®.

Enementn daxrop-MHOKnHT A = A/ Bynemo HAZUBATH YUKAAMU
Ha A. X
Hexait p: A — A — npoexiiis. [Tozaaanmo
(at,...,ar) =p{a1,...,ar)),
(a1,...,a,) € A*.

dxmo p ((b1,...,b;)) = (ai,...,a,), HA3BEMO MOCJILTOBHICTE
(b1,...,b,) npedcmasnurom 1uky (ai,...,a,).
Enementn a;, a;+1 € A mocmigosrocri (ay, ..., a,) 6yaemo Ha3H-
BaTH cycionimu, i € {1,...,r —1}.
Haseemo cycionimu enemenTtn a;,aj+1 € A mukiay (ag,...,a,),
ie{l,...,r —1}, a TaKOX €JEMEHTH 4y TA ].
6. Crin

Hexait € R? e cunryaapHoo Toukoo (yHKI f 3arajsHOTO
noJsioxkenHst. Hexait F, S x — BIANOBIIHA KOMIIOHEHTa CHHTYISPHOL
mHoxkunn pisns f. 3adikcyemo oxin U C F, N (R? \ Ky) Touxu
x (nuB. 3ayBazkeHHd 3.1) Ta romeomopdizmu h: U — h(U) C C,
h:R — R, axi 36epiraroTb Opi€HTAIIO 1 Taki M0 BUKOHYIOTLCS
pisuocti h(x) = 0 ta b’ o f = Re 2" o h ays geaxoro n > 2. Hexait

V =h(U).
ITozragmmo
k
Zp={2€C| Rez"=0}={2€C| argz:%, kelZ}.

3 osmauens cuiye, mo h(f~1(f(z))) = Z, Nh(U).

Icuye € > 0, anst sikoro Uz(0) = {z € C | |z] < e} C V. MHOKu-
Ha U (0)\ Z,, posmazmaersbes Ha 2n obacreit Vi, ..., Va,. Ilpoo6pas
f/; =h! (V) KOXKHOT 3 HUX € 3B’SI3HOTO 11 MHOKMHOIO JIOTIOBHEHHS
R?\ K ¢ B cuny Bubopy U i h. Tomy 3rigno 3 Teopemoto 3.2 jis
KOXKHOIO § = 1,...,2n icuye pebpo es rpada 'k _r(f), Take, mo
Ve C 1 (es).
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Omxe, nocaigosrocri obnacreit (Vi, ..., Va,) Bianosinae nocri-
JIOBHICTH (€1, ..., €2,) pebep rpada Kpoupona-Pida, a Tomy i nuk
pebep (e1,...,ea,).

Ozuavennda 6.1. Hezat indexcu obaacmeti Vi, ..., Vo, 36iavuwy-
romoca 610 1 do 2n npu 062001 HA8KOAO nouamry KoopduHam Y
000aMmHOMY HANPAME, AKUT GUSHAYAEMBCA OPIEHMAUICIO NAOULUNY
C.

Haseemo 6idnosionuti im yuka cninom y eepwuni v = my(x)
epagpa Kponpoda-Piba Uk _g(f) i nosnawumo tozo <v.

Teepmxenna 6.2. Osnauenns Cning KOPEKMHE.
JloBemeHHSA 3BOMUTHCS 70 JIETKOI De31ocepeHbOl ePEBipKM.

Osnauenns 6.3 (qus. [8]). Hexatl y deaxomy okoai cuneyraprot
mouku © € R? dynruia [ mononoziuno exsiearenmna do Re 2",
n > 1, 6 okoai nowamxy xoopdunam. Hucao n — 1 nasusaemovca
KPAIMHICTIO CUHLYASPHOT MOUKY X .

7. BJIACTUBOCTI CIIIHA

Teepaxkeunus 7.1. Hexat [ € pynkuicto 3026451020 NOAOHCEHHA,
wo 3adosorvnac ymosu . Todi KooCHa CUHYAADHA KOMNOHEHMG
MHOHCUHY DI6HA PynKuil [ € 00 €dHaHHAM CUHYAAPHOT MOYKY
f wpamuocmi n — 1, (n > 1 — deaxe wucao, axe 3anrescumv 6i0
KOMNOKEHNU), | 21 NPOMENIS, AKE GULO0AMD 3 CUNLYAAPHOT MOUKY
1 NPAMYIOMb 00 HECKIHYERHOCT.

Hosedenna. Hexait F'— cUHTYISpHA KOMIIOHEHTA 3B SI3HOCTI MHO-
kuHU piBHA f. 3 03HaUYEHHS (PYHKII 3araJbHOTO OJIOXKEHHST CJTi-
Jy€, 110 ICHYE €/IMHa, CHHI'YJIsIPHA, TOYKA Xg € F'.

Posrasinemo muoxuny Fy = F'\ {xo}. Hexait H — komuoHenTa
3B’43HOCTI i€l MHOXKUHH.

Ilepesipumo, mo g € H. 3a ozHavenHaM H € 3aMKHEHOO M-
MHOXKHHOIO mpocTopy Fy B immykosamiit 3 R? romosorii. Ockib-
ku Fy He MICTHTH IHIMUX CHUHTYJASPHUX TOYOK, OKPIM X, TO Teit
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npocTip € JIOKAJIBHO 3B’sa3HUM (3 yMOB & CJtify€, mo B OKOJI KO-
xuO0l Touku Fjy mokampro romeomopdrumit inrepsany) i H € fio-
ro BiIKpuTOR miaMHOXKKHOW. Hexait z¢ ¢ H. 3 omgnoro 6oKy,
H = HNFy = HNF i H 3amkrena B F. 3 igmoro 60Ky, MHO-
KuHa Fy Binkputa B F'1 H BigkpuTa B Fy 3a npunymenasM. Tomy
vuoxkwuna H Binkpura B F'. Otke, H € BiIKpUTO-3aMKHEHOIO B F,
III0 HEMOZKJINBO, OCKLIBKH 32 O3HAUEHHsIM F € 3B’SI3HOI0 MHOXKM-
Hoto i H — 11 Bj1acHa migMHOXKUHA.

OTxke, A/ KOXKHOI KOMIIOHEHTH 3B a3H0cTi H MHOXKMHE F{) TO-
YKa Tg MICTATHCA B 11 3aMHUKAHHI.

Brigmo 3 semoro 1 3 [1], H € abo srmagennM y R? Bigxpuram
inTepBasiom, abo koom. Axmo H romeomopdma komy, To H € KOM-
naktoMm i H = H ¥ x¢. Mu moifHO /10Be/IH, M0 TaKe HeMOYKJINBO.
Orxke, KOXKHA KOMIIOHEHTA, 3B’ s13H0CTI H MHOXKWHEU Fjy € TOMEOMOp-
¢drUM 06pazom inTepBaITY.

Brigno 3 [1, 3ayBaxkenns 3 i ema 1| Mae BUKOHYBaTHUCS BKJIOUYe-
una H C HU {zo}. To nosesenomy zg € H, orxxe H = HU {z0}.

Hexait a: R — R? — rrazenns, take, mo o(R) = H. Pozria-
HeMo (mB. [1]) MHOXKUHU

L'= m a(—oo,—7), L'= ﬂ a(T,+00) .

TER TER

Jlema 3 3 [1] crBepuzKye, 10 KOXKHA 3 IUX MHOXKHUH ab0 IIOPOXKHS,
abo 36iracrbest 3 {zo}.

Bumasiok L' = L" = @ memoxmmsuii. [lificio, 3 ogmoro 60Ky,
HUL' UL" = H 3rigno [1]. 3 inmoro 60Ky, Mu BCTAHOBUIM, 110
xg € H \H .

[Mpunycrumo, mo L' = L" = {xg}. Toxui, sik jerko 6Gauuru, MHO-
wwuta H romeomopdma kouy. 3a Teopemoro 2Kopaana, aus. [7], me
KOJI0 € Mexero Binkpuroro gucky W. Hexait D = W. Ockinbku
D e kommakToM, T0 dhyHKIis f|p HabyBae y JesIKUX TOYKAX MiHi-
MaJIbHE i MaKcUMaJibHe 3HaueHHst m Ta M, BigmosigHo. 3 yMoB &
craiaye, mo GyHKHig f He € ToCcTiHO Ha BiAKpuTi MuoxuHi W,
ToMy m # M 1 ofiHe 3 UX JBOX 3HAYEHBb BiIpi3HsieThes Bia f(xo).



Ilpo Tonosoridny exBiBaJEHTHICTD . . . 17

Hexait m # f(x0). Ockimexn H C F C f~1(f(x0)), To icaye To-
uka x € W, taka, mo f(x) = m. Toai, oueBuaHO, T € JOKATLHUM
MiniMyMmoMm (yHKIHT f. A 11e cymepeunTs ymMoBaM .

Orxke, oana 3 muoxkun L', L nopoxus, a inma 36iracrbest 3
{zo}. Bracainok nporo muoxuna H € npomenem, skuil BUXO1UThH
3 T. Tg 1 IPAMYE 10 HECKIHYEHHOCTI.

Hexait n — 1 — kpaTHicTb cUHTYJIApHOI TOUKN Xg. Tomi y mesaxo-
My oxogii U Touku zo GbyHKIs f TOMOJOTIYHO eKBiBaJEHTHA JI0
dyuxrii g(z) = Re 2" B okoni mynsa. Hexait h: U — h(U) C C ta
h': R — R raki romeomopdizmu, mo h(zg) =0 1a k' o f = goh.
3MeHIyoun 3a HeobxigHocTi oK U, MU MOXKEMO BBayKaTH, IO

hU) = Ua(0) ={z € C ||z < a}

Jutd pesikoro a > 0. He obmerkytoun 3arajibHICTh MipKYBaHb, MO-
xemo BBaxkaru, mo h(U) = Uy(0).
Posriissnemo muoxKuny

FonU = (FNU)\{zo} = h™' ((Za N U1(0))\ {0}) -

OdeBuiHO, BOHA Mae 21 KOMIIOHEHT 3B sI3HOCTI.

Hexait 3noBy H € kommouenTo10 38’ i300CTi MHOKUHK F(y. Tak gk
xo € H, To H mepeTnHAETHCS TPUHANMHA] 3 OHICI0 KOMIIOHEHTOIO
sB’a3n0cTi Muokuuu Fy N U. Hpumycrunmo, mo H nepernHaeTbes
3 JIBOMa PIZHUMM KOMIIOHEHTaMH I1i€l MHOKMHU Y Toukax z’ Ta x”,
BIiJITIOBIJTHO.

3 Bubopy okony U chimye, mo muoxkusaa F N U miniitao 38’s-
3Ha, ToMy icaye ayra Rg C F N U 3 kinngamu y toukax o' i 2.
3pozymijo, mo xg € Ry.

3 immoro Goky, icuye gayra Ry C H, saka 3’ennye Touku 2’ i
x”. OueBunno, o ¢ R;. Jlerko Gaunrtu, mo pasom ayru Ry i Ry
yrBoproorh ko0 S C F C f~1(f(x0)). fdx Gyno nokasano suie, y
BHYTPIIITHOCTI JUCKY, MEYKEIO SIKOTO € .S, MAa€ MICTUTUCE JIOKATHHUI
ekcTpeMyM yHKIL f. Ae 11e cymepednTs yMOBaM .

3po3yMijo, 1o KOoKHA KOMIIOHeHTa MHOKUHU Foy U Mae micTu-
TUCA Yy €Kil KOMIOHeHTi Olibimol Muokuan Fy. Omke H N U —
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KOMTIIOHeHTa, 3B sa3H0cTi MHOKUHN Fy N U 1 Fy Mae piBHO 2n KOM-
IOHEHT. O

Hacainok 7.2. Hezati © — cuneyaapua mouka f, Fy — cunayasap-
HG KOMNOHEHMG MHOJICUNY pieha f, axa micmume x, () — Komno-
newma 36 aznocmi mmootcunu R? \ K.

Sxuo QNF, # @, mo v € Q.

Hexati H — xomnonenma 36 asnocmi muoocunu Fy\{z}. Hxwo
QNH # @, mo HC Q.

Jlosedenna. Hexait H — kommonenTa 38’ st3nocTi Muokuau F\{x}.
3 teepmxenna 7.1 caimye, mo x € H. OTKe, Iepine TBepIKeHHS
HACJIIKY CAIye 3 APyToro.

Hexait 2’ € QNH. Bizbmemo gesike z”/ € H. OcKiapKn MHOXKMN-
na H romeomopdua inTepBasly BHACIIIOK TBEpAKeHHS 7.1, TO B
Hiit icuye migMmuoxkuna R, sxa romeomopdmna Binpizky i micTuTh
2’ Ta z”. KopucTylounch KOMIakTHICTIO MEOKUHE R i3 3ayBaxe-
muga 3.1 jgerko BuBectH, 110 icuye oxkin U muoXkuau R, miag gkoro
BUKOHYeThCe crisBignomenng U N Ky C H.

3 TBepmKents 7.1 BumauBae, mo H MICTUTH JIUIe perysspHi
roukn f, romy 50 R mMoxKHA 3acTocyBaru TBep/KeHHs 2 3 [1].

Orxe, icuytoTs Takuit ok N MuOKWHE R 1 Takwmit ToMmeoMop-
dbism h: N — [—1,1]?, mo h(N NE,) = {0} x [-1, 1]. Buenmytoun
okin N, moxna Bazkarn, mo N C U i h(NNKy) = {0} x [-1,1].

Posrsigaemo MEOXKUHA

Wy = (=1,0) x (—1,1), Wo = (0,1) x (—1,1),

a Takox ix mpoobpasu V; = h=1(W;), i =1,2.

3pozymijo, mo MaoKuHE V] 1 Vo 38’a3ni. Takox 3a mobym0Bor0
NNR2\Kf) =V4UVs. Tak sk 2/ € NNQ, Tomy NNQ # 2.
Ockimbkn Q C R?\ K¢, to QN (V1 U Va) # @.

Hexait @ N Vi # @. Muoxuna V; C R? \ K; 3p'a3na, a Q €
KOMTIOHEeHTOIo 3B’ g3HocTi R? \ K ¢ momy Vi C Q. 3posywmiio, mo
" CRCV, CQ.

Amnanoriuno, axkmo Q N Vs # @, To 2" C V5 C Q.
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Ocrarouno, H C @ Buaciigox gosinsuocti y Bubopi 2" € H.
Hacnigok moseneno. O

Teepaxxkeuns 7.3. Hexat [ € pynkuicro 3026451020 NOAOHCEHHA,
wo 3adogoavhac ymosu . Hexatl cumeysapua xomnonenma F it
MHOHCUHU PIBHA MICMUMDb CUHYAAPHY MONKY To KpamHocmi n—1
oasa desrxozo n > 1.

Todi muoorcuni F 6 Tx_g(f) sidnosidae sepuuna, awxit inyu-
dermmni pieno 2n pebep, n > 1. I[lpunomy daa n 3 yux pebep eep-
WUHG € NOYAMKOM, OAA THWUL N pebep — Kinyem.

Josedenna. Hexait U —oxin 1. xg, B akOMy f TOTOMOTIYHO €KBi-
BasienTHa 10 QyuKIT Re 2" B meaxomy okosi 0. Hexait Takox
h:U = h(U) CcCih': R — R— Bianosigai romeomopdizmm.

He o6mexytoun 3aranpHIiCTh MipKYBaHb (1uB. 3ayBaykeHHs 3.1),
oynemo BBazkatu, mo U N Ky C F i h(U) D Ui(0). IToxrazemo
D= hil(Ul(O)).

Tlozraammo uepes Vi, ..., Vo, KOMIIOHEHTH 3B’I3HOCTI MHOXKUHN
U1(0) \ h(F) = U1(0) \ Z,. Hexait W; = h=1(V;), i = 1,...,2n.
3posymijo, mo Bei W; 3B’s3Hi, Jexars y R? \ K¢ i micrare xg
y mexi. Takox 3 Biaactusocreit Re 2™ ciinye, mo juig nojgoBuHu
innexcis BuKkonyeThes crissianomennsa f(W;) C (—oo, f(xg)), a
qytst immol mostosunn f(W;) C (f(x0), +00).

Hexait @; — koMTonenTa 38 s3H0cTi MEOKIHEN R?\ K £, LIS AKOT
W; C Q;. 3 meopemu 3.2 Ta 3 Monoronnocti f Ha pebpax I'x_g(f)
cainye, mo BepmmHa v = m¢(F) € moyarkom pebpa e; = m(Q;),
axmo f(W;) C (f(xo), +00). AHasoriuno v € KiHIEeM e;, SKIIO
f(Wi) € (=00, f(x0)).

Hacmimok 7.2 crBepazKkye, 1110 7151 KOXKHOI KOMIIOHEHTH 3B’ SI3HO-
cri Q vmoxuman R?\ K £, AKa MEXKY€ 3 MHOXKHMHOIO F', BUKOHY€ETbLCS

crigignomenns zo € Q. Ockimbru U N (R?\ K;) € U, Qs, 10

Q) 30iraeTbCs 3 OJHIEI 3 MHOXKUH @1, ..., Qo,. OTxe, BepiuHi v
rpacda Kpoupona-Piba ¢dyukmil f innunentro He Giabiie, HiK 2n
pebep.

s 3aBepiiends JOBeIEHHS HAM 3aJIUIIAETHCI TIEPEBIPUTH, IO

Qi # Qjupui # j.
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Hexait e me Tax i W; U W, C @Q); mpu feaxux i # j.

Badikcyemo x; € Wi, x; € Wy, i 3’egaaemo ix y ; mpocToro He-
mepeprroio kpusoio v: [0,1] — Q; C R2. Ile Mox/mBO, TOMY IO
BiAKpuTa 3B’g3Ha, MAMHOXWHA (Q; ILIOMWHKA € JHHIAHO 3B’A3HOIO.
Bigkpuricts Q; crimye 3 HacTymHEX MipKyBanb. Muoxuaa R?\ K ¥

3HOCT] TexK Bimkputi, ockimbku mpocrip R? € J0KaIbHO-3B SI3HIM

(mus. [7]).
Hexait ; = v(0), ; = v(1). ITosnaanmo

ti = sup{t € [0,1] [ y(¢) € Wi},
t; = inf{t S [ti, 1] | ’)/(t) € Wj} .

3a 100y/10BOIO WZOWJ C Ky, Tomy WiﬂWjﬂQi =T it <t
Hozuauumo y; = v(t:), yj = v(t;).

He obmerxkyroun 3arayibHICTh MipKYBaHb, MOXKEMO BBAXKATH, IO
Y(t) ¢ D mpu t € (t;,t;). Hiicro, axmo (1) € D gna geskoro
T € (t;,t;), o suaitnersea k € {1,...,2n}, taxe, mo (1) € Wy.
Ockimbkn (1) € Wy, NQ;, TO 3 BimKpuTOCTI MHOKEHN Q; CAiYyE,
mo Wi N Q; # @, Baacaigok goro Wy C @Q;. 3a mobyaosoio k ¢
{i,7}, i 3amicrs mapu obmacreit W;UW; C (Q; MOKeMO PO3IIISHYTH
W; UW,, C Q;.

Hexait () = v(t; + (t; — ti)t), t € [0,1]. Ba mobymosoro ¥ —
npocra Hermepepsra Kpusa, ¥(0) = y;, ¥(1) = y; 1 ¥(t) ¢ D npm
Bcix t € (0,1). Hexait Takox ~y; 1 ; — mpamosniniiini Bigpiskn, mo
3’'equyiors B Up(0) Touky 0 3 h(y;) Ta h(y;), signosigso. Tlokma-
JIEMO

Fi=h""oy, ¥ =h"ton

[Ipoxonsgum mocmiJOBHO KPHBI 7;, Y Ta 7j, OTPEMAEMO IPOCTY
BaMKHEHY KPUBY [4, SKa MTPOXOJIUTH U€pe3 X 1 JIeKuTh v (J; 3a BU-
KJIIOYeHHM 1€l Toukn. Hexait I/ — BIIKpUTH IUCK, MEXKEI0 STKOTO
e p. [lozmauanmo

S=Fr(U;(0)={z€C||z|=1}, S=h"YS)=FD.
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Kono S pos6usaerncs Toukamm y; Ta y; wa asi gyru S ta S
Ockimexn 29 € pNIntD # @i 7(1/2) € uN (R2\ D) # & 3a
no0y0BOIO, TO OIHA 3 MUX AYT JIEKATH B F, IHIIa HE IEepeTHHAE
E.

Hexait S’ C E. Kiangmu miei ayru e Tourn y; € W;NQ; Ta
y; € W;NQ;. Touxku h(y;) Ta h(y;) Micrarscs B pisHEX ceKTOpax

muokubn Uy (0)\Z,. 3 Buny dyukuii Re 2" B okosi 0 serko cii-

aye, mo gyra h(S’) micrute Toukn muoxkuau h(F) = h(U) N Z,.

Bignosizno, 8" N F # @. Hanpuknag, F NFrW, NS # @i

FNFW;NS # @. Tomy icuye 2’ € F'N E. OueBunno, z' # x.
3 TepmKents 7.1 ¢iigye, Mo iCHYE€ TPOMIHB

B:[0,+00) = F C R?

axuit BuxoquTh 3 Touku rg = [(0), npoxoauTh Yepe3 Touky x’
npu gegakoMy ¢ > 0 1 IpaMye Ha HeCKIHYEHHICTB. 3a Mo0yI0BOIO [
HepeTHHAEThCS 3 F' B euHiii Touti xg, Tomy 5(t) € E 11t KOKHOTO

t > 0, mo HeMOXKJIUBO, OCKIIBKHA MHOXKIHA F KOMIIaKTHA.
Bracaigok oTpuMaHoro npoTupivdst Ipu § 7% j BUKOHYETHCS He-

piBHicTh Q; # Q. O

Hacninok 7.4. Hezxat v — sepwuna U _g(f) i

Qv = (e1,...,€m)
— cnin y sepwuni v. Todi eci eaemenmu yuray (€1, ..., €o,) DisHi
1Y UBOMY UUKAL NPUGMAOMb Y4acms yci pebpa, tHYudenmui v y

Lx-r(f)-

B xootcHit napt cycidniz pebep yukay <\v pebpa Maoms piawi
opienmauii 6i0nocko v (0as 00HO20 pebpa U € NoYamKoOM, OAf TH-
Wo20 — KIHUEM).

Hosedenna. e TBepiRKeHHs CIiJIye 3 JOKAJIBHOIO BUDISLY (DyH-
Kiii f y OKoJI CHHIYJISIpHOT ToUKM (AuB. yMOBU ) 1 3 TBEpJIZKEH-

oa 7.3. |

Hacainok 7.5. Hezat © — cuneyaapna mouxa f, Fy — cuneyaap-
HO KOMNOHENMA MHOCURY pieHa [, x € F,.
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Hezati QQ — xomnonenma 36’ asnocmi mmoocunu R? \ Ky, axa
meoicye 3 Fy. Todi mmoocuna QNFy € 06’ eOHannaAM CUNYAAPHOT
MOYKY & 060X NPOMEHIB, UL0 BUTO0AMD 13 UIET MOYUKY | NPAMYOMDL
HG HECKINYEHHICTMb.

Hexati H — xomnonenma 36 ’asnocmi mmoorcuny Fy \ {x}. Todi
€ pieno d6i Komnonenmu 36 ’aznocmi mruosicuny R? \ Ky, cninona
Mmeotca Axur micmums H. Samuranns 6y0v-arxoi tHWoi KOMNOHeH-
mu R? \ K¢ ne nepemunacmuvca 3 H.

Ipunycmumo, wo H micmumoves y cniavhit mesct Komnonenm
Q' i Q" mmoocunu R*\ Ky. Hezati ¢ = 74(Q"), €' = 74(Q") —
eidnosioni im peopa I' _r(f), v = m¢(Fy) — sepwuna, wo 6idno-
gidae xomnornenmi Fy, muoocunu piena f, <v — cnin y sepusuni v.
Todi pebpa €' 1 €' e cycionimu eaemenmamu yuxay <.

Sxwo pebpa € i € e cycionwimu esemenmamu yuxay <v, mo
Y cniavnit meorct eionosionuz im obaacmeti Q' i Q" micmumvea
Komnonenma muoocunu F, \ {x}, npuwomy maxa xomnonenma
eduna.

Hosedenna. Hexait U C F, U (R*\ Kf) —okin T xg, B sikomy [
OpIEHTOBAaHO TOIOJIOTTYHO eKBiBaseHTHA /10 dyHKIT Re 2™ B esko-
my okouii 0. Hexait h: U — h(U) C Ci h': R — R — pignosinni
romeomopdizmu.

He obMmexyroun 3arajibHiCTh MipKyBaHb, OyIeMO BBaKATH, IO
h(U)=U1(0)={2z€C||z| < 1}.

[Toswaunmo wepes Vi, ..., Vo, KOMIOHEHTH 3B’SI3HOCTI MHOMKMU-
wn U1(0) \ h(Fy) = Ui(0) \ Z,, B nopsijky 06xojy B JOJATHOMY
HaPAMKY HaBKOJIO TouaTKy koopamaar. Hexait W; = h~1(V}),
i1=1,...,2n.

[Tosraummo wepes 11, . . ., Th, KOMIOHEHTH 3B’ I3HOCTI MHOMKHUHN

U1(0) N (Zn \ 0) = (U N (Fi \ {z}))

TAaKUM 9uHOM, 11100 KoMmonentTa T; Jjiexkana y criibhill mexi V; ta
Vii1, a To, —y crimpmiit Mexi Va, Ta Vi. Hexait R; = h™1(T}),
i=1,...,2n.

Hexaii Hy, ..., Hop —koMmmonenTn MuOKUHA F, \ {x}. 3 TBEp-
JKeHnHd 7.1 ciinye, Mo KOXKHa 3 HUX MICTUTD PIBHO OHY 3 MHOYKUH
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Ry, ..., Ron. 3MiHUBIIM HyMepaIiio MHOXUH H;, MOXEMO BBaXKa-
™, mo Ry =H,NU,i=1,...,2n.

AHaI0rivHO, 32CTOCOBYOUN TBEPKEHHS 7.3 MOXKEMO BBAXKATH,
0 /151 KOMIOHEHT Q1 . . ., Qon MHOKIHE R2 \ K¢, aKi MexyIOTH
3 F,, Bukonytorbcs cuiseigromenas W; = Q, NU, 1 =1,...,2n.

Posrnstremo Qp st gesxkoro k € {2,...,2n}. Ockinbku U €
BiIKPHATOO MHOXKHWHOIO, JIETKO OAYUTH, 110

QrNU =W,NU D Ry_1 URy, QrNRyp*x = @
npu n ¢ {k —1,k}. Tomy 3 Hacaigxky 7.2 BAIIUBAE, 10
Hj_y U Hy C Qy, Hn,NQr=2
upu m ¢ {k — 1, k}. Ananoriuno, koaun k = 1 maemo
H, UH;, C Q1, H,NQ1 =2

upu m ¢ {1,2n}.

Tomy jrsr 10BiaBHOT KOMIOHEHTH () MHOKuHE R? \ Ky, aika Me-
xye 3 Fy, icaytors npi komnonentn H' 1 H” muoxunn Fy \ {z},
TaKi, 110

QNF, = H UH"U{z}.

Iosnaunmo v = m¢(Fy), e; = m¢(Q4), i = 1,...,2n. 3 Bubopy
muokuH Wi = Q; N U cainye, mo <v = (e1,...,e,).

Posrasinemo Hy, mast gesikoro k € {1,...,2n — 1}. Tlo Bxke jo-
BEJIEHOMY

Hi, C Qr N Qkt1, H.NQn =9

upu m ¢ {k,k+1}. OueBunno, pebpa ey, i €11 € CyCiTHIMA ¥ UK
<.
Amnajrorigmo, Koau k = 2n, MaEgMo

H2nC@ﬁ@, HQn ﬂQing

npu m ¢ {1,2n}. Pebpa ey, 1 €1 € cycignivm y ki <v.

151 3aBepITeHHsT JJOBEICHHS JINIIACTBCS 3aYBaKUTH, 10 TSI
KOXKHOT KoMIToHeHTH 3B’st3HocTi H mMuOXKUHU F), \ {2} BUKOHYy€eTHCS
cuisBinuomennss H € {Hy, ..., Hop,}. O
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8. HABAHTAXKEHI I CJTABO HABAHTAYKEHI 'PA®U
KpoHPOOA-PIBA

Jlerko mobyyBaTu OpUKJIAIN, sKi MOKA3yIOTh, 110 rpad Kpon-
pona-Piba we € moBruMm imBapianToM (yHKI 3ara/ibHOTO I10JI0-
2kens. ToOTO iICHYIOTH TOIOJIOrIYHO HE eKBiBaJeHTHI PYHKIII, sAKi
MaloTh izoMmopui rpadu Kpomrpomga-Piba.

Hexait f zamoBosbHsie yMOBH i € (DYHKIIIEHO 3arabHOTO MO0~
»kennsi. Harra mera 3uaiitu mogatkose HaBanTaxents #Ha ' r(f),
sKe O TepeTBOPIOBAIO HOro Ha MOBHUM iHBapiaHT f.

O3zunauennst 8.1. Caabo nasarnmascernum 2pagom Kpowpo-
da- Piba nasusacmoca opienmosanuti epadp ' _r(f), daa axozo 6
KOHCHIT 8EPWUHT 8UHAYEHUT CTIIH.

BusiBsisierbest, o opienTartii pebep i coina y Bepmuaax [ r(f)
HE JIOCUTb, 11100 po3pizHsaTH (BYHKIIT 3araabHOro nojoxents. Crpa-
Ba y TOMY, IO YaCTKOBHI MOpAI0K Po(f), mo mopoakenuii opieH-
tariero pebep I'x_gr(f), ze e minidiamv. Tobro, He KOXKHA Tapa
BEPIIH MOPIBHIHA TI0 BiTHOIIIEHHIO 70 TTHOTO MOPSIIKY.

Jlerko OyayeThcst MPUK/IA] ABOX (PYHKINH 3arajbHOTO TOJIOKE-
HHSI, STKi MaioTh isoMopdHi cmabo HaBanTaxkeHi rpadpu Kporpona-
Piba, ame mopoKy0Th pi3Hi JiHIAHI TOPSIAKYA HA MHOKWHAX BEp-
mrH 1rx rpadis.

OpHak HEKYe MM J0BeneMo, 1o caabo HaBaHTaxKeHi rpadu
Kpoupona-Piba pospizugiors ¢yukiiii BigaocHo 6iabim caabkoi,
HIYK TOIOJIOTIYHA, eKBIBAJEHTHOCTI, 9Ky MU 3apa3 i O3HAUNMO.

Osuauenns 8.2. Hezxati nenepepsnt gynxuii f i g eidnosidaromo
ymosam 3. Craoicemo, wo f 1 g nowaposo exsisasenmmi (6io-
no6idHO, OPIEHMOBHO NOWGPOBO EKBIBAAEHMHL), AKWO ICHYE
2omeomopdiam (610n06i0H0, opienmosarutli 20MeomopPiam) nao-
WuHU "o cebe, axull 61000padtCcae KOMNOHEHMU MHONCUH DIGHIG
f ma xomnonwenmu mMHodICUN PIGHIG ¢.

Jlinidiawmii mopsimor P (f) € imBapianToM BiIHOCHO Opi€HTOBa-
HOT TOTIOJIOTIIHOI €KBiBAJIEHTHOCTI (PYHKIIIH, ajie BUABISIETHCS, ITI0
caabo naBanTaxkenuit rpacdh Kpoupona-Piba 3 niniiftHuM mopagakom
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Pi(f) ma MHOKMHI BepIuH BCe Ie He € noBHUM iHBapianToM. [To-
TPIOHO J0JATKOBO BIJCTEXKYBATH MOBEIIHKY f “Ha HECKIHIEHHOCTI .

T'pad 3 uepermkamu e € crpasxkuiM rpadom y kombinaropaomy
cenci. Bin orpumanwmii 3i “cripaBKkaBOro rpada’ miaxoM BULY 9€H-
HS AEeSKOl MIJMHOKWHUA BEPIIAH TOPAAKY 1.

3po3yMmifo, 1Mo Mawun rpad 3 UeperrkamMu i ioro po3buTTsa Ha
BEPIIUHY 1 pedpa, MOKHA OFHOZHAYHO BIIHOBUTH HA HHOMY KOMOI-
HATOPHY CTPYKTYpYy rpada, “momasiim Ha3a] BUIYUEH] BEPITUHU
nopsanky 1. ByaeMo Ha3wBaTn Taki BEpPIIUHA 8ipmyasbHumy. MHO-
JKUHY BIPTYaJbHUX BEPIIAH TO3HAUUMO Vijirt.

Bramaemo, mo Ha [ p(f) BusHauena dbyHKis fx— g, Taka Mo
fk—romy = f. na xoxuoro pebpa e BU3Ha4YeHi JBl BeIMYUHU
m(e) = infyee fr—r(z) 1 M(e) = sup,e, fx—r(x). Koxna 3 mux
BEJIMYINH MOXKe OYTH sIK CKIHYeHOIo, Tak 1 foo.

Hexait V — muoxuna sepumis ' g(f). Ha muoxkumi V' U Vi
03HaYUMO (DYHKIHIO fl;, HACTYITHUM YUHOM. ZIKITIO v € MoYaTkom
pebpa e, Hexail fii,(v) = m(e), a KO v € KiHIEM e, TO Hexaii
Fim(v) = M(e).

Mu BcTaHOBWJIM BHUIINE, MO fi— R CTPOrO MOHOTOHHA Ha pedpax.
Buacaigok 116010 fiin, = fx—gr #Ha MHOXWHI V “cnpaBxkuiX” Bep-
mn U g(f). Ockinbku Bel BIpTyaiabHi BEPITUHU MAIOTH MOPSIIOK
1, T0 flimn KOPEKTHO BU3HAUEHA TAKOXK Ha Vijrt.

Hac 6yme nikaBuTu He BCca MHOKWHA Vyjpg, & JIUIIE T BipTyaabHi
BEpINUHA, Ha SIKUX [}, HabyBae ckinueni 3uavennd. [lozHaunmo

Viin = {v € Viire | frim(v) # £o0} .

Muoxuny Vg = V U Vi, HA3BEMO POSWUPEHOI0 MHONCUHONW GED-
wun epaga U _r(f).

OyHKISA [l TOPOJKYE HA Vgt BIIIHOIIEHHST 9ACTKOBOIO TIOPSII-
KY Peyt(f), ke BusHAUAETHCsT HACTYTHUM YnHOM. Hexaii vy, vy €
Vewt- ARMO frim(v1) < frim(v2), To BBAXKaTUMEMO, 110 V] < Vg.
ARIO K flim(v1) = frim(v2), TO v1 1 vy HenopiBHsaHHI. Hazeemo e
BITHOIICHHS PO3UUPEHUM GIOHOUEHHAM TOPAOKY HA Vg,
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Bposymino, mo Peyt(f) 36iraerses 3 Py(f) na V. Takox oueBu-
110, o Pyt (f) y3romxene 3 opienranieto pebep I'x_g(f) y Tomy
CeHCI, Mo KiHerb pebpa 3aBxKau 01BN 33 OTO MOYATOK.

TsBepmaxkenuusa 8.3. Bidnowenna “Oymu HenopieHAHHUMY 610HO-
cho Pert(f)” € mpansumuehum na muoocuni Vegy.

Jlosedenns. Hexait v1 1 v9, a TAKOXK Vo 1 U3 HENOPIBHAHHI BIAHOCHO

Pept(f). Tomi fiim(v1) = fiim(v2) 1 flim(v2) = flim(v3). Buacmigok
IIHOT'0 V1 1 U3 HEMOPIBHAHHI. Il

Osuavennsa 8.4. Hexal na mmoocuni A sadane sidnowenna p
YACK08020 NOPAIKY. Axuwo sidnowenna “OYymu HenopieHAH-
HUMU BLOHOCHO p” € MPAH3UMUEHUM Ho A, MO BIOHOWEHHA P
HA3UBAEMLCH PYHKUIENOJIOHUM.

Orxe, Bignomennst P, (f) dyrkiienonitue.

Osuauenns 8.5. Hasanmasicenum epagom Kponpoda-Piba
Ha3usaemvea caabo nasanmasicenuti epad Uk _r(f) pasom i3 nio-
MHONCUNOM0 Viin MHONCUNU 6IPMYAAOHUT GEPUIUH § POSUUPEHUM
sionowentam nopsoky Peyi(f) na poswupenit muoscuni epuwun
‘/;xt =Vu szn

Hexaii ' _p(f) i T'x_Rr(g) — opienTosani rpadu 3 uepermkamvu.
Posriaanemo opientosani kombinaropni rpacdu Gy i Gy, gaxi im Biz-
nosigatore. MuokunOI0 Bepimnt G (Gy) € 06’e/1HaHHS 3BUYARHIX
i Bipryasbnux sepuns I'x_r(f) (I'k—r(g)), enemenramu MHOXKM-
Hu pebep Gf (Ggy) € pebpa 'k _g(f) (I'k—r(9)). Inuunenrnicrs
BepIuH 10 pebep i opienTanis pebep MepeHOCUThCS 3 BiAIOBIIHO-
ro rpada 3 deperKaMu.

OzuavenHnst 8.6. KomMb6iHaAMOPHUM 130MOPPHIZMOM OPLEHO-
sanux 2pagie 3 uepewramu Ui _r(f) ¢ Tx_r(g) nasusac-
muca 13omopdism opienmosanus 2padic Gy i G4, awul 6idobpa-
orcae muoorcuny sipmyarvhur eepwun 2paga Uk _g(f) na mmuo-
orcuny sipmyarvnux eepwun epada Ui r(g).
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Osunauenns 8.7. Hasseemo (caabo) nasanmasiceni epagu Kpon-
poda-Piba dynkuiti f 1 g eK6I8AAEHIMHUMY, AKULO ICHYE KOM-
OIHaMOPHUT 130MODPIEM ) OPIERMOBAHUL 2DaPi6 3 Yepewramu
Tr_r(f) i Tk_r(9), axut sbepizac (crabke) Hasanmastcenta.

TobTo i3omopdism ¢ xoxuomy cminy uHa I'x_pg(f) craBurs y
Bigmosinuicts crin Ha ' r(9):

Qv = (e1,€2,...,en) —> <(v) = (Y(e1),v(e2), ..., Y(en)) .

Taxoxx y BUMAIKY, KOJU PO3TISIAI0OTHCS HaBaHTaXKeHi rpadu
Kponpoga-Piba, ¢ ingykye izoMmopdisM po3mupennx mOpsaaKiB Ha
PO3IUPEHNUX MHOKUHAX BEPIIIHH.

9. OCHOBHA TEOPEMA

Jlema 9.1. Hexatl f — Ppynryia 3620401020 NOAOAHCEHHA, ULO G10-
nosidae ymosam . Hexati () — xomnonenma 36’°a3H0Cmi MHONCU-
nu R*\ K.

Todi snatidemves eomeomopdism ¢: Q — R x f(Q) C R?, ma-
wuti, wo f = pryod (mym pro: RZ2 — R — npoekuia na dpyey
Koopdunamy).

Josedenns. 3 ymos S a Takoxk 3 |1, TBepizkents 6 1 Hacsinok 4]
CJIIYE, TI0

fQ) =Mt f(Q), fFrQ)=fQNFfQ). (9.1)

Muoxkuna @Q, a pazoM 3 Heio i MHoxkuHa f(Q) 38’a3mi. Tomy icmy-
10Th a,b € RU 400 Taxi, mo f(Q) = (a,b), f(FrQ) C {a,b} NR.

dxmo a € f(FrQ), o |a|] < oo i 3rigmo 3 [1, mHacaimok 4],
icaye cumrynspHa KoMmmoHenTa F, MHOxumEE piBaa f~!(a), Taxa,
mo f1(a)NQ C F,.

3 macaigky 7.5 caigye, mo Hy, = QNf~1(a) € 06’ eapnannsam cun-
TYJIAPHOI TOYKM 1 JBOX MPOMEHIB, IO BUXOIAATH 3 I1€] TOUKM! 1 Tps-
MYIOTh Ha HECKIHYEHHICTb. 3 1hoT0 i 3 Teopemu 2Kopmana mpo
KPUBY JIETKO cjiiaye, 1o MHOXkuHA H, romeomopdua R i po3bu-
Ba€ IUIONIMHY HA JBI KOMIOHEHTH 3B’sI3HOCTI, 3aMUKAHHS KOXKHOT
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3 gakux romeoMmopdme 3aMKHeH i miBmtommHl. H, € criabpro Mme-
JKEIO [IUX JIBOX KOMITOHEHT.

Anasoriuno, sikmo b € f(Fr@), To |b| < oo i ichye cunrynspra
komnonenta Fy pisus f~1(b), gaka MicTHTb MHOMKUHY

Hy=f"'0)nQ.

Muosxkuna Hp romeomopdnua R i posztusae R? ma asi miBmaomm-
uu, anas axknx Hp € crniapHoo mMexkero. TakuM 9uHOM, MaeMO TPHU
MOZKJITBOCTI.

1) f(FrQ) = 2. Toni FrQ = @ i Q € BiAKpuTO-3aMKHEHOO T1i/T-
muoxkurol0 R?. Tomy Q = R? i f me Mae CHHTY/ISPHUX TOUOK y
R2. Hacmizox 3 3 [1] cTBepmKye, MO A/ KOKHOTO T € () MHOWKH-
wa f1(f(2)) N Q 38’a3ma. BHACIII0K 1ILOTO MOXKEMO 3aCTOCYBATH
reopemy 1 3 [9], 1o # J0BOANTE JeMY Y JJAHOMY BUIAJKY.

2) Muoxwuna f(Fr @) se nopoxus i 38’a3ua. Y 1pOMY BULAJKY
abo Fr @ = H,, abo Fr Q = H,,.

Hexait FrQ = H,. Y 1ipomy Bunajky () € 0IHOIO 3 JBOX KOMIIO-
wenT 38 a3nocTi MEOoxKuEE R? \ H,. [To3HaumMo iHITy KOMIIOHEHTY
@, Iozraunmo takox uepes xg € H, C F, CHHTYIIPHY TOUKY
dyuKIil f.

Badircyemo romeomopdism x: Q4 — R x (—o0, a]. Posraisme-
MO HemepepBHY yHKIO f, = pryoyx: Q. — R. Ba mobymosoio
f(z) = fu(z) Ha MEOXHHE QN Q,, a Tomy dynrmia g: R? — R,
O3HAYEHA 34 JOMOMOTOI0 (hOpPMYTH

o) = f(x), saxmo z € @
fa(z), saxmo z € Qq,

6y1e HemepepsHoo Ha R2.

3posymino, mo s Koxuaoro € R?\ H, y m1egKoMy OKOJTi TOUKH
2 YHKIIisS ¢ TOTOJIOTIYHO eKBiBAJIEHTHA /10 KOOPJAUHATHOI ITPOEKITT
pry. Takox mira KoxHOTO T € H, y NedakoMy OKOJl TOUKH T Y
mpoctopi Q, DYHKIA f, OPiEHTOBAHO TOIOIOTIYHO €KBiBaJEHTHA
70 pry y oKouii rouku 0 y mpocropi R x (—o0, 0].
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3 nepimoi ymosu § ciijye, 1o gust koxuoro © € H, \ {zo} dbyn-
Kitist f v JesKOMY OKOJIl TOUKHU & OPIEHTOBAHO TOMOJIOTTIHO €KBiBa-
JIeHTHA 710 Pry y oxoyi 0 y R?. Ockinbku 3a mobymosoro f(y) > f(x)
JUIST KOXKHOTO ¥y € @, 1o dysKIisg f |§ y OKOJII  OPI€HTOBAHO TO-
[OJIOTIYHO eKBiBaJIeHTHA /10 pry y okosi 0 y mpocropi [0, +00).

Bracaigok nporo jgst koxkuoro x € H, \ {xo} dyskuis g Tono-
JIOTIYHO €KBiBaJ€HTHA 10 PIy.

Icrye oxin Uy Toukm xg, B aKOMY f TOTOJOTITHO €KBiBATEHTHA
10 gn, = Re 2™ B okoumi 0. Hexait h: Ug — h(Up) CCih': R - R—
BimIoBiiHA napa romeoMopdi3MiB, s AKkux g, oh = h' o f.

3 reepmxens 7.1 1 7.3 cauinye, mo obpasz h(Uy N Q) 36iraernes 3
neperunom h(Up) 1 3aMukanHst OJHOrO 3 CeKTOPiB V| 10 € KOMIIO-
menroro 38 s3rocTi MuokuHN C \ Z, = C\ g,,1(0). Tomy Ha MHO-
xuni h(Uy N Q) o3Hadene HenepepsHe BigoGpaxenns h(z) = {/z,
sixe Bigobpazae V na nismnomuny. Hexait ime 7/(t) = Signt- Yt

Jlerko Gaunrh, mwo napa BizoGpazxkens ho h i A/ o h' peanisye
ODIEHTOBaHY TONOJIOTIYHY eKkBiBajeHTHICTb (byHKIUT f |@ B OKOJI
Uy N Q Toukrm x¢ 10 byHKIT pry y gesxomy okomi 0 B TpocTopi
R x [0, +00). Bracsimok 1mb0ro B 0KoJii TOUKK xo GYHKIIST f TaKoK
TOMOJIOTIYHO eKBiBaJEHTHA JIO PTy.

3a mobyosoto g~ L(t) = f~H(t)NQ mpm t € (a, b). Tomy MHOKH-
Ha ¢~ 1(t) 3’s3ma pH t > a (7ws. [1, Hacmimox 3]). Amasorigmo,
g 1(t) = x Y (R x {t}) mpu t < a, Tomy MEOKHHa g~ ' (t) 3B’a3Ha
TakoxK npu t < a.

Orke, Mu MOKeMO 3acTocyBaru Teopemy 1 3 [9] no dyHKMIT g.

Otpumaemo romeoMopdisM ¢g: R? — R x (—o0,b), Takuil mo
g = pryogy. Toni obmexennst ¢ = q50|@: Q — R x (—00,b) €
erIagenaaM i ¢1(Q) = [a,b). Tomy ¢1 imaykye romeomopdizm
#: Q — Rxla,b), ¢p(z) = ¢1(x), z € Q, axwuif BiAMOBi A€ BIMOTaM
JIEMU.

3) f(FrQ) = {a,b}. Toui FrQ = H, U Hy, muoxkuuu H, C F,
i Hy, C F, romeomopdni R i xoxua 3 mux pozdusae R? na asi
niprronuan. [Tozaaunmo gepe3 Qg 1 Qp Ti KOMIOHEHTH 3B’ A3HOCTI
muoxua R? \ H, i R? \ Hj signosigmo, axi He mepermnaiorbes
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3 Q. Ockimeru H, C f~Ya), H, C f~1(b), 7o H, N Hy, = O i

R? = Qu UQUQy, mpuiony QuNQ = He, QpNQ = Hy.
3adikcyemo romeomopdizMu

Xa :Qa — R x (—00, al, Xb : Qp — R x [b, +00)
1 pO3IJIAHEMO HellepepBHi QyHKINT
fo=praoxe: Qu — R, fo=pryoxp: Qp = R.

Ouesunuo, folu, = flu, 1 folw, = flH,, ToMy KOpekTHO O3HAYEHA
bynxmia g: R?2 = R,

fa(z), sxmo x € Q,,
g(z) =< f(z), saxmoz€Q,
fo(z), saxmo x € Qy .

Ockinbky 3aMKHeHI MHOKUHE Qg, Q i Q) YTBOPIOIOTH CKiHueHe
3aMKHeHe TOKpUTTs R? i ma Kokwmiit 3 Hux g HerepepBHA, TO ¢
HerepepsHa Ha R,

MipkyBanHsg, aHAJOTIUHI 0 HABEAEHUX Y TOMEPETHHOMY BUIIA/I-
Ky, T0BOAATH HacTymHe. [lo-mepire, y 7egKoMy OKOJIi KOXKHOT TOUKH
IoNuHT (PYHKITiS ¢ TOMOJIOTIYHO eKBIBAJIEHTHE, 10 KOOPAMHATHOL
npoekiii. [lo-apyre, Bci MHOXKUHM PiBHA ¢ 3B d3Hi.

Orzke, MOKeMO 3acToCyBaTH Teopemy 1 3 [9] mo g.

SIk i pamimre, orpumaemo romeomopdizm ¢p: R? — R?. raxuit
Mo g = pry 0. Toji obmexenus ¢ = d>0|é: Q — R? ingykye ro-
meomopdizm ¢: Q — Rx[a,b] = ¢1(Q), saxwmit Bigmosinae umoram
JIEMU. O

SayBakeuns 9.2. 3a paxyHOK [0JATKOBOI MiAKPYTKHA 38 TOTIO-
Mororo Bigobpazkenns £ : R? — R2 #(x,y) = (—x,y), 3aBxau
MOzKHA A00uTHCa 11106 ToMeomopdizm ¢ 3 siemu 9.1 O6yB opienToBa-
HUM.

Jlema 9.3. Hexatl [ € dynruyiero 3a2a451020 NOAOIHCEHHA, ULO 30-

pewkamu.
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JloBemeMo CIIOYaTKY OMHE [TOMOMiYKHE TBEDYKEHHSI.

TBepaxkenus 9.4. Hexatli G € 40KAADHO CKIHUEHHUM MONOAO]-
wHuMm epapom, Vo — nidmmooicuna muoscunu Vi aucmexie G. Hexat
H =G\ Vy —epagp 3 wepewramu.

Hxwo H ne micmumds yuxais, mo G e depesom.

Hosedenna. Hexait icHye muka

C — (’UO,C]_,’U]_, .. '7en7vn - UU)
BG. Tyt v, 1 =0,...,n,— BepmuHu, e; — pebpa, vj_1 Ta vj IHIH-
JleHTHI pebpy €, j = 1,...,n.
Toni v; ¢ V; na koxuoro i. Orxe, v; ¢ Vopiv, € H,i=0,...,n.

Buacaigox uporo mukna C micturhes B H.
3 HaBeIeHWX apTyMEHTIB CJIAye, 0 Ko B H Hemae IUKIIB,
To it G He MICTUTH I[UKJIIB. O

Josederns aemu 9.3. Tpunycrumvo, mo B I'g—r(f) icuye npocrnii
(6e3 camonepeTnHiB) MUK/

C = (vg,€1,V1,---,€pn, Uy =1p) .

Tyr v; — Bepiunm, e; — sigxpuri pebpa npocropy I'k_gr(f), Taki
mo v;—1,v; €€, 7 =1,...,n.
Haramaemo, mo depe3 K¢ M1 To3HAYMIN 00’€THAHHA CHHTYIISP-

HUX KOMIIOHEHTIB piBHa pyukmii f. Hexait F; = ﬂ}?l(vi) — Biamo-

BijHi cuHTyaspHi KOMIOHeHTH piBHIB f, Q; = 7'(';1(6]‘) — KOMTIO-
HeHTH 3B’a3H0CTi fonosrenns R2 \ K ¥

3 reopemu 3.2, TBepkeHnst 7.1 1 HacHiaKy 7.4 ciiaye, M0 KOXKHA,
KOMTIOHEHTa, MHOKWHI R2 \ Fy micTurh npoobpas piBHO OHOTO
Bigkpuroro pebpa rpada I'x_r(f), sike iHImIeHTHE BepIIMHI V.

Tomy mMuOXRMEE Q1 1 (), HAJEKATEH 0 PI3HUX KOMIIOHEHT 3B -
suocTi MuokuHn R? \ Fy.

Posrnsnemo muoxuny

n—1

n
Co = UUiUUGj
j=1

=1
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n—1 n
W;I(CO) = U F;u U Qj .
i=1 j=1

OueBunno, muoxkuna Cy 38’sa3Ha. [lepeBipumo, 110 MHOXKUHA
7r]71(Cg) TeXK 3B’s3HA.

Hexait s € {1,...,n}. 3 reopemu 3.2 caijye, 10 iCHYIOTH TOUYKH
Ty € QsNFy i ys € Qop1NF,. MuokuEE Q4, Fy, Qqy1 3B’53HI,
Tomy 38’ s3Hi Takox MEOKIHE QsU{xs} C Qs, Qsr1U{ys} C Qsi1-
O1xe, 38’g3Ha 1 MHOXKUHA,

Ws = Qs U Fs U QS—H = (Qs U {xs}) U Fs U (Qs—i—l U {ys}) .

Muoxkuna WJII(CO) = Ug;ll W, rexx 3B’d3Ha BHAC/IIOK TOrO,
mo Ws "TWei1 DQsp1 #9,s=1,...,n—2.

IMomiTrMo, 110 71';1(00) NFy = &, ockinbxun Wy N Fy = & ana
koxkuHOTO § = 1,....,n — 1. Ame Q1 UQ, C W;l(CO) i 3B's13HA
MHOYKHUHA 7rj71 (Co) Mae mepeTHHATHCE TIPUHANMHI 3 TBOMA PI3HUME
KOMTIOHeHTaMn MHOKuHE R? \ Fj.

Orpumane mporupiuus g0BoauTh, 0 'k p(f) HE MicTUTh TIH-
kiiB. Omke, U'x_g(f) € mepeBoM 3 depermkamMu BHACTIIOK TBED-
mxenns 9.4. Il

Posrnganemo mactymay KomcTpykio. Hexait a < bic < d—
nesiki mificHi ancaa, a, f: R — R i x: [a,b] — [¢, d] —HenepepsHi
Bimobpakenns. Hexait x: [a,b] — [0,1],

) x(t) —c
) =2 "%
X(t) == —
€ KOMITO3HUIIIEI0 X 1 JiiHifiHOro BiI06pazkeHHs Biapiska [c, d] Ha [0, 1].

Busmaaumo nenepepsue Binobpaxents ®: R x [a,b] — R X [¢, d]

3a dhopMyJIIoio:

®(z,y) = ((z)(1 - x®) + B2)X (), x(¥)), (9.2)

s (x,y) € R X [a,b]. JoBeneHnst HACTYITHOI JIEMH MU JIUIIAEMO
qUTATY.

t € la,b],
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Jlema 9.5. dxwo o, B i X € crop’ekmushumy i CMmpoz0 3poCma-
omo, mo ® e zomeomopdiamonm, sbepizac opienmanyito 1t 6idobpa-
JHCOE 20PUOHMAADHT NPAMI HG 20DUOHMAADHE NPAMI.

10. JOBEJIEHHS TEOPEMU 1.1

Heob6zionicms. Hexaii icuye romeomopdizm h: R2 — R, axwmit
BifoOparkae KOMITIOHEHTH MHOYXKHUH PiBHHA [ Ha KOMIIOHEHTH MHO-
JKUH piBHA ¢g. Bimomo, 1o o6pa3 3B’I3HOT MHOXKHUHU i JI€0 He-
TepepBHOIO Bilo6paskenHs 38’ s3Hnmil. Bracminox Toro, mo h i h~!
OieKTHBHI Ta HermepepBHi, 00pa3aMu PI3HUX KOMIIOHEHT € Pi3Hi KOM-
nouenTu. O1xKe, o3HaueHe GieKTUBHE HerlepepBHE (haKkTOp-BiT00pa-
xewurs 1: U'x_r(f) = I'k—r(g) mpocropis Kpoupoma-Piba. 3po-
3yMis0, 1m0 romeomopdizm h ™! mopomkye bakTop-BiTobpazKeHH,
obeprere 10 1. Tomy 717 € romeoMopdizMoM.

Hexait © € R?, F, — KOMIOHEHTa MHOXKUHHU piBHA (yHKIIT f,
SKa MICTUTB . 3 yMOB S criaye, 1o nopsafaok ord,(Fy) Tomoso-
riunoro mpocropy Fyp y Touni x Oiabimwmit 2 Toxai ¥ TiAbKM TO,
KO € cuaryasproo Toukoo f (mus. [7]). Tomy muONKHHE X4
i K, CUHTYJIAPDHUX TOYOK 1 CHHTYJISPHUX KOMIIOHEHT 3B’S3HOCTI
MHOYKWH DiBHSA ¢ € 0OpasamMu BiJTIOBIIHUX MHOXKWUH X 1 Ky, 110
BigHOCATHC 10 DYHKIIT f.

3i ckazaHOTO CHiAYyE, Mo 1) Bimobparkae MHOXKWHY BEPIIUH Tpada
3 uepemkamu ' g(f) va muOoX)uHy Bepmu I'x_gr(g).

3pozymifo, mo h Bigobpaxkae KOMIOHEHTH 3B SI3HOCTI MHOXKWHE
R? \ K; na xomnonentu muoxunn R? \ K,. Tomy 3 Teopemn 3.2
caigye, mo 1) € i3omopdizmom rpadis 3 UepernKamu.

Hexaii h 36epirae opieHTalio Ha MIOMWHI. 32 yMOBAMY TEOPEMU
f 1 g e pyHKIisIMA 3arajIbHOTO MOJOKEHHSI, TOMY KOXKHA, X CHH-
ryJgpHa KOMIIOHEHTA JIiHIT PIBHA MICTUTH PIBHO OJIHY CHUHTYJISAPHY
Touky. OTxe MHOXKHHEE X 1 My 3HAXOAATHCH y OIEKTHBHIN BiIO-
BigHOCTI 3 MHOXKMHAMu Bepinun rpadis 3 yepemkamu [ _p(f) i
I'k-r(9)-

Ockinbku h 36epirae mopsiaok 00X0 Iy HABKOJIO TOUOK TLJIOIIIHHY,
TO 7) Bijobpazkae ciin y KoxHiit Bepmnai ' g(f) Ha cmin B o6pasi
€T BEPIITWHY, & OTKE 7) € €KBIBAJEHTHICTL T'padiB 3i CIiHAMH.
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Jlo mmx mip mMu He 3rajgyBaju npo opientamiio pebep. Hexaii
I'k_pr(g) —rpad 3 uepemkamu GyHKIT ¢, y KOXKHINA BEPIIMHI KO-
ro 3azano cuin. Hexait e — neske pebpo nporo rpada. Toxai opien-
ranis Bcix pebep I'x_r(g), 10 nopomKeHa HAIPAMKOM 3POCTAHHS
byl gx— R, OJHO3HAYHO BiIIHOBIIOETHCH 110 OpieHTalii pedpa e.
[IepeBipumo te.

Aximo pebpo e IHIuIenTHe AeSTKiil BEPITUHI ¥, MI MOYKEMO CKO-
pUCTaTUCT HACTIIKOM 7.4 1, Marouu criH <v, BITHOBUTH OPI€HTAIIIIO
BCixX pebep, 110 iHNNAEHTHI v.

Hexait e/ —inme pebpo 'y p(g). Sadikcyemo muisax

Ple,d)y=(e=e1,...,en =€),

akuii 3’eanye e 1 €. Hexait P(e,e’) mM0CaiI0BHO MTPOXOUTEL Yepes

BEPIINHA V1, . .., Up—1 (V; € CHLIBHAM KiHIIeM pebep e; Ta €;4+1). 3a
JIOIIOMOI'0I0 CIIHIB U1, ..., <U,_1 MH MO?KEMO IIOC/IIJOBHO B1JAHO-
BUTH OpienTarnii pebep es, . . ., e, = €. 3riguo 3 gemoio0 9.3 'k _r(g)

€ ZepeBoM 3 uepemkamu, ToMy mutax P(e,€’), axuit 3’eamye e i
e’ usnauennit ogrosnauno. OTke, opienTalisa pebpa € 3a1eKuTh
TiAbKY Big opienTamii pebpa e.

Bracninok ckazanoro ma rpadi 3i cninamu ' p(g) moxmnusi
piBHO nBi pizHux opienTarii pebep.

OueBunno, QyHKIIA —¢g BiATOBIIaE ymoBaM S 1 € (DYHKITER
sarajabHoro nojoxkenns. Cnabo masanrTaxkeni rpadm Kpoupoaa-
Piba I'x_g(9) i Tx_g(—g) i3omopdui sk rpacdu 3 uepemkamu,
MAalOTh OJHAKOBI CIIHW y BIAMOBIIHWKX BEPITUHAX 1 BIIPI3HAIOTHCH
TiaeKku opierTamien pedbep. OCKiIbKY 1) € eKBIBAJEHTHICTIO TPadiB
3i comimamu, TO 1€ BigOoOparkeHHd iHIAYKYE €KBIBaJEHTHICTH CJAa00
nasanTaxkenoro rpada Kponpona-Pida I'x_r(f) no T'x_gr(g), abo
Lr_r(—9)

e noBoauTh HEOOXIAHICTL TBEPIKEHHSI TEOPEMU [IJisi OPIEHTO-
BAHO IOIIAPOBO eKBiBajeHTHUX DyHKIIH f 1 g.

Hexait dyukiii f Ta g opieHTOBAHO TOMOJOTIYHO €KBIBAJIEHTHI,
10670 icHy10TH romeomopdizmu h: R? — R? ta k: R — R, 110 36e-
piraioTh opieHTaliio i Taxi, mo ko f = g o h. Toai romeomopdizm
h: R? — R? Bino6paskae MHOKHUHE piBHS (GYHKILT f Ha MHOMKHUIH
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piBHg ¢g. 3po3ymiJio, 1m0, Oyaydu biekTuBHUM, h BimoOpakae KoM-
MOHEHTH MHOXKWH PiBHs f HA KOMIIOHEHTH MHOXKWH piBHd ¢. OTxKe
f 1 g opienTOBaHO TIONMIAPOBO €KBIBAJEHTHI, BHAC/IIIOK 90TO ¢jrabo
nasanTaxenuii rpad Kponpoga-Piba I'x_g(f), exsiBanearuuii mo
I'k-r(9), abo I'k—gr(—g).

Hexait, sk i sume, n: U'x_g(f) = Tx_gr(g) € daxrop-simobpa-
JKeHHsAM roMeoMopdismy h BigHocHo mpoexiit ¢ i ;. Tosai Buko-
HYETBhCs PIBHICTH

kofk-r=grk-ron. (10.3)

Bpaxosytoun, mo ¢yHkisg & MOHOTOHHO 3pOCTa€, JErkKo Oadn-
TH, 110 7) 30epirae HAIPAMOK 3POCTAHHS 1HIyKOBAHOI (DYHKINI Ha
pebpax rpada Kpoupona-Piba. Orxke, ciiabo HaBanTaxkenuit rpad
Kponpoga-Piba I'x_r(f) exsiBanentuuii 10 I'x_r(g).

3po3yMmijo, 1o 7 iHAYKYye OIEKTHBHE BiLOOPAYKEHHS MHOKUHHI
Voirt(f) Bipryansuux Bepimi [ _g(f) Ha muON)MHY Vi (g) Bip-
ryanbHux Bepind ' r(g). [11o6 He Harpoma xKyBaTH MO3HAUEHB,
M# HOro TeX OYJeMO TO3HAYATH 7).

Hexait e —pebpo 'k _gr(f), € = n(e) — Bignosigue fiomy pebpo
I'x_r(g). Hexaii, gk i pasnimre,

m(e) = inf fix—r(z), M(e) = sup fx—r(z),

xrEe
m(e) = inf gx_p(z), M(€) =supgr—r(z).
zEe xCeé
OyuKIig K MOHOTOHHO 3POCTAE, TOMY
m(€) = kom(e), M(é) = ko M(e).

Orxe na muoxkuni Bepumd ' g(f) (Bitouyarouu Bipryasibhi) Bu-
KOHY€EThCsI PIBHICTD K O flim = Glim © 1-

Bpaxosytounu te, o k: R — R ¢ romeomopdizmMom, MaeMo, 1o
NViin(F) = Vyin(9). Ove n(Veut(£)) = Viar(g) i 1 inayxye iso-
MOpdi3M POBIIUPEHNX BiIHOIIEHDL MOPSIIKY Ha PO3IMIAPEHNX MHO-
JKMHAX BEPIINH.

Ile moBoanTL HEOOXIAHICTH TBEPIKEHHS TEOPEMH I OPIEHTO-
BaHO TOIIOJIOTIYHO eKBiBajeHTHUX hyHKIIH f 1 g.



36 B. B. Illapko |, €. O. lloayasax, F0. F0. Copoka

Jocmammnicmoe. Posriaremo nBi dymkimii
f:R? 5 R, g: R?> 5 R.

Bynemo BaxkaTu, 1o Jyis ciabo HaBaHTaxKeHux rpadis Kporpo-
na-Piba L'k _r(f), I'k—gr(g) nux dyukmiit 3agannii KoMGiHATOPHI
izoMopdiszM Y, 110 30epirae CIriHm.

Hexait Ky i Ky — MHOXUHU CUHIYIAPHUX KOMIIOHEHT 3B A3HOCTI
piBHIB yHKINH f Ta ¢ BiAIOBIIHO.

Bisemenmo seprimuy v € I'_g(f) 1 posrsteemo BiamosigHy Bep-
muay w = ¢ (v) € 'k_g(g). Hexait F, = 7r]71(v) i Fy = ﬂg_l(w) —
CWHTYJISIPHI KOMITOHEHTH MHOXKWH PiBHA f 1 ¢, Ki BiATOBIIA0TH
BEPIIUHAM ¥ 1 W. .

[o6ymyemo romeomopdism h): F, — F,,, Taxmit, mo a71s 6y1b-
akoi KommonenTn gonoprenns U C R2\ K , AKiil BigmOBigaE pebpo
e rpada 'k _r(f), BUKOHYeThCsT PIBHICTH

WEUNF,)=FUNF,, (10.4)

Jie U — KOMTIOHerTa fonoBHeHHsT R? \ Ky, akiit Bigmosizae pebpo
Y(e) rpada 'k _gr(g).

Ockinbgu f € GYHKINEH 3araJbHOTO TOJTOXKEHHS, TO MHOXKHUHA
F, micrute €auny CHHIYTSpHY TOUKY 'y byHKUil f. Amamoriumo,
F, MiCTUTB €IUHY CHHTYJISIDHY TOUKY Tp, (DYHKIUI g. 3 TBEpIKe-
HHA 7.3 chiAye, IO KPaTHOCTI T, 1 Ty, 30iraroreca. Hexall Bomm
JIOPIBHIOIOTE N — 1 A7 JIesdKoro n > 1.~T0;Li 3 TBepAXKeHHd 7.1
BUILIMBAE, M0 KOXKHA 3 MHOXKWH F), i F}, CKIa[aeThcd 3 CHHTY-
JITPHOT TOYKM 1 21 TTPOMEHIB, IO 3 Hel BUXOAATH 1 MPAMYIOTH HA
HECKIHYeHHICTh.

Hexait <v = (eq,...,e2,). [Hozuaumvo uwepes Q; = ﬂfl(ei),
i =1,...,2n, kommomentn R? \ Ky, axi mexyiors 3 F,. Cropu-
CTaEMOCH HacaiakoM 7.5 1 obepemMo HyMeparlito KOMIIOHEHT 3B d-
suocti Muokuuu Fy, \ {x,} Tak, mob komnounenra H; micruiack y
FrQ,NFrQ;z1mpui=1,...,2n—1, a takox Hop C Fr Q2,NFr Q1.

Ba nmonepegniv npunymenasym <w = (Y(e1), ..., ¥ (e )). To-
sHauMMoO (Q; = 71';1(’(/1(61‘», i =1,...,2n, —xommonentn R? \ K,
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AKl MexKyITh 3 Fy,. 3HOBY HACifoK 7.5 rapaHTye MOXKJIHBICTH
06pATH HyMepAIi0 KOMIOHEHT 3B's3HOCT] MHOKAHK Fy \ {xw} Ta-
KUM YHHOM, II006 KOMITOHEHTA H micTimace y Fr Ql NFr Q1+1 npu

i=1,...,2n—1, aTaKoyKHgnCFngnﬂFrQl
Jst koxmoro ¢ = 1,. .., 2n 3adikcyeMo roMeoMopdism

ROy, {z} U H; — {T0} U H;

npomens H; = {z,} U H; na POMIHE H {zw} U H;.
3pozymiso, 1o th (Ty) = T, a Takox H,NH; = {xv} npu

i # j. Tomy KopexTHO o3Hadewne Bigobpaskerna hl: F, — Fw,
hd(x) = hgvHi(x), akmo x € H;, i€ {l,...,2n}.

Habip muoxun {H;} yTBOpioe CKiHueHe 3aMKHEHE HOKpI/ITTH F,,
oTke Bimobpaxennsa h) Hemepepsre. 3 Toro, mo Bei hY v.H; € 10
MeoMOop(i3MaMu, CIiIye, Mo O3HAYUEHE | HelepepBHe o6epHeHe BiJI-
obpaskernmst (hY)~1. Orwxe, hY e romeomopdizmom.

3a nobynosoto H;—1 UH; U{z,} =FrQ;, i =2,...,2n, i Takox
Hy, UH; U {mv} =FrQan (nmB. Hacmakn 7.2 7. 5)

Amnajioriuno, H_1 U H; U {xy} = Fr Qz, 1 = 2,...,2n, Takox
Hgn U H; U {zy,} = Fr an. ToMy BHKOHYETBHCH CHlBBi,Z];HOHIeH—

g (10.4).

Haranaemo, mo 3a osnadennam muoxkunn Ky i Ky € npoobpasa-
mu muOokuH BepmnH rpadis 'k _r(f) i T'x_r(g) BianocHo npoe-
KIiit 77 i 74, Bigmosigno. Tomy KOpekTHO BU3Ha4YeHe BiloOparkeH s
hY: Ky — K, 3a takoio dbopmymoio: h%(z) = h?rf(z)(x).

Muoxunn F,, v € m¢(Ky), HOIapHO He TEPETHHAIOTHCH, € 3a-
MKHEHNMH, 1 1X ckindene anciao (ams. 3ayBaxenns 3.1). Te x cro-
cyerbed 1 1x 06pasis BigrocHo hY. O6Meskenns hY Ha KOKHY 3 MHO-
xua F, € romeomopdizmom Ha cBili obpas % Towmy Bimobpa-
xemms hY e TomeomopdizMoM.

Bapas mu npogosxumo h® 1o BimoGpaxkenna h: R? — R?, saxe
KOMITOHEHTAM 3B’ SI3HOCTI MHOKHMH PiBHS (DYHKIMNI f CTaBUTH y BiJ-
MTOBITHICTh KOMIIOHEHTH MHOXKHWH PiBHS (.
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[Toznaummo gepes Qf i Oy MHOXKNHE, eleMEHTAMN AKUX € KOM-
nonenTn 38 s3rocti MuozkuH R2 \ Ky i sigmosigno R?\ K.

Hexait Q@ € Qf, e = m¢(Q) —signosigae pedpo I'k_g(f). 3
gemu 9.1 Ta 3ayBaxkenns 9.2 BuiumBae, mo icuye romeomopdizm
¢: Q — Rx f(Q), axnii 36epirae opieATAITiIO i 3370BOIBHAE YMOBY
f = Prg Od); "

Hexait Q € Qg, mma akoi m4(Q) = (e). Toai icaye romeomop-
dbizm gzNﬁz QV — R x g(@), axuit 30epirae opieHTar(io i Takuii, 1o

g = prz09.
Muoxuna f(Q) = frx—r(e) 38’sa3na. 31 cuissignomens (9.1) cai-

nye, mo MuoxkuHa f(Q) romMeomopdHa iHTEpBaJTY, MiBIHTEPBATY

abo Bigpisky, f(Q) = Int f(Q) romeomopdHa BigkpuTOMY iHTED-
BaIy.

Haragaenmo, mo fx_gr crporo monoTonua Ha pebpi e. Towmy,
akmo f(Q) micrurs Kinenp inrepsana f(Q), Bin Biguosizae Bep-
mmni rpada U r(f), axa innuaenraa pebpy e. ko ne micrurs,

TO KiHellh 1HTepBaJIa BIATOBIIAa€ BipTya bHIM BEPITHHI.

Anasoriune cnpaBeynBo i st MHOXKUH ¢(Q)) Ta g(Q)

Ockinbku i3oMopdism 1) 36epirae opienrarii pebep i Bigobpa-
JKa€ MHOXKHMHY BipTyasbuux sepivt ' g(f) Ha MHOXKUHY BipTy-
anpHNX BepmmH ' p(g), TO 31 ckazaHOrO BUINE CHiAYE, MO ICHYE

cTporo 3poctaroue biekTupHe Bigobpasxkenna x: f(Q) — g(Q).
Orxe, Hexait a < b,c < d € RU +00 Taxi, 1o

f(@) = (a,b), fFr@Q) C {a,b} NR,

9(Q) = (¢, d), g9(Fr@Q) c {c,d} NR.
Muoxuna f(Fr Q) moxe Matu He 6inbine 180X e1eMeHTiB. Po3ris-
HEMO BCl MOXKJIUBI BUNAJIKH.

(a) Hexait Fr Q = @. Toni obuapa xinni pebpa e = 7¢(Q) BipTy-
astbhi. Bracaizok mporo FrQ = @, Tk _r(f) = e, Tk _r(g) = ¥(e),
Q= Qv = R? (nuB. nomemenns memu 9.1).

Poaragremo BimobparkenHst

® =idg x x: R x f(R?) = R x g(R?).



Ilpo Tonosoridny exBiBaJEHTHICTD . . . 39

3pozymigo, mo ¢ € romeomopdizmMom i 36epirae OpieHTAITIIO, & TOMY
h = 5_1 odog

MAa€ HOMI0HI BJIACTHBOCTI.

OueBunno, ¢ Bigobparkae KOMIOHEHTH 3B I3HOCTI MHOXKHMH PiB-
Hsl f Ha DOPU3OHTAJBHI MPSMi, a (E’l BigoOparkae rOpPU3OHTAIBHI
npsiMi HA KOMIIOHEHTH MHOXKUH piBHA ¢. ToMmy h 3aja€ momapoBy
ekBiBaJIeHTHICTE f 1 g.

(b) Hexaii f(Fr Q) micturs piBuo opun enement. Toi 3 Hacsti-
Ky 4 3 [1], cainye, mo muoxkuna Fr Q) 38’si3na, orxKe icHye €1uHa
KOMIIOHEeHTa 3B sa3HocTi F, mHoKuumM Ky, Taka, mo F, N Q+#o.
Tyt v—Bepumna I'x_g(f), ana axoi F, = W;I(v).

Tomi g(Fr @) TexK MICTUTH ofuH ejgemeHT. OT¥Ke, JJid BepINU-

ur w = 1p(v) i BiAOOBiAHOT KOMIOHEHTH 3B s3H0CTI FYy = 7, (w)

MHOKUHU K; Ma€ BUKOHYBaTHCh CHiBBiJIHOIICHHS @ NK, C FTU

Hexait <<v — cnin npu Bepmmsi v rpada 'k gr(f). Toznaunmo
yepes € pebpo, ske nepejaye e y npomy nukii. Hexait € — pe6po,
dke ciigye 3a e. Posrstuemo Bignosigni enementn Q' = 7rJ71(e’ )i
Q"= W?l(e”) MHOKUHE Q.

Hexait x, € F, — cunrynsapna touka f. IToznauumo H' ta H”
koMmuonentn MuOKuHu F, \ {z,}, 115 sskux BUKOHYIOTHCS CliBBiI-
nomenna H' C Q'NQ, H' c QNQ".

Awnajoriuno, Hexail I, € f:*’\;, — CUHTYJSpHA TOYKa ¢, <lw — CIIH
npu Beprmai w rpada ' r(g). Hexait pebpo € = Wg(@’) nepejye
’é’//

€y muka <w, = wg(@”) caigye 3a e. Ilosnaunmo uwepes H'

Ta H" KOMIOHEHTH MHOXKHHE F, \ {Zw}, Taki mo H' C Q'NQ,
H' cQnQ".
3 HacJIIKY 7.5 BUILIUBAE, M0

QNF, =H UH"U{z,}, QnF,=H UH"U{zy}.

Ockinbku 1) 36epirae cuiam, to € = ('), €' = P(e”).
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Bino6pazkenus h° m0OYIOBAHO TAKWM YHHOM, IO
W(F,) = ho(F,) = F,, Ko(zy) = T,
hO(H/) _ ﬁc hO(H//) _ I:’”.

Orxe, hO(QNF,) = Qvﬂﬁ; OueBnno, obMexkenns hY ma Q NF,
IHAYKYE ToMeoMOpdi3M

W o: QNF, = QNF,.

Mpunycrunvo, mo f(Fr@Q) = {a}. 3 icuysanus x ciainye, 1mo
g9(FrQ) = {c}.
Hexait ¢ € R. Beesgemo Hacrynsi mo3HadeHHs.

Ry = (~00,0) x {q} C B2,

2
RS = (0,+00) x {¢} CR”.

I3 crissignomens (9.1) caigye, mo ¢(QNF,) =R x {a}.

He obmexyrouu 3arapHIiCTh MIPKyBaHb, MOKEMO BBAXKATH, IO
d(zy) = (0,a), ¢(zw) = (0,c). Byaemo Takok BBasKaTH, IO IO/~
THUH HAIPAMOK 00X0/y HABKOJO TOYKH HA IUIOIIMHI € HAIPSIMOK
MPOTH TOIMHHUKOBOI CTPLIKH.

[Ipu 06x07i HABKOJIO TOYKH T, MU pyxaemocs y obaacti Q) Bij
vuokuan H' y nanpavky muoxuan H”. Anamoriuno, npu o6xomi
HaBKos10 ToukN (0,a) = ¢(z,) MH pyxaemocs BcepeanHi 001acTi
R x (a,b) = ¢(Q) Bin R} y manpamxy R, . Ockinbku ¢ 36epirae
opientariio, to ¢(H') = RF, ¢(H") = R, .

Ananoriuno, ¢(QNFy) =R x {c}, (0,¢) = ¢(zw), ¢(H') = R}
i o(H") = R .

Pozarnaremo BinobparkenHst
Do =doh’ o ¢ Vpuiay: R x {a} — R

Ouesu o, @, € romeomopdizmom Ha ceiit o6pas R x {c}. Takox
cipaBeymBi pisHocti @ (R;) = ¢ o hO(H") = ¢(H") = R. i
®o(Ry) = R
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Hexait iq: R — R2, i,(t) = (t,a), t € R. Oznaanmo dyrKIIiO
a=prjod,oi,: R =+ R.

Ty pry: R? — R — mpoekIiig Ha HepIry KOOPIHHATY.
Jlerko bauurn, 1Mo « € romeomopdizmom. Tomy 115t hyHKITA 260
cTporo 3pocrae, abo crporo crajgae. OCKiabKY Jad MHOKHHU

R ={teR|t<0}

BUKOHYIOThCs criBBiaHomenus i,(R™) = R, ipr;(R;) = R™, 10
3a 1100y 1oB01I0 a( R™) = R~ 1 dyHKIist o 3pocrag.
Osnaunwmo sigobpaxenus &: R X [a,b) — R X [c,d),

q)(x,y) = (Oé(l'),x(y)), (xay) €eRx [aab)'
3 BaacTuBOCTEN (v 1 Y CJIijIyE, 0 e roMeoMopdiam, sikuit 306epirae
opienranito. Takox 3a nobygosoro ®(x,y) = Pu(x,y) ana BCix
(z,y) € R x {a}.
Hapemri, nexait

hQ:gE_lo(I)ogb: @—)5
3a mobynosoro hg e romeomopdizmonm i 30epirae opienTaniio.
Ockinbku ¢(Fr@Q) =R x {a}, 10

hQ’FrQ :a_loq)aod):ho.

3a osmadennaM MHOxmHA R? \ K f € 00’eTHaHHAM yCiX peryJisp-
HAX KOMIIOHEHT piBHA (byukmii f. BHACTIZOK MBOro KOKHA KOM-
MOHEHTa PiBHA f, dKa MepeTHHAEThC 3 (), MICTUThCA B (). AmHa-
JIOTIYHO, FKIMO KOMIIOHEHTa 3B’SI3HOCTI PIBHS ¢ Ma€ HEIOPOXKHIM
TepeTuH 3 @, BOH& MICTHTBCS B Hiff 001acTi.

Omxe, 3 BIacTuBocreil ¢ i ¢! caimye, mo hg nna KoxHOI TOUKT
r € Q Bimobpaskae KoMIoHenTy 3B sa3HoCTi MuOKUEE fL(f(1)),
dKa MICTUTH &, HA KOMIIOHEHTY MHOYXKWHHU DPIBHI ¢, IO MICTHTh
TouKy hg(z).

Bunajok f(Fr Q) = {b} posrusiiaerbes ananoriaso.

(c) Hexait muoxknna f(Fr @) micturs aBa eqementu. Toai obu-
nIBa KiHIg pebpa e He Bipryanbhi. Ilozmawmvo ix v 1 v”. §k i
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pasilie, 3acToCOBYOYH HacaioK 4 3 [1], npuxoauMo 10 BUCHOBKY,
110 JIist KOMIIOHEHT 3B si3u0CTi Fiy = WJTI(’U’) iFyr = 7T;1<U”) MHO-
:kuny Ky cipasennsi cuispignoments Fyy NQ # 2, FrNQ # 2,
Q C FyUFyn.

Tak s sepumnu w' = ¥ (v') 1w” = (v") rpada 'k _g(g) € kiu-
gMu pebpa ¥ (e), a ToMy KOMIOOHEHTH 3B’si3HOCTI Fyy = w?l(w’)
i E; = 7'(';1(11)” ) MHOXKUHE K, BIIIOBIIAIOTH CIIIBBiTHOIIEHHIM
Fw/ﬂ@#g, Fw”mé#@a @CFw’UFw”-

Hexait, ax i Bure, romeomopdizmu

¢: Q — R x [a,b], %:5—>Rx[c,d]

3bepiraroTs opierTariio, f = pryop i g = pry 0p.
He obmexyroun 3arabHICTh MiPKYBaHb, MU MOYKEMO BBAXKATH,

1o ¢(Fv’ ﬂ@) = {a}a (Z)(Fv” ﬁ@) = {b}
Izomopdism 1) 36epirae opienranito pebep. OCKilIbKU BOHA BuU-
3HAYAETHCS HAIPAMKOM 3pOcTaHHst GyHKIH f 1 g, TO

d(FwNQ)={c},  ¢(Fu NQ)={d}.
Ax 1 y monepegHboMy BHUTAJKY, 3 HACTINKY 7.5 CIIye, MO KOpe-
KTHO BH3HAYEH] BigoOparKeHHs
¢, = go h° o ¢71’]R><{a}: R x {a} — RQ:
Oy =¢oh o Hpypy: R x {b} = R,
ski romeomopdno Bigobpaxatrs R X {a} i R x {b} na R x {c} ra
R x {d}, Biguosijso.
Hexait i,: R — R2 i, (t) = (t,a), ip: R — R2, iy(t) = (¢,b),
t € R. 4k i Bume, mepeBipsaeThCs, M0 QYHKITI
a=priod,oi,: R =R,
B=prio®poip: R >R,
€ OIEKTUBHUMH 1 TAKUMH, III0 CTPOTO 3POCTAIOTD.
Badikcyemo takoxk romeomopdism x: [a,b] — [c, d], Takuit, mo
x(a) = c.
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3 nemu 9.5 cainye, mo Bigobpaxenns ®: R x [a,b] — R x [¢,d],
ozHaueHe 3a monomorow (opmyau (9.2); € romeomopdizmom, 36e-
pirae opieHTAI0, & TAKOXK BiIOOpaKa€ FOPU3OHTAIBHI TPAMi HA
FOPU30HTAJIBHI TTPAMI.

Ockinbku Y(a) = 01 x(b) = 1, ro 3 dpopmy.sn (9.2) Buriusae, 1110
®(z,y) = Pa(z,y) ama eix (z,y) € R x {a} i ®(z,y) = Pu(z,y)
st kKoxuoro (x,y) € R x {b}.

Oznavymmo N o

hQ:gzﬁ_lo(I)ogZ): @—>C§

3a mobyznosoio hg € romeomopdizmoM i 30epirae opieHTaIio.
Ockinpru ¢(Fr@) = R x {a,b}, To anasoriuHo 10 mMOmepeIHbBOTO
BUIAKY

hglrg = h.
¢Ix i Buie, mepesipsaeThed, mo hg BiToOpazkae KOKHY KOMIIOHEHTY
3B'I3HOCTI MHOXKWHM PiBHsI f, sIKa MEPETUHAETHCS 3 (), HA JeAKY
KOMIIOHEHTY MHOXKWHU PIiBHH (.

Moemnyroun (a)-(c), anxs xKoxuoro Q € Qp Mm oTpmMaIH TO-

MeoMopdizM hg 11 3aMUKaHHA Ha 3aMUKAHHA JedKoro @ € Q4 1m0
BigoOparkae KOMIOHEHTH 3B SI3HOCTI MHOXKHH pPiBHA f, IO HaJe-
’KaThb (), Ha KOMIIOHEHTH MHOXKWH PIBHS (.

Hexait Q' 1 Q" — nBa pisni enementn Qf. Tozi 3a o3nadeHHaM
Q'NQ" =FrQ' NFrQ” C Ky. Orxke, 3a 100y10B0I0 /15 KOXKHOTO
z € Q' N Q" Bukonyerbea pisnicTs hg (x) = hgr(x) = h%(x). Kpiu

TOTO, 3 HACTIAKY 7.2 BumMBaAE, Mo R? = UQle Q.

ToMy KOpeKTHO o3HadeHe Bigobpazxenus h: RZ — R?,
h(z) = hg(z), sxmoz € Q, Q€ Q. (10.5)

Ockinbku rpad I'g—r(f) ckingenuii (quB. 3ayBaxkenHs 3.3), To Ha-
6ip muoxun {Q | Q € Qf} yrBOpIOE CKiHYeHe 3aMKHEHe HOKPUTTs
[JIOIIMHM, 1 HA KOYKHOMY €JIEMEHTI [[bOT0 MOKPUTTS h HElEepepBHE
3a ozmauennsm. Towmy h memepepsre ma R? (mus. [5]).

Ba mobymnosoo h|x ;= h i h GiekTusno BimoGpazkae K § Ha
K . Takox h GieKTuBHO Binobpaskae KOxKHy MHOXHUHY () € Qf Ha
Jedaknil ereMent cim’T Q.
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Hexait Q',Q" € Qp, Q' # Q", Q' = h(Q'), Q" = h(Q"). Hexait

e = mp(Q), & = 7m(Q"), e = Wg(@v’), e = mg(Q") — Binmo-
Bigai pebpa rpadis 'k _pr(f) 1 T'x_r(g). Ockimpku e = v(e),
e’ = 1p(e”) i 1) — xombimaroprumit izoMopdizM, TO Q' i Q" — pisni
erementu Q4. OTKe, @v’ﬂ 67” = .

OueBuIHO, /I KOXKHOTO ) € Qf BUKOHYIOTBCS CILBBIIHONIECHHST

R2\ Q = Ky U UQ’le 0'4Q Q'. 31 cka3aHOTO BHIIE CIIAYyE, IO

WR?\ Q) = Ky UUgico, gignig) @ Tomy M(@Q) NA(R*\ Q) = @
g Beix Q € Qy i Bimobpazkennsa h GieKTuBHe.

Otsxe, osmawene Bimobpaskenmst h~1. Ockimpru h(Q) € Qg i
hillh(Q) = hél ansg Koxuoro Q € Qp, Bci hél HermepepBHi 3a

no0ynoBOIO 1 ciM'a {@ | @ € Q,} yTBOpIOE CKiHYeHe 3aMKHeHe
HOKPUTTS IJIOIMHK, TO Bigobpazkenus h~! memepepsre i h € ro-
MeoMOpPPI3ZMOM.

Mu noBesu BuIIe, 1m0 Bl Bimobpaxkenns hlg, Q € Qf i hy cras-
JISITh Y BIATIOBIHICTH KOMITOHEHTAM 3B’sI3HOCTI MHOXKUWH piBHS f
KOMTIOHEHTU MHOXKWH piBHs ¢g. OTKe, h € MOIapoBO eKBiBaJIeH-
THiCTIO f 1 g.

Amnagmoriuno, ko aaa cirabo HaBanTaxkennx rpadis Kponpo-
na-Piba 'k _r(f) i P'k_gr(—g) 3amanumii KoMbGiHATOPHUH 130MOD-
dism, 1o 36epirae coinm, TO GYHKII f 1 —g TOIIApOBO €KBiBa-
genTH. Aje 3po3ymino, mo po3burra R?, ejemenTaMH AKOTO €
KOMIIOHEHTH 3B’SI3HOCTI MHOXKHH PIiBHIB QYHKINI —g, 36iracrhbca 3
AHAJIOTIIYHAM PO3OUTTIM Ha KOMIIOHEHTH MHOXKHUH piBHIB g. ToMmy
iy upomy BunaJiky pyHKIUT f i g MOIIapoBo €KBiBaJIEHTHI.

[Mpunyctumo Temep, 1o maBamTaxkeni rpacdwu Kponpoga-Piba
r_r(f) i Tk_r(g) € exsiBanenrunvu. Ile o3nauae, mo caabo
nasanTaxkeni rpadu Kporpoga-Pida dbyskriit f i g exkpiBasenTHi i
KoMmbiHaTOpHUH i30MOpdi3M ¥, axuit 36epirae crabke HaBaAHTAYKE-
HHdA, TAKOXK IHIYKYE 130MOpdi3Mm @ZA) YaCTKOBO BIIOPSIIKOBAHUX PO3-
IIIPEHUX MHOXKHMH BEPIIUH Vg 1 Vot rpadis ' _r(f) i Tx_r(9)
BiTHOCHO TIOPSIKIB Peyy 1 ]Bext, BLIIIOBIIHO.
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Haramaemo, 110 9acTKOBU MOPATOK Peyy (Bimmosimwo, ﬁext) iH-
JIYKYEThCsl HA MHOKUHI Vg (BiAIOBiIHO, 17%,5) 31 CTaHTAPTHO-
ro JIHIHOrO NOPAAKY Ha NpAMIA 3a J0MOMOrO0 BIIOOparKkeHH:
frim: Veat = R (Bi,ZLHOBi,ZLHO, lim * Veat — R) _

Moznaunmo A¢ = fiim(Veat), Ag = Glim(Vewt). 3 TBepmKen-
Hs 8.3 chigye, 1Mo icHye DIEKTUBHE CTPOTO 3pocTarotve Bimobparke-
aust ko A § — Ay, Taxe, Mo KOMyTaTWBHA Jiarpama

‘/ea:t L} ‘76115

fuml lglim

Af——A——)Ag
k

Muoxunn Af i Ay cxindeni (quB. 3ayBazkenns 3.3) i MaloTh ozHa-
KOBY KIJIBKICTH €JIeMEeHTIB M.

Hexait Ay = {a1,...,am}, a1 < ... < am; Ag = {b1,...,bm},
b1 < ... < by. OueBngno, b; = l%(ai), 1=1,...,m.

Osnaunmo Bimobparxkenns k: R — R 3a gomomoroio crmiBsimgHO-
LIeHHd

t+(b1—a1), akiio t < aq ,
k(t) = aml,ai [bi(aiy1 —t) + bip1(t — a;)], sxmo t € [a;,a;41],
t+ (b — am), SKIIO T > Gy -
Toni k € romeomopdismom i k(a;) = by = k(a;), i =1,...,m.

Ockinbku ciiabo Hapantaxxeni rpacdu Kpoupoga-Piba dbyukiii
f 1 g ekBiBaJsienTHi, TO MU MoOxkKeMO OOy IyBaTU roMeoMopdizMu
RO Ky — Ky i hg: Q — Q, Q€ Qf, gk Mu 1€ 3pobu/m npu
JIOBEJIEHH] TTOMapoBol ekBiBasieHTHOCTI f 1 g.

ITpn mobymosi BinobpazkeHs h( € MeBHa HEOJHO3HAUHICTH. Buss-
JISETHCH, IO T Bi0OpaskeHHs MOXKHA BUODATH TaKUM YHHOM, 110
romeoMopdism h, BusHaueHuii 3a monomorow (10.5), macts pazom
i3 k Tomosoriuny exkBiBaJeHTHICTL f 1 g.
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Orxe, Hexait Q € Qf, e = 7s(Q) — Binnosinxe pebpo rpada
Tx_gr(f), v,v" € VUV, — Bepmmnm, axi 3’¢anye pedpo e. To-
i sepmman w' = (') 1 w” = P(e”) rpada I'x_g(g) 3’eauani
pe6pom 1(e). Hexait Q = wg_l(qﬁ(e)) — BinnosigEMit exementT Q.

Bume vu nobyyBasu hg y BAIAI] 5‘1 oPoqg, ne @i 5— BiI-
obpazkenns 3 jgemu 9.1, a ¢ mae surnag ®(z,y) = (n(z,v), x(v)),
(z,y) € R x f(Q) (mus. dopmyny (9.2)). Orske, KOMyTaTHBHA Ha-
CTYTIHA, JllarpaMa

— h
Q —Q)

‘| &
— (b —
Rx f(Q) —— Rxg(Q)
Pr2l ll%
Q) —— 4@
Jlema 9.1 cTBepaxye, mo f = pryod i g = pry ogg. Tomy xomy-
TaTUBHA HAaCTYIIHA ,ZI;ianaMa:
h
—Q> Q
(10.6)

<}

Q
/|
f(@Q) —— 4(Q)

V niit koncrpykuil B skocTi Y Q — () MOXKHA B3STH JIOBiTbHE
HeTlepepBHe OIEKTUBHE 3pOCTaiovue BioOparkeHHs.

®ynukuisa fx_ g crporo monoronna Ha pebpax ['k_g(f). Orxe,
He 0OMEXKYIOUN 3araabHOCTI MIPKYyBaHb, MU MOYKEMO BBAZKATH, IO
Jrim(W') < fum ("), Ockinbku 1) 36epirae opientamnito pebep, To

/ i

Grim (W) < Grim (w").

Hexait v' ¢ Vege. Toal fiim(v') € £o00. Tax ax fiim (v') < fiim (v"),
10 fiim(v') = —oo. Ba osnauennam (Veyt) = Vegt, a 3naunTh

w' = (V') ¢ Veye 1 mo anasiorii 3 monepesHiM gy (w') = —oc.
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Axmo v € Vegt, 10 frim (V') = a, mas mesixoro r € {1,...,m}.
Toi
glim(w/) = Glim © ¢(’U/) = /ACO flim(vl) =ko flim(vl) =by.
Tax camo, a60 f1im (V") = grim(w") = +00, a60 flim(v")
Glim(wW") =k o fiym(v") = bs mnaa neskoro s € {1,...,m}.

= a1

Bracainok ckazanoro BukoHyeThes piaicTh k(f(Q)) = 9(Q).

Otxe, mokemo B3aru x(t) = k(t), t € f(Q). Toxi 3i cuissigno-
menb (10.5) 1 (10.6) caigye, mo ko f = goh. Teopemy 1.1 noseneno.
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