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IlepepaxyBanHsa

TOIIOJIOTIYHO HeeKBIBAJICHTHNX
TJIQAKNX MiHIMAJbHUX (PYHKITI
Ha 3aMKHEHUX IMOBEPXHAX

We consider two classes of smooth functions with three critical values on
smooth closed surface of genus g > 1, that possess only one (degenerate)
saddle critical point in addition to k local maxima and [ local minima.
Namely: Cj,(M,) is the class of such functions on oriented surface M,
and C%,1(Ng) — on non-oriented surface Ny. In this paper we calculate
the number of topologically non-equivalent (minimal) functions from the
class C1,1(My) for all ¢ > 1 and from the class C1,1(Ngy) for g = 5,6.
Asymptotic estimate for number of topologically non-equivalent functions
from the class C1,1(INg) (as g — o0) are also established.

Mzl paccmaTpuBaeM OB KJIACCA MIAAKUX GYHKIHA C TPeMS KPUTHIECKH-
MU 3HAYEHUSIMI HA TJIQIKOM 3aMKHYTOH TOBEPXHOCTH POJa ¢ > 1, KOTOpbIe
B [OIOJIHEHWE K k JIOKQJIBHBIM MAKCHMHUYMaM U | JIOKQJIbHBIM MHHZMY-
MaM UMEIOT TOJIBKO OJHY (BBIPOXK/EHHYIO) CELIOBYIO KDUTHYECKYIO TOUKY.
ITycrs C,1(My) — ximace Takux GyHKIMH Ha OPUEHTUPOBAHHOMN IOBEPXHO-
ctu My, coorsercrBerro Cj i (Ny) — Ha HEOPUEHTUPOBAHHOMN IIOBEPXHOCTU
Ngy. B mamnoit pabore mOACYMTAHO YHUCIIO TOIOJIOIHMYECKN HEIKBUBAJIEHT-
HBIX (MMHMMAsBHBIX) dyHkimit n3 kiaacca Ch,1(My) st Bcex g > 1, a
u3 knacca C1,1(Ng) — st g = 5, 6. Takxke npuBeneHbl aCUMITOTHIECKUE
OLIEHKU [IJIsl YMCJIa TOMOJOIHIeCKH HESKBUBAICHTHBIX (DYHKINA 13 KJIAcca
C1,1(Ng) mpu g — 0.
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Bcervi

Hexaii (F,0F) — rnagka nosepxusi 3 mexero OF (OF moxe Oy-
i 110poxkHboI0). Uepes C°(F') 103HaAUMMO HPOCTIP HECKIHYEHHO
audepenniiosanx gyukiiii na F 3 mexeio 0F = 0_F U0, F, sci
KPUTHYHI TOYKH SKUX 130/Ib0BAHI Ta Jie2KaTh y BHyTpimHocTi F') a
Ha KOMITOHEHTI 3B’s13H0CTi Mexi O_F (04 F) dyHkil HabyBaoTh
OJIHAKOBOTO 3HAYEHHS a (BIAMOBLIHO b).

Oyukrii f1 Ta fo 3 mpocropy C°(F) HA3UBAOTL MONOAOZINHO
EKGIBAACHMHUMUY, SKIIO ICHYIOTH roMeomopdismu h: F — F i
h': R'Y — R! Taxi, mo f-h = h' - g. Beionqu B mogasbmomy 6Gy-
JeMO BBaxkaTH, 1o romeomopdizm h' 36epirae opienramio. Komm
h 3bepirae opienrtaiito, dyukiii fi Ta fo 6yaemo nazuBatu O-To-
TTOJIOTITHO eKBIBAJEHTHUMU.

Hexait mami x; € F —i3oapoBaHa KpUTHYHA TOYKa (IO HE €
JOKaJIbHIM ekcTpemymoM) dbyukmii f € C°(F). B [1] O. O. Ilpu-
IIJITKOM JOBEJEHO, IO SIKIIO TOIOJIOTIUHAN THII JiHIA piBHA dyH-
kiii f € C°°(F) npu mepexoni depe3 x; 3MIHIOETbCA (HE 3MIHIO-
€ThCs), TO B JledKoMy OKOJi U; TOYKH Z; HEMEPEePBHOK 3aMiHO0
xoopmuHar GyHKHig [ 3BoguThed Ao suny f = Rez™ + ¢, n; > 2,
(abo >k 1o Bumy f = Rez Bignosigno). A raky TOUKy ; HA3WBAIOTH
cymmeso (abo XK, BIAMOBITHO, HECYMMEGO) KPUTHIHOIO TOUKOIO.

Ywucsio n CyTTEBO KPUTHUHUX TOYOK x; (byHKINT f pasowm i3 3a-
BHAYEHVMY BUITE 3HAYCHHAMY 7; HAZUBAIOTEH MONOAOIYHUM CUH-
2yaaprum munom pynxuii f € C(F).

B po6ori B. B. Hlapka [2] Bus4eno nuramnns raaJkol i Tomoso-
riunoi eksiBasienTHocTi dyHKuiil 3 kiracy C°(F). Bokpema HuM
BCTAHOBJIEHO, 110 13 (PIKCOBAHUM CHHTY/ISIPHUM THUIIOM ICHYE JIMIIIE
CKiHYeHe YMCII0 TOOJIOruHO HeekBiBasenTHUX dyHKIiil 3 C°(F).
O Hak TUTAHHS OPO HAPAXYHOK YUC/I TOMOJOITYHO HEEKBIBaAJIEH-
THUX TaKuX (DYHKINH BUSBIJIOCS [y’Ke CKJIAJTHOK 1 B 3araJibHOMY
BUIAJKY HEPO3B SI3aHOIO /10 CHOTOJIHI POHIEMOIO.

Axmo posrusigaru sume dyukuii kinacy CPO(F) C C®(F), y
SAKUX AUWE 00HG CYMMEBO KPUMUYHE MOuKa (B NMOAAIBIIOMY —
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BUPOONHCERT KPUMUNHEG MOYKE MUNY C10A4G), TO TONOJIOTIIHAN 1H-
BapianT («2-konbopoBuii crin-rpady, 3anpornonosanuii B. B. Ilap-
KOM) Ta IIMTAHHSA I€PEBIPKH TOMOIOTIIHOT €KBIBAIEHTHOCTI 3HATHO
CTIPOIIYIOTHCH, & 33/1a4a PO TMAPaXyHOK 9UCIa TOMOJOTIIHO Hee-
KBIBaJIEHTHUX TakKuX PYHKIINA crae Oliblll JJOCHKHOIO.

Orxke, obmexnmoca fam posraggoM kiacy Cpo(F) C CF°(F)
dyukiit, gxi (KpiM €IMHOI BUPOIKEHOI KPUTHIHOI TOUKHU THUILY
Cii;1a) MarTh TOYHO k JIOKAJTBHUX MAKCUMYMIB Ta [ JIOKAJTHHUX
minimywmis. Sk coigye 3 [3] i [4], arst dyHkiit i3 3a3nauenoro kia-
Cy TIOBHUM TOIOJIOTIYHUM 1HBAPIAHTOM € 2-KOJHOPOBa XOP/IOBA 1~
JiarpaMa meBHOTO BUy, sika Mae k wopuux (abo x cipux) Ta [
cipux (BigmoBimHo wopHuUX) tMKAiB. A came: mnsg QyHKIIH 3 Ka-
cy Cii(My) na opienroamniii mosepxai poxy g — 2-komsoposa O-
jgiarpama 3 n = 29 — 1 + k + | xopgamvu (3|, a jqis dbyskuiil 3
kiaacy Cy(Ng) Ha HeopienToBHIH moBepxHi pomy g — N-aiarpama
3n=g—1+k+1[ xopgamu [4].

Bajaui npo migpaxyHok gucaa O-TOMOJOTIYHO Ta TOMOJIOTITHO
HeekBiBasienTHUX byHKI{i 3 knacy Cy(Mo) (Ha moBuMipHIit cde-
pi) s nehux k il 6ys0 posrsinyTo B [5], ase po3s’s3aHi noBHi-
crio (mist poBlibnux k, 1 € N) nmume y 2014 p. B [6].

B saranbroMy 2k Bunajky (s 10BiibHUX HAaTYypaabhux k, [ i g)
3azHadeHi 3aga4i 11a kiaacis Cy (My) i Ck 1 (Ng) TaKOXK BUSBHIIACS
JIOCUTH BaYKKUMU Ta HEPO3B S3aHUMHU J0 CHOTOJHI TPOOIEMaMMU.

IIpore, six 3’dcyBajocs i ByKe MOXKHA, KOHCTATYBAaTH, PO3B’si3aH-
HST 3a3HAYEHVX 3aJ1a9 JIJIs BUMIATKY MINIMaAbHuL DYHKINH (T06-
to mpu k = [ = 1) e migkoM pocszkanMu. Tak, HATpUKIAI: s
opienmosnur noseprons pony g = 0,1,2,3 Bianoeinui uucaa O-
TOIMOJIOTIYHO Ta TOIMOJIOTIYHO HeeKBiBaJeHTHUX (DYHKINH 3 Kjacy
C1,1(My) Buepiie (3a JI0IOMOIOIO «CJIIB» CIIENIaILHOTO BEAY) OyII0
nijpaxoBano B 1999 p. y poboti [1]. ¥ 2006 p. s [7] (3a momomororo
2-KOJThOPOBUX Jiarpam) Oysio BCTAHOBJIEHO (hOPMYJH Jisl Migpa-
XYHKY TOYHOrO 4ucja O-TONOoJIOTIYHO HEeEeKBIBAJIEHTHUX (DYHKIIT
3 kinacy Ch,1(My) Ha Bunagok gosinbmoro g > 0. Bagada X 1Ipo
[iJIpAXYHOK YHCJIa TOMOJIOIIYHO HEeEeKBiBAJIEHTHUX (DYHKINH i3 3a-
3HAYEHOT'0 KJIACY JI0 ChOI'OJIHI 3aJIUIIAIACh HEPO3B' A3aHOIO0.
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JIg HeopienmoeHuT noeeproHb UHUCIa TOIOJIOIIIHO HeeKBiBa-
nentHux bynknii 3 kaacy Ch,1(Ng) Oynu BimoMuyu suime fjist mo-
yarkoBux ¢ = 1,2,3 i 4 ra sBcranosneni B poborax [1| i [4] Bix-
noBijHo. B 3arasbHoMy K Bunajky (jsist HaTypasbHux ¢ > 1) s
3a/ja4a TaKOXK 3a/IMIIAETHCS BIAKPUTUM HUTAHHSIM.

Po3p’azanmio 3a1a4 mpo migpaxyHOK YUC/Ia, TOTOJIOTIIHO HEEKBi-
BastenTHUX dyHKniit 3 kracis C,1(My) ra Cy,1(Ny) it npucssaeHo
JaHy CTATTIO, IKy MOYKHA BBAXKATH JIOTITHUM 3aBEPIICHHAM ITH-
kiy asropcekux pobir [3], [7], [8] i [9] Ta cyrreBum mpogosiken-
Hawm [4], [10].

1. OCHOBHI IIOHATTHA TA INONEPEJHI BIJOMOCTI

Ilix mepecranoBkoo 7 OymeMo po3yMmiTh OlEKTHBHE BimoOpazke-
uHa MHOKuHE [m] = {1,2,...,m} #a cebe.
1 2 . m 6
(1) w(2) .. m(m) ) OYAMO B
KOPUCTOBYBATH CKOPOUEHE MOBHAUCHHS T = (71, T2, ..., Tm) = (7;),
ne m; = 7(i). 3okpema ¢ = (1,2, ...,m) — TOTOXKHA IE€PECTAHOBKA.

Jltst mepecTaHoBKY T =

Osznauenns 1.1. Yepes S, nosnanumo mroocuny 6cix nepecma-
no60K mHoocuny [m), a ueped C'S,, — MHONCUNRY YUKAIYHUT nepe-
cmanosox 3 S, mobmo mux nepecmanosox 3 S, wo € yuxaa-
MU DOBIHCUHY M, (POKAGIGIOMBCA Y YUK MAKCUMANOHOT 0BHCUHU
m). Ocmanni 6ydemo nosnavamu ¢ = (C1,Ca, ..., Cp), e i,¢; € [m],
¢ =cj & i=j. Sokpema (1,2,....m —1,m) =r1.

JTobpe Bigomo, mo S (Sy,) pasom 3 yHKIIOHAIBHOIO Onepa-
nier o («xkoMnosmiisgy, mo i€ 3a npasuaom «right to lefts) e cu-
MEMPUYHON TPYLIOIO [IEPECTAHOBOK MHOXKHUHE [m)].

Osnauenns 1.2. Ocnawenoro nepecmanosxoro (“signed per-
mutation” ) nasusaromv nepecmanosky o = (0;) MHOdHCUHY [Mm],
6 AKI KOJCEN eACMENTN 0F OCHAULEHO 3HAKOM <+» abo JHc «—».
Yepes S nosHaumumo MHOMNCUNY GCIT OCHAUWEHUT NEPeCaH0GOK
o= {0;).
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Baysaskenns 1.3. Ocuaiieny nepectanosky o € S;- MoxHa Pos-
rasggaTy sik 6iexuio Muoxuuan [£m] = {1,2,....m,—1,...,—m}, ne
o(i) = o0; Ta o(—i) = —o; ana i € [m].

Kpim Toro, ouesuno, mo S;h C St

B mopanbiomy HaM 3HaAI00IATHCS if IEPECTAHOBKY 3 MHOYKIHN
S = S:;E\S;t. JIna BBeIeHNX MHOKWH OUeBUIHAME € PIiBHOCTI:

1SE]=ml, |SE] =2 ml, |S,,| =m!@2™ - 1). (1.1)

m

3ayBakenus 1.4. Bcionn nmkte taki mouaATTa 9K 2pad, k-peey-
AAPHUT epad, 2amisvmonian, k-uyuxa epady, dockonanse napocno-
ayuenns («perfect matching») 6GyIyTh BKUBATUCS B CEHCI KJIACH-
YHUX BIJMOBITHUX BU3HAYEHBb 3 poboru [11].

B nonasbimomMy mig XopmoBow n-aiarpamMor 0yaeMo po3yMiTh
XOpZIOBY Jiarpamy 3 n xopaamu (aus., Hamp., [12], [13], [14]).

Osuavenns 1.5. Koao 3 2n moukamu na nwoomy (wo € sepuuna-
MU NPABUADHO20 2N-KYMHuKa), dyezu AK020 nouepz060 po3dapbo-
sani y dea Koavopu (wopHul i cipul) ma PiKcosanol HyMepayicto
sepwun (wucaamu 6id 0 do 2n — 1) sa 20dunnurosoro cmpiaxoro,
6ydemo nazusamu 2-KoALOPOBUM 2n-urabaonom, puc. 1.1 a).
2-K0ABOP0B010 T0PJI06010 N-Jiaepamoro 6ydemo Ha3u6aU N-01-
azpamy, nobydosany Ha 0CHOBL 2-K0ALOPOB020 2N -WabAOHY.

Osnauenns 1.6. 2-xoavoposy n-diaepamy, axa e micmums (Mmi-
CMUMb) TOPOU, U0 CTIOAYHAE BEPUWURY 3 HOMEPAMU 0OHAKOBOT NAP-
noemi, nasusaroms O-diazpamoro (N -diaepamoro) — puc. 1.1b),c).

Ozuavennd 1.7. 2-x04b0posi n-diazpamu 6ydemo Ha3usamu 130-
MOPPHUMUY, AKUO IT MONCHG CYMICTRUMAU 6 DE3YALIMAME NOGO-
POMY HG NEBHUL KYM, M EKBIBAAEHTNHUMU, AKULO IT MONCHG
CYMICTNUMU 8 PE3YALMAME NOBOPOMY, 460 03ePKaALHO20 6100UM-
ms, abo JHC IT KOMNO3UULL.

Osunavenns 1.8. Yopnum (cipum) yuriom 2-x04v0po6oi diazpa-
MU HA3UBAMUMEMO NOCAID08HICML Topd ma woprur (cipux) dye,
AKL, YEPEJYIOUUCH, YMBOPIOTOD 20MeOMOPPHUT 006pa3 Opienmosa-
no2o Koaa —puc. 1.1 b),c).
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19 9 1

Puc. 1.1

a) 2-xoavoposut 20-wabaon; b) O-diaepama 3 1 cipum ma 2
woprumu yursamu; ¢) N-diaepama 3 1 cipum ma 1 woprum
YUKAQMU.

IMpukaazn 1.9. ko uepes (i,i+ 1) mo3HaunT opieHTOBaHY JIy-
ry 2n-mabsoHa, a vepes [i, j| — XOp/y, sika CIIOJyvae BepIINHA 3
HOMEpaMu ¢, j, TO U0PHI bcy, Ta cipi ge; MuKIM 2-KOJTBHOPOBOIL JTia-
rpamvu, 306paxkenoi ra puc. 1.1b), MOXKHA TOAATH Y BUTISAT:

bey = (18,19)[19, 6](6,7)[7, 18],
bey = (0, 1)[1,10](10, 11)[11, 14] (14, 15)[15, 4](4, 5)[5, 16] (16, 17)
[17,2](2, 3)[3,12](12, 13)[13, 8](8,9)[9, 0],
= (19,0)[0,9](9, 10)[10, 1](1, 2)[2, 17](17, 18)[18, 7](7, 8)[8, 13]
(13,14)[14, 11](11, 12)[12, 3] (3, 4)[4, 15](15, 16)[16, 5] (5, 6) 6, 19)].

A enunuit vopHuUit Ta egUMHUA cipuii NUKJIN JiarpaMi, 300pasKeHol
Ha puc. 1.1c), —y Bursm:

bey = (0,1)[1,10](10, 11)[11, 14])(14, 15)[15, 4](4, 5)[5, 16] (16, 17)
(

[17,2](2,3)[3,12](12, 13)[13, 7](7, 6)[6, 19] (19, 18)[18, 8] (8, 9)[9, 0],
= (19,0)[0,9](9, 10)[10, 1](1,2)[2, 17](17, 18)[18, 8](8, 7)[7, 13]
(13,14)[14,11](11, 12)[12, 3](3, 4)[4, 15](15, 16)[16, 5] (5, 6)[6, 19].
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MMigcymoBytoun, 3a3Ha4MMO, MO «00Ximy (BUYIEHYBAHHS) TEB-
HOrO (3apa/ BUBHAYEHOCT]) YOPHOTO IUKJTY JiarpaMyu MOXKHA, 3J1iii-
CHIOBATH, TTOYMHAIOYMN 3 ITAPHOrO» KIHIHA JOBLIBHOI YOPHOI JAyTH
(«menaproro» mus cipoi). Hassemo Ti «craproBoty. Pyxatouuchk
y (1101aTHOMY) HAIPSAMKY 32 FOJAMHHUKOBOKO CTPIIKOI, MU JI0Cs-
raeMo 11 kinng. Jasi caim pyxaTncs B3I0BXK XOPIHU, 9Ka CIIOJTyIae
el KiHernp 3 IHmMuM 1T KiHIteM Ha KOJIi MabI0Hy. 3 IILOT0 MOMEHTY
(i B mOMATBIIOMY) PYX IO KOJIY 3JIHCHIOETHCS BUKJTIOUHO B3OBK
YOPHUX JYT, iHIM KiHI 9KAX OJHO3HAYHO BU3HAYAIOTH HACTYITHI
XOpJu IUKJIY. | Tak /10 TOr0 MOMEHTY, MMOKU He Oyne JOCSITHYTO
«CTapPTOBY» AYTY TOPHOTO ITUKJTY.

SIKI10 TPOIrHOPYBATH KOJIP, TO KOYKEH YOpHUil (cipuit) mukT 2-
KOTb0pOBOI O-miarpamMu 306ira€TbCd 3 BiAMOBIIHUM ITHKJIOM HEIIO-
dapbosanoi miarpamu. Toxi, nacmimyouan [12],

O3zuavenns 1.10. Podom 2-xoavoposoi O-diazpamu bydemo wna-
3UBAMU UIAE YUCAO §, U0 BUIHAMAEMDBCA DIBHICITLIO

n+1—M\
g=""0" (12)

de A — CYMAPHE YUCAO YOPHUL | CIPUT YUKALE 0142DaMU.

Ozuavennda 1.11. Podom 2-xoavoposoi N -diazpamu 6ydemo wa-
3UBAMU YIAE YUCAO §, AKE BUSHAYGEMBCA PIBHICTIO

g=n+1-A\ (1.3)

Osuauenns 1.12. Muoowcuny O-diazpam (N-diazpam) 3 n xopda-

mu Gydemo nosnanamu I (ma SN sidnosiono).

Mnoorcuny O-diaepam (N-diaepam) 3 n xopdamu, aAxi maroms
mouno | cipur ma k woprur yursie bydesmo nosnawamu %lok’n (ma

N ; ; O N _ Y
S kin 610N0610H0), a4 MHOHCUNHY ST kin U ST ko — A6 S1ksn-

Mnoorcuny O-diaepam (N-diaepam) 3 n xopdamu, Axi mMaroms
avwe 1 ciputi (abo orc avwe 1 woprut) yurs 6ydemo nos3nauamu

O oxN O N x
STn (St a mroocuny ST, U S, nosnawumo ax 1.

Curig BigzHaunTH, 1110 THTAHHIME MEPETiKY XOPIOBUX N-TiarpaM
BITHOCHO il TWKJIIYHOT (MOpSiIKY 2n) Ta AieApajbHOl (MOpSIKY
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4n) rpyn 3aiiManach Imiga HU3KA BIJIOMHX MaTEMATHKIB, 30KpeMa
asropu pobir [12], [13], [15], [14], [16].

[Migpaxynky umcaa Hei3oMOpdHUX (HEEKBIBAJEHTHUX BiJHOCHO
JUT HUKJI9HOT TPy HOPSIZKY 1) Ta HEEKBIBAJEHTHUX (BIIHOCHO Jii
Jlie/IpasIbHOT IPYIIU TIOPSAJKY 2n) 2-KOJBOPOBUX N-larpaM pPUCBsi-
weno pobotn [16], [7], [17]- [6]. Sokpema, dbopmymu ans migpaxyH-
Ky 9ncia HeizoMopdHUX Ta HEeeKBIiBAJEHTHUX JiarpaM JJis KJIaciB
IO, N S?n; %{Vn; \sfk;lﬂwl BCTaHOBJIEHO B poborax [17]; [18];
[10] Ta [6] BignosigHo. dus uncaa weizomopdHux miarpam 3 KJa-
cy %?1 . — B [7], @ m1a ancna HeexkBiBaTeHTHUX TaKWX Jiarpam —
AHOHCOBAHO B [9)].

dx caimye i3 pobit [7] i [10], mae micte

Teepmxkenuns 1.13 (zapaxmepucmuuna eaacmusicms miarpam
3 KJaciB %?n Ta S{Vn) Kootcny diaepamy D 3 waacy 1., Mo-
HCHA OTROMOAHCHUMU 13 OCHAWeHUM YuKksom w(D) dosorcunu n.
A no cymi — 3 OCHaugeHmo nepecmanoskoro m(D) € SE |, npu%o—
my: wooreny D € S, — s (D) € Sy, a diaepamy D € SV, — 2

m(D) € S,

Harasgaemo ochoBhy ijfero 3a3nauenux biekriit. Koxkuy wopry
ayry (2i,2i+ 1) 2-k0160poBOTo 2n-mabI0Hy TOMITHMO HOMEDPOM i,
0 <i< (n—1);cipy ayry (2n — 1,0) — mitkomo 0, a koxmy cipy
syry (2) — 1,2j) - novepos J, 0 < j < (n — 1).

Hexait gani D € Sy, 1o Mae epuuuii cipuit (4opHuit) mukil.
O6Xiz BOTO MUKJIY 0060B’I3KOBO MTOUNHAEMO 3 00X0OY IyTHU 0 (Big-
nosigHo 0) v (I0maTHOMY) HAIPSIMKY 3a TOJIMHHUKOBOK CTPLIKOO
Ta TOC/IOBHO BUIMCYEMO HOMEDHU-TIO3HAYKU CIpUX (YOPHUX) JIYT,
SKI 3YCTPIYAIOTHCs TpU 06XO0J1 €UHOTO Ciporo (YOPHOro) IHUKIIY.
[IpuaoMy oCHAIIEHHST 3HAKOM «MIiHYC» BiZOYBAETHCS JINIIIE /TSI THX
HOMEPIB-TIO3HAYOK ;, HAIPAMOK 00XO0/1y IyT sdKuX 30iraBcs 3 Pyxom
IpoTHU FO,ZLI/IHHI/IKOBO'I' CTPLIKU.

dAxmo D € \91 -ns TO OOXIJT KOZKHOI 13 CIpUX JyT (mpu 06x0/11 y 3a-
3HAYCHUI Crocih €IMHOTO Ciporo NUKIY) BiIOYBAE€THCS BUKJIIOIHO
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33 TOAMHHUKOBOIO CTPLIKO, 1 TOMY CepeJi eJeMeHTIB BiIITOBiIHO-
ro mukiay w(D) = (6,17)\1,710/71?1) HeMae Bia'eMHMX. 3Binku it
prmnBae, mo 7(D) = 7 (w(D)) = (wi, ..., w,) € S ;.

dAxmmo xx D € %ﬂfn, TO JlarpaMa MiCTUTh MoHANMEHIIe Bl X0P-
¥, 9Kl CIOJIy9al0Th BEPITUHW 3 HOMEPaMHU OJHAKOBOI MapHOCTI.
Hexait [24,27], (i < j)—onna 3 Hux. fkuo npu ob6xoii ciporo
LUKJLY TIPOXijl B3/10BXK Xopau [2i,2j] Binbysases Bijg 20 j10 27, 10
HaIpsIMOK 00X0ay IyTH Q JOJATHIN, a JIyTHh ;—Biﬂ’eMHHﬁ; SAKITIO
2K Big 27 10 2%, TO HATPAMOK 00XOMy Jyru 3 AOJlaTHIN, a ayru i
Big'emunit. Takum 9uHOM, Cepes; €JE€MEHTIB BiJIIOBIHOTO IUKILY
w(D) e sig'emui i tomy (D) € S, ;.

IIpuknan 1.14. diarpamy Dj, 306paxeny na puc. 1.1b), moxna
ororoxkuuTHy i3 mkaoMm w(Dq) = (0,5,1,9,4,7,6,2,8,3) Ta mepe-
cranoBkoto 1 = (5,1,9,4,7,6,2,8,3), a miarpamy Dy, 306pakeHy
Ha puc. 1.1¢),—i3 mukiaom w(Dy) = (0,5,1,9,—4,7,6,2,8,3) Ta
nepecraHoBrow mo = (5,1,9, —4,7,6,2,8,3).

3aypaxkennsa 1.15. 3 ypaxyBaHHSM BBEICHUX MO3HAYEHB Ta, K

caigye 3 poboru |7], umcsio gopHux nwkaie jiarpamun D € S?m

36iraeThCd 3 YMCIOM MUKJIB KoMmosumii w™ ! o 7, ge w = w(D) i
70 =(0,1,2,...,n—1). BinmiTuMo TaKOK, IO MUK TEKOMITO3UIIT

b=w"! o7y — cyTb YopHi IUKIN Jiarpamu.

Osnauenns 1.16. [19], [11| Hezxat m = (m;) — nepecmanoska
3 Sit. Ilepemsopumo ii y (neocnaweny) nepecmanosxy 7 = ()
3 S;rm 30 00NOM02010 8L00GPANCERHA (v, NPU AKOMY OAL KONCHOZ0

1 <@ < 'm easemenm m; 61006PANCAEMBCA Y BNOPATKOBANHY NADPY

N / / _ {27T2 - 1,271—1}, 7Tz > O,
i) = (T T} = { {2lmil,2lm| = 1}, m <0

«Breakpoints-epagpom nepecmanosku m (nadaai — BG-epad T,
abo orc kopomxro BG(w)) nasusamumemo (neopienmosarud) deo-
Koavoposuli epadp BG(T) i3 6nopadkosanord MHONCUHONW GePUIUH
Ty = 0,7, T,y oy Ty, T = 2m 4 1, Muodicuna pebep aAxozo €
06’cdnannam 080T «Q0CKOHAAUT napocnoayuenss (perfect match-
ings ) na sepwunaz {0,1,...,2m + 1}, a came:
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o wopHi pebpa (nadani — dyeu)
op(m) = {{Wéiaﬁéiﬂ}m <i<m}
e cipi pebpa (nadasri — xopdu)
¢ = {{2i,2i + 1}|0 < i < m}.
Inwumu caosamu, BG(m) = dp(m) Udg — puc. 1.2 b) i c).
Ha puc. 1.2b) 306pazkeno BG-rpad mist mepecTaHOBKY
m=(7,4,6,1,8,3,5,2),

AKUN PO3KIATACTHCH y 3 TUKJIW: ABa 2-TUKIN Ta OJWH H-TIHAKJI;
Ha puc. 1.2 ¢) — BG(7) nna m = (6,5, —7,—1,—8,—2,4,3), akuit
POBKIATACTHCA Y €IUHNN 9-TIUKIT.

2ml+1:7r‘z”,+, 7, =0 7,=17 0=z, n,=17 0=z,

T, ~r et 6 T~II

;z/;, m 0o o 3 14 5 12
RN N / \ / \
T2~ - b7 10 7 8 9

inl
xiTl i ]/ 5 (/12 4 (/;3
Ol 1

16 b 15 [ S—)
ﬂ;lﬂ ”‘21 15 2 16 1 2
a) b) c)
Puc. 1.2

a) BG-mabnon; b) BG(r), = = (7,4,6,1,8,3,5,2) € Sg;
¢) BG(r), 7 = (6,5,~7,—1,-8,-2,4,3) € Sg

SayBakenns 1.17. 3 ypaxysannsm o3nauenns 1.16 (3apaau 3py-
YHOCTI Ta 6€3 BTPATH 3arajJibHOCTI) B MOJAJIBIIIOMY OyIeMO BBaxKa-
™, Mo ATa Kool m € S i1 BG-tpad GymayeThes Ha OCHOBI
BG,,-mabnony —puc. 1.2a). Ilix BG,-mabaorom 6yaeMo posy-
Mitu 1-peryasipunit rpad, sIKUit CKAaae€ThCs 3:
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® 2m+2 TOYOK, 1110 € BePIIUHAMYU IPABUIBHOIO (2m+2)-KyTHHKA i

3aHYMEPOBaHI 3a TOAMHHUKOBOIO CTPLIKOIO 33, JOTIOMOTOI0 MITOK
!/ / / / / —

7T0 == O, ﬂ-l’ 7T2, ceey 7r2m, 7T2m+1 = 2m + 17 Ta

e m + 1 pebpa — wopuux ayr op(m) = {{my;, ;1 }|0 < i < m},
OIMCAHOIO HABKOJIO 3a3HA4YeHOro (2m + 2)-KyTHHKa KOJIa.

Kpim Toro, koxmy HODHY JIyTy {mh;, ;1 } momiTumoO HOMEPOM i,

ayry {2m + 1,0} — 0, a xoxuy ayry {mh,_,,7h;} — HOMepOM i

Haramaemo, mo napocnoaysenmam y rpadi Ha3MBAIOTL MHOKA-
HY TIOTIAPHO HecyMikuux pebep. Jockonasum TaPOCTIONY IEHHSIM
(abo >k 1-ghaxmopom) HA3WBAIOTH MAPOCIONYYEHHS, B AKOMY 3y-
crpivaroThea yci Beprmunu rpada. Yepes F,, mo3HAIAIOTE MHOKA-
Hy l-daxropis na Bepmmuaax {0,1,2,...,2n — 1}, 30kpema gepes
e={{i,n+i}|0 <i<n—1}— «roroxuuits 1-axrop.
Osnauenns 1.18 ( [11]). Kongieypauiero nasusaroms 06’cdna-
HHA 080T dockonasux napocnosyuens o i dg 6 {0,1,...,2m + 1},
de 0¢ = {{2i,2i + 1}|0 < i < m}.

Aonosnennam nmt@eypaum C = g U dg Hasusaromv kongi-
eypayito C = dpUdg, de dq = {{2i—1,2i}1 < i < m}U{2m+1,0}.

Mag miciie xapakTepuCTUYHa BJACTUBICTE «breakpoints-rpadis.

Teepmxxkenns 1.19. [11, Lemma 5.1.| Kongieypayia C = dpUdg

e «breakpoints-epadom nesnoi ocnawenoi nepecmarosku ™ modi i

auvwe modi, xoau i donosnenna C = dg U dg € 2aMIABMOHIGHOM.

Osnauenns 1.20. Bsedemo wacmynmi nosHasernts.

. S+ — mnooicuna muz nepecmanosox 3 S, wui BG-epagu pos-
nﬂa(?mombm y k uunme BG — muoorcuna sidnosidnur BG-
epadis, Si(m, k) =|S" K= |BG x| — «Hultman number»;

o SF |k — MHOdCURA MU nepecmcmoemc 3 St wui BG-2pagu pos-

m
Kaadatomuvea y k yukaie, BGE ik~ MHOJICURA sidnosionuxr BG-

2pa’¢267 SH( ) ’SnLk’ = ’BG ‘
S5 L= Si k\Sm w BG. . — muootcuna sidnosionuxr BG-zpadis,
Sp(m,k) = 1S, 4| = IS \ S il
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Cuatip 3a3HaamMTH, 1110 TPOOIEMAM TTIPAXYHKY BETAIAH S;}(m, k)
i Sﬁ (m, k) Ta cyMixKHUM THTAHHIM TPUCBIUIEHA 178 HIU3Ka POOIT
(mamp., [20], [21], [22], 23], [11]). OnHak HuUK<Ye MU HaBegEMO Bi-
JIOMI pe3yJIbTaTH BUKJIIOYHO JIJisl BUNIAJAKY k = 1.

Tak, nampukmiam, y 1980 p. B pobori [20] Ta mizuime B [23] 6ymo
BCTAHOBJIEHO CIIPABEJIUBICTE (DOPMYIN

2-m!
, m=2l
shmn) = { g 22 (1.4)

a B 1992 p. y po6ori [21] Ta mizuime B [11] — cupaseayusicts dhop-
MY

Ly 229 (g+ 1) (gh)?
Sir(g:1) = (29 + 2)!

g min(i,g+1—1) 2N GE - (g +2 — i —j)!
Y c(z;J)'l (2 — 1) ’

i=1 j=1

2

(1.5)

e

(—1)92 =g 2=t (g4 1) - (20 — 25 + 1) - (i — 1)! y
g+2+i—g)g+1+i—j)g+1—i+j)(g—i+j)
1
gl )R- -

c(isj) = (

(1.6)

SayBaXuMo, 10 33798 PO T IPAXYHOK

® BeJIMYUHU S}; (m, k) € piBHOCHIBHOIO 70 3a/1a4i TIPO MiIpaxyHOK
9IHCTIA TPEJICTABIEHD (hikco6anozo (m—+1)-1UKIIY y BATJIS/I KOM-
nosuuii p o w, ge p — (m+ 1)-nukn, w € S 4 3 c(w) =k (sxa
po3kiaaeTses y k nmkais) [20], [23], [11], a

® BETUIWHN Sﬁ(m, k) —3amadi po miapaxyHoK Tux T 3 Fp, 41, Ipu

axux ¢(dqUT) = ki C(Tugg) =1 (e(-) — umemo nmukais) [21], [11].
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2. «BREAKPOINT»-TPA®U TA 2-KOJIBOPOBI [IIATPAMU 3
O/IHUM (CIPUM) HUKJIOM ITEBHOIO KOJIbOPY

Osnauenns 2.1. Hezxati m € Si. Ea(w)-epagﬁom 6ydemo Ha-
susamu BG()-2pag, axut donosueno (do 3-peeyaaprozo 2pagdy)
cipumu, dyzamu {2m + 1,0} i {20 — 1,2i} (1 < i < m) BGop-
wabaony. Inwumu crosamu (3 ypazysannam osnavens 1.16, 1.18),
BG(n) = 65(m) U b U dg.

+

—t =
mks BGm i 1 BG,, |, MHOXKIHEE

Ea—rpacbils JUIS TIePECTaHOBOK 3 S| Sf;’k, S:Trl’k Ta S;L’,C BiATIOBiI-
7:::1,]6" E(\; r—;,k
i EE{M (mepebyBarotuy y B3a€MHO OJHO3HAYHIH BiAMOBiAHOCTI 3
elleMenTaMu MHOKHH BGE | BGi,k, BGjmk, i BG,, BiAMIOBiIHO)
nepebyBaroTh y B3AEMHO OJHO3HAYHIN BiITOBIAHOCTI 3 e1eMenTaMu

MHOKHUH S Si’k, S:r;,k Ta S;L,k BiITIOBITHO.

—_—t —
IMoznauumo gani uepes BG,,, BG

] —_—t -
no. Toni oueBnzgno, mo enementn muoxkua BG,,, BG

3ayBaxkenns 2.2. be3 BrpaTu 3arajibHOCTI, MOXKHA BBAXKATH, 1110
KOKHY 2-KOJBOpOBY miarpamy D € k., nobymoBano Ha BGpy,-
mabsoni (m =n — 1) — puc. 2.3 a), b).

Toni xoxmwiit miarpami D € 3, 0HO3HATHO MOXKHA TTOCTABUTH
y Bigmosignicrs nepecranosky m = w(D) € Sni_l, E\G—rpacb TKOT
36iraeThest 3 D. Tlogcunmo, 9K 3a0a€ThC T BiATOBIIHICTE.

1) Ockinbku D mae o Cipuit UK, TO Tpu #OT0 06X01, TT09n-
Hatoun 3 0-of cipoi ayru {2n—1, 0} 3a roAMHHUKOBOO CTPLJIKOIO, MU
PYyXaeMOCs B3JI0BK XOD/M, OJHUM i3 KiHIiB Kol € BepmuHa 0, j10
apyroro 1T ximmg #Ha BG,_q-mabgoni — sepmman 1. Ilomaanmmit
HAIIPAMOK PYXY 10 KOJIY BU3HAYAETHCS CIpOIO JTYT0I0, IO 1HIINICH-

[UJIEHTHOI Cipoi Xopm — HOMepoM (27 + 2), i Tak 10 THX Tip, TOKA
He ToBepHeMOocst 110 (2n — 1)-seprmau 0-0i cipoi xyru — puc. 2.3¢).
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2) B pesymsraTi Kinmi koxu0i cipoi gyrn (kpim momigenoi 0-0f)
6y/e 3aHyMePOBAHO MAPOIO {7h, |, 7h; } MOC/IJOBHIX HATYPAIBHUX
qucen 3 {1,2,...,2n — 2},

3) Ilpomyckatoun Bepiuay 0 1 pyXaluuch 3a TOJMHHHUKOBOO
CTPLIKOI0, BUITUIIIEMO [IPUBJIACHEH] HOMEDHU BEPIITHHAM EE’n_l—ma—
6siony. B pesysibrari 0/1epKUMO EPECTAHOBKY

r_ R / / / / +
m = (D)= (77177727 ey M1, o4 "'77T2n737ﬂ-2n72> € S2n—2'

4) 3 ypaxyBanHsaM 2) Ta 3a J0TIOMOTOIO Biobpaykerns o+ (o —
3 o3navennd 1.16) nepecranosni 7' = 7' (D) 01HO3HAYHO CTABHTHCS
y Bignmoeimmicts mepecramorka 7 = w(n'(D)) = (m) € S¥ |, a
came: s koxuoro 1 <i < (n—1)

7T2'L /
+—=, To;_1 — HEIapHe,
-1 ’ / o 2
«Q ({Wziqaﬂzi}) =T = /
T9i—1 /
T, 7T2i—1 — IIapHe.
2m+1 0 170 5 170

/nt N/ \ o/
{ )\ ] )

Puc. 2.3
a) BG,-mabion; b) D € 37545
¢) ' =7'(D) = (13,14,7,8,11,12,1,2,15,16,5,6,9,10,4,3) 7 =
7 (x'(D)) = m(D) = (7,4,6,1,8,3,5,~2) € S5, BG(1) = D

Takum amHOM, KOXKHIi miarpami D € 3, 0JHO3HAMHO ITOCTaB-
ewo y BigmosimHicTs nepecranosky 7 = (D) € ST |, BG-rpad
K01 36iraeTnes 3 D.
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Bokpema, KOXKHIi giarpami D 3 Kjacy \sl 'n, 00HO3HAMHO CTABU-
Thes Y BiAMOBinHICTE Mepectanoska T = 7(D) € ST |, a koxmiit
piarpami D 3 kmacy 37, —nepecranoska m = 7(D) € S, (BG-
rpad gxoi 36iraeThes 3 D).

[ maBmaxum: KoxkHii mepectanopii w3 S | (3 S, |) 0dnosnauno
craBuThCst y Bianosigaicrs BG(m), a Tomy it BG( ) — siarpama
D = D(m) came 3 Ks1acy %?,n (3 xITacy %{Vn BLAIOBLHO).

3 ypaxyBaHHSM 3a3HAUEHOT0, O3HaUeHHs 2.1 Ta 3ayBaxKeHHs 2.2
miarpamu D € $q,, T2 BG (m(D)) € E\Giil MO}KHa OTOTOXKHIOBa-

. Tak camo MoxkHa oToToxHIOBaTH BG(T) 6 BG _1 Ta Jiarpa-
v D(m) € . OTKe eleMenTH MHOXKIH ‘91n i S+ p ra S, i
S,,_, 1epedyBaloTh Y B3a€MHO OJHO3HAYHIN BiINOBLIHOCTI.

Bigbmie Toro, ockibKu YHCI0 k YOPHUX IUKJIIB 2-KOJIBOPOBOT
giarpamu D(7) = BG(m) € 3y, 30iracThes i3 9ucioM mukiis
BG(m), o T € S 1k 1 masmaxy, sxmo 7 € S 14 T0 BG(m) €

+ _

BGn—l,k’ a TOMy BG(T() c BGn—l,k = 3 kn-

Takum TUHOM, 6CMAHOGAECHO DICKUIIO MIXK €IEMEHTAMU MHOXKUH
S kn Ma S _ 1 - BLIBII TOTO, MaIOTH MicCHe TaKi TBepP/KEHH:.

Teepmxennsa 2.3. Faemenmu mHoocun \‘1 ki b Sn Lk nepeby-

8a10MB Y B3AEMHO 0OHO3HAWHIT sidnosionocmi.
N S Q—
Teepmaxennsa 2.4. FEaemenmu mnodicun 37 kn Sn_uC nepeody-

8a10Mb Y 63GEMHO OOHOZHAYHIT eidnosionocmi.

Hacaigok 2.5.

IS | = ‘si Lk‘ = SE(n—1,k). (2.7)

n—

Y — |gt _ ¢t

19| = Sn_l,k\ = SH(n—1,k). (2.8)
Osnauenns: 2.6. Hezati 0 = (0;) € Sy, . Sxwo daa xosicnozo
1 <1 < m suronyemocea pisnicmsd 0+ 0omt1—; = 2m—+1, mo ma-
KY NEPECManosry o 6Yoemo nasusamy CUMEMPUIHON0, MHONCUNY
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+

6CIT MAKUT NEPeECMANO60K NOZHAUAMU Sy, 6 MHOICUHY 610N0-

sionuz diazpam D(0) = BG(0) € 8V, 1 — ar SCgp 11

Teepaxkenns 2.7. Jiazpama D = BG(0) € cumempuunoro 6iono-
cno oci cumempii BGop, -uabaony, AKa nporooums wepes cepeduni
0-0i cipoi ma m-of woproi dye, modi i auwe Modi, Kosu o € S;'m.

3. IIEPEPAXYBAHHS TOTIOJIOTTYHO HEEKBIBAJTEHTHUX
INVIAAKMX MIHIMAJIBHUX KDYHKLLH;I HA SBAMKHEHHUX
OPIEHTOBAHUX TOBEPXHSX POAY g > 0

3.1. Kunacudikaniiina reopema ta ijirocTpaTuBHi npuKJiagm
A0 IMIOYAaTKOBUX 3Ha4YeHb. B [3] BcraHOB/IEHO, 0 U151 TOBLIBHOT
dbyukuil f 3 xinacy Ck (M) (moBHEM) TOmONOrTYHUM iHBapianTOM
e 2-xosopoBa xopaosa O-miarpama D(f) 3 n =29 —1+k +1
XOpJlaMu, sika Ma€ TouHO k dopHuX (cipux) Ta [ cipux (JopHHX)
ks, Tobro miarpama 3 Kiacy %g,l;n (n = 2g—1+k+1). Boxpema
Ma€ MICIE TaKe TBCPAZKECHHSA:

Teopema 3.2. (3] Jei dynwyii fi i fo 3 xnacy Ci1(My) 6y-
dyms O-monoaozivno eKksi6aseHMHUMY (TMONOA0ZINHO eKEI8ANEH-
muumu) modi i auwe modi, Koau 6i0nosioni im diaepamu D(f1)
i D(f2) 3 xaacy S?,l;n (n =29 + 1) e exsisarenmuumu 610HOCHO
i yuraiunoi (6idnosiono diedpasvnoi) epynu. Yucio monosoziumo
neexsisarenmuur Pynxuit 3 xaacy C11(My) dopienioe wucay we-
exsisaaenmuur (6idnocno di diedpaavroi epynu) diaepam 3 Kaacy

ITpuknan 3.3. lpu g = 0 icuye equHA miarpama 3 Kaacy %?71;1,
puc. 3.4a), mpu g = 1-— Takok €AUHA Jlarpama 3 Kjaacy %1071;3,
puc. 3.4b), ansa g = 2 maemo piBHO 4 HeekBiBaJEHTHI miarpaMu 3
KJacy 381;5, puc. 3.4c), a anst g = 3 icHye 25 HeeKBiBaJEHTHUX
JiarpaM 3 KJacy %81;7, puc. 3.5. TakuMm IUHOM, A TOIATKOBUX
g =20,1,2,3 uncso TOMOJOrIYHO HEeeKBiBaJEHTHUX (DYHKIIIH 3 KJIa-
cy C1,1(My) cramosuts 1,1,4 i 25 Biamosinwo.
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OROPOC

)

)

Puc. 3.4. (Tomonoriuni) imBapianTtn st TO-
IMOJIOriYHO HeeKBiBaJeHTHUX ((DYHKIH 3 Kjacis
C1,1(My), C1,1(My) i Cy1(M2) Bignosinmo.

OOOOD

el
SSS

Puc. 3.5. (Tonosoriuni) inBapianTn jist TOMOJIO-
rigno HeeksiBasenTHUX dynKIiit 3 Kiaacy Cq 1 (Ms).

23 24 25
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Dopmarizyemo 3asnadeny 3a0a4y Aa TOBLIBHOTO g > 0.

Ba siemoto Bepucaiija ta 3 ypaxyBaHHsM pe3ysbraris pobir [3]
i [7] umucso neeksiBasenTHUX (BiHOCHO JIiT jieipasibHOI IPYHU HO-
DAIKY 2n) miarpam 3 KJaacy %10,1;11 (n = 2g+ 1) mMoxe OyTH BU3HA-
YEHO 3a JOMOMOIOIO CHIBBLIHOIIEHHS

a5 =5+ (4ol + Som) ). (3.9)

ae df(n) —uucio HeizoMopdHUX (HeeKBiBaJIEHTHUX BIIHOCHO il
IUKJIYHOI TPYIH TOPSIIKY 1) JiarpaM 3 KJacy %glm;
So(n) —uucao TuxX giarpam 3 KJaacy %1071;”, 0 € CHMETPHIHAMHA
BigHOCHO (bikcoBaHOT oci cumeTpii 2-KOILOPOBOTO 2n-TTabI0HY
(HaaJTl, KOPOTKO, — CUMEMPUNHUT ia2pam 3 KAaCY 99?,1;n)~
Taxum 9UHOM, BUDIIIEHHS 3a3HAYEHOI TPOOIEME 3BOIUTHCS 10
3a7adl Mpo TiAPaxyHOK YUCIa TUX JiarpaMm 3 KJacy %10’1;29 11, 9Kl
€ CHMETPUIHUME BiHOCHO (PiKCOBAHOT 0Ci cuMeTpil 2-KOJIbOPOBOr0
(4g + 2)-1abiiony.
Po3p’sazanmio 1miel 3ama9i i IPUCBIYEHO HACTYIHUN IMiIMYyHKT.

i QO
3.4. IlepepaxyBaHHsI CHMETPUYHHUX JI1arpaM KAaCy 3719441
OueBuano, 1o 6e3rnocepeniM HaCIIKOM o3HadeHHs 2.6, TBepirKe-
HHs1 2.7 Ta BignoigHoi dopmyan 3 (1.1) € cnpasemnBicTh HACTY-
THUX PIBHOCTEHN

’%?,29-%1’ = ’522} = |57] = g!-27. (3.10)

[Moznaummo masi gepes 881;2 g+1 MHOKHIHY THX (CHMETPHIHIX)
miarpam 3 %10,29 41, 9Ki MazoTh 1 cipmit Ta 1 9opHmit UK (TOOTO,
MHOXKUHY THX Jiarpam 3 %101_2g 41, MO € CUMETPHYHEMH BiTHOCHO
oci cumetpii BGag-mabmony, aka IpoXoauTs depes cepeaunn 0-oi
cipoi Ta g-oi 9opHOI myT).

3 ypaxyBaHHgaM OpuKAaLy 3, g mouarkosux g = 0, 1,2, 3 3nHa-
uyenns Bemmanan So(2g + 1) cranosaars 1, 1, 4 1 20 (ma puc. 3.5
e giarpamu 1-20) Bignosiguo. Y pobori [8] B siBHOMY Bursiii Ha-
Beeno Bei 148 cmmerpmanmx miarpam 3 kracy ¥4 (g = 4).
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Binbmr Toro, 3 ypaxysauusm pesyibraris [8], npu 1 < g < 9
pimmosimmi swagenns seruann So(2g + 1) i S5(g; 1) s6iraorbes.
Tomy € Bci migcTaBy A1 BUCYHEHHS 2in0mest om0 30ir BeJIuInH
Opu noBiabHOMY g > 1.

Hexait m € SE. Tpancdopmyemo mepecTanoBky m = (m;) y He-
OCHAITNEHY TEPECTAHOBKY 0 = (01, ..., Oy Ot 1y -y O2m) € g;m 38,

Jr

JIOTIOMOTOI0 Biftobpakents k: S — Sy npu sikomy Vi € [m]

L ‘ 1 {m,2m—|—1—7ri}, m; >0
K.Wzl—){O'z,O'2m+1fz}— { {2m+1_|ﬂ'z’,‘ﬂ'z|}, 7T’L<0

OueBniHO, O K € BIEKTUBHUM Ta JUIs BCIX @ € [m)]

-1, +0; o, <m
K A0 Oy} e { —0'2’m+1 i 0p>m
- .

Hexait masri S;_m,l — MHOXWHA, THX 0 € S;rm, aui BG-rpadu pos-

KIagai0Thea B 1 mukor. THIMME CIOBaME, MHOKIHA THX 0 € S5 |
—_— —4

npu skux BG(0) € BGY,, | (abo % BG(c) € BGy,, ;).

3ayBarkeHud 3.5. 3 ypaxyBaHHAM TBep/KeHHS 2.7, KOXKHY Jia-

rpamy D € %1029 1 MOYKHa OTOTOXKHHTH 13 EPECTAHOBKOIO 0 € S;rg

(BG(0) = D). A 3a nonomoroto BimoGpakeHHst K — i3 epecTanos-
Koo T = Kk 1(0) € Sgi. Bisbme TOro, B LIIOCTPATHBHUX TPHUKJ/IA-

max 3.6 1 3.7 mokasaHo, Mo KOXKHY miarpamy D 3 xacy %101_2g+1
MOKHA OTOTOKHHUTH 3 (OCHAINEHO0) MepecTaHoBKow m = (D) ca-
Me i3 Kj1acy Sgcl. 1 napmakm.

ITpukaan 3.6. Ilpu g = 2 icaye Jgmie YOTUPU IiarpaMu 3 KJIacy
%81;5, puc. 3.4c). Koxny 3 uux (puc. 3.6) MOKHA OTOTOXKHUTH i3
BiJITTOBIITHUMY TIEPECTAHOBKAMU T; € S2il:

-1
1) o} = o{(D1) = (7,8;5,6;3,4;1,2) “—

-1
oy = (4,3]2,1) = 1 = (—1,-2),
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2) oy = oh(Da) = (3,4;7,8;1,2;5,6) &

s oo = (2,4 1,3) £ = (42, —1),

3) o = o4(D3) = (5,6;1,2;7,8;3,4) &

oy = (3,1 4,2) £ my = (—2,+1),

3) oh = o4 (Dy) = (3,4;1,2;7,8;5,6) &

s ou = (2,1 4,3) £ = (42, +1).

OO @ O

D, = BG (o) BG(ﬂ1 (O‘z) BG (7,)
43|21 :24|13 +2 l
D, = BG (o3) BG( (7) D,= BG 0'4) BG (7,)
=(3,114,2) &> (-2, +1) =(2,1]4,3) & (+2,+1)
Puc. 3.6
3O | — ot
Takum unnom, (ST, ’ = S5(2,1).

ITpuknan 3.7. Ha puc. 3.7 naBegeno Bci 20 mepecTaHoBOK T €
— —+

S3i,1’ signosini BG(m)-rpabu 3 BGy; Ta Bijnosiano Bei cume-

TpudHi B/E(U) = BG (k(m))-niarpavn 3 @1071;7. Orxe,



IlepepaxyBanmsa TOMOIOri9HO HEEKBIBAJICHTHUX ... 125

Ax 3’sacyBasiocs, MAOTh MiCIe HACTYITHI TBEPIXKEHHS:

Jlema 3.8. fxwo o € §;m L mom=r"(0) € SE . I nasnaxu:

arwo w € S= moa:/@(ﬂ)egjml

m,17

Takum 9rHOM, CIIPABEATUBAM € TBEPXKEHHST

JIema 3.9. (9] /las dosiavhozo namypaavrozo g cnpasdacyemuvca
PIBHICND

So(n) = ‘C}lo,l;Qg—I—l‘ = ‘§2+g1‘ - )5;1‘ - Sli{(gv 1). (3.11)

Ilouarkosi 3nadens unciaa do(n) BCix Aiarpam 3 Kjacy S?l n

Ta gucyaa So(n) CUMETPHYHEUX JarpaM 3 MbOro KJacy MOJaHO ¥
rabauni 3.1. 3 ypaxyBanuam Jiemu 3.9, Mae Miciie OCHOBHUIT pe-
3yJIbTAT

Teopema 3.10. Yucao HeeneieaﬂeHmHu:z (6idnocno dii diedpans-
Hot epynu) diazpam 3 Kaacy \sl 1 (M= 2g+1) mootcna obuucaumu
3a donomozo10 cnissionowenHA

=y (b +s5 0y ), G

de senununa dfy(n) (3 yparysannam pesysvmamie pobomu 7|) mo-
olce BYymu 6uU3HAYENa 30 MAKUMU POPMYAGMU:

1 n
d5(n) = - (7), ; .
H(n) - do(n) + Z 0] ; p(n,i) |, (3.13)
i|n, i#n
. ‘ n A
p(n,i) =d(i) - ¢ (?) : (;) : (3.14)
B yuz dopmyaaz p(n,i) —wucso mux diazpam 3 Kaacy %1071;“, AK1
CCAMOCYMIWYIOMBCAY NPU NOBOPOML HA KYM W; = g—z - 2t Ha6xo-
A0 UEHMPY 2-K0AbOPO6020 2N-wabA0HY (3a 200UHHUKOBON0 CMPIiA-
£010),

2(n —1)! _ (29)!
n+l  g+1

‘Jl,l,n =
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C
9
&

s

7 =(-1,-2,-3

<

(-3,41,-2

~

7y ={-3,~1,42

~

.
S
&

7, =(-3,42,+1 (-2,43,-1

=

T ={+2,-1,3

<

=
N
Il

O
C
&

7y =(+3,-2,+1

=
N
I

L ={-1,43,2

>

my = (-1,-3,42

>

g
O
:

7, =(+3,42,-1

N>

m=(-2,+1,-3

=

7y =(+2,-3,-1

=

0
O
2

my=(-3,-1,-2

A

Ty :<—2,+3,+1

=

7 =(+3,-1,42

-

-
-

T =(+2,+1,-3

<

7, =(+3,+1,-2

~

S
@
S

Ty =(-2,-3,-1 Ty =(~1,43,42) Ty =(+2,-3,+1)

=

Puc. 3.7. BG(o;), BG(m), m € S5, 1<i <20
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d(i) = 25 6(g) = {1 < h < q | ged(h, q) = 1}| — dynnyia Bi-
Aepa,

¢"(q) = {1 < h < q|ged(h,q) =1 =ged(h+1,q)}],
ged(a, b) — natibiavwud cniavnul davHuk HAMYPALLHUT a 1 b, a
BEAUNUHA Sfl ("T_l, 1) = Sli{(g; 1) eusnauaemoca 3a opmysramu
(1.5)—(1.6).

Hacainok 3.11. Yucao monoaoziuno neexsisasenmnur Gynryid
3 waacy C11(My) moorcna snatimu 3a dopmyramu (3.12)—(3.14),
(1.5)—(1.6).

ITouaTkosi 3HaYeHHS uncia HeizoMopdHUX df)(n) Ta 4yucia He-
exsiasenTnux djj (n) miarpam 3 kracy SP5., (n = 2g+ 1) momano
y Tabsmi 3.2.

4. TIEPEPAXYBAHHSA TOTIOJOTTYHO HEEKBIBAJITEHTHUX
IVIAAKNX MIHIMAJIBHUX CDNHKLLII;I HA 3AMKHEHUX
HEOPIEHTOBHUX ITOBEPXHSIX POJY g > 1

4.1. Knacudikariiiina TeopeMa Ta MOYaTKOBI pe3yJibTaTH.
B poborax [3], [4] Bcranosieno, mo s posinbHOI dyHKNi f 3
kiaacy Cpi(Ng) (moBHHM) TOHOJOTidHNM iHBAPiaHTOM € 2-KOJIbO-
posa xopgosa N-giarpama D(f) 3 n =g— 14k + 1 xopmamu, axa
mae TouHo k woprmx (abo x cipux) ta | cipux (BigmosimHO HOp-
Hux) nukiais. To6To miarpama 3 Kiacy %kN’l;n n=g—1+k+1).

3okpeMa Mae MicClle TBep/IzKEHHS

Teopema 4.2 ( [4]). Hei pynxuii fi i fo 3 xaacy C11(Ny) € mo-
NOAOZINHO EKBIGAAEHMHUMY TOJT 1 AUULE TOdI, KOAU 610N06I0HI
im diazpamu D(f1) i D(f2) 3 xaacy %{\,fl;n (n =g+ 1) € exsisa-
AEHMHUMU 810HOCHO 01 diedpaavroil epynu. Yucso monosoziuro
neexsisarenmnus Pynkyit 3 xaacy C11(Ng) dopienioe wucay re-
exgisaaenmnur (6ionocno dii diedpanvroi epynu nopadky 2n) dia-
epam 3 KAaCy 311\771;” m=g+1).

ITpukaan 4.3. llpu g = 1 icuye eguHA miarpaMa 3 Kjaacy %{Ym,
puc. 4.8a), mpu g = 2 iCHy€ TAKOXK €QUHA Jiarpama 3 KJIacy %{V 1:39
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g [n | doln)=CZ =8u(2,1), So(n) = S7(g,1),

nocnigsaicTs A060593 B [24] | mocaig. A001171 B [24]
0 |1 1 1
1 13 1 1
2 |5 8 4
3 |7 180 20
4 19 8 064 148
5 |11 604 800 1348
6 |13 68 428 800 15 104
7 115 10 897 286 400 198 144
8 |17 2 324 754 432 000 2 998 656
9 |19 640 237 370 572 800 51 290 496
10 | 21 221 172 909 834 240 000 979 732 224
1123 93 666 727 314 800 640 000 20 661 458 688

Tabji. 3.1. Houarkosi 3nadenns Besmaun do(n)
ta So(n), n =29+ 1

g |n d5(n) dg5 (n) = folnliSoln)
0 1 1 1
1 3 1 1
2 51 4 4
3 7 30 25
4 9 900 524
5 11 54 990 28 169
6 13 5 263 764 2 639 434
7 15 726 485 868 363 342 006
8 17 136 750 260 720 68 376 629 688
9 19 33 696 703 714 374 16 848 377 502 435
10 | 21 10 532 043 325 452 570 5 266 022 152 592 360
11 | 23 | 4 072 466 404 991 332 194 | 2 036 233 212 826 395 441

Tabj1. 3.2. [owarkosi 3mavenns Bemuwans df,(n)
Ta d(n), n=2g9+1
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puc. 4.8b), s g = 3 maemo piBHO 4 HeekBiBaIEHTHI miarpaMu 3
KJIacy E‘s{v 1;4> DHC. 4.8¢c), a ipu g = 4 icaye 20 HeeKBIBaJEHTHUX
JiarpaMm 3 KJacy %51;5’ puc. 4.9. Takum IUHOM, /I TOIATKOBUX
g =1,2,3,4 uucjo TOMOJOTIYHO HEeeKBiBaICHTHUX (DYHKIIM 3 KJIa-
cy C1,1(Ng) cranosuts 1,1,4 i 20 Bignosinso.

B zarasbHOMY K BUTAJKY (/I HATYpaJbHUX ¢ > 1) 1s 3ama4a
1 10 CHOTOMIHI 3AJIUMIAECTHCA HEPO3B’ I3aHOIO.

SRADEHDE

3 4
)

Puc. 4.8. (Tonosoriuni) iHBapianTn Jist TOMOJIO-
riuno HeekBiBastenTHUX dyHKIH 3 Kaacis Cp 1(Ny),
Clyl(Ng) i 0171(N3) Bi,ZLHOBi,ZLHO.

TIpore, ax 3’sacyBamocs, icuye Oe3mocepenniil 38 430K MixK IITy-
KaHOIO Ta Hapejenuvy puie seamanaavu Si(g, 1) Ta Sp(g, 1). A
BUPIIIEHAS 3a3Ha9eH0l TPoOIeMn 3BOIUTHLCA S0 PO3B’sA3aHHA 3a-
Jlad PO TAPAXYHOK THX JHarpam 3 KJaacy %{Yl;n (n=g+1), axi

MaroTh cumerpii (BiJHOCHO 1OBOpOTY Ta/abo BiuOUTTS).

Teepaxxkeuns 4.4. Jlaa namypasorwuz n = g+1 > 1 wucao dy(n)
diaepam 3 KAGCY %{\,fl;n MOJACHA 0BUUCAUMY 3G POPMYAAMU

dy(n) = Si(n—1,1) — Sp(n — 1,1) =

S#(g,1), g # 2m.

Hosedenna. 3 ypaxypauusaMm nyHkTy 2, ipun =g+ 111 <k <n
qHCII0 JiarpaM 3 Kaacy 31 k., 30iraerscd i3 4uciom S§ (g, k) mepe-

+ _2¢t
=155(9,1) = Su(g, 1) z{ Sul9,1) = 535, 9 =2m (4.15)

+ +
CTaHOBOK 3 S & 1IPOTE Cepeji HIX TOUHO S} (g, k) mepecranosoxk,
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Puc. 4.9. (Tonosoriuni) iHBapianTn s TOIOJIO-
riuno HeekBiBaJeHTHUX (DYHKINHN 3 KIaCy C'l,l(N4).

fAKI BU3HAYAIOTH TIAKJIAC %?k came O-yiarpam 3 Kaacy 81 gip-

N
Tomy «ncno dy(n, k) aiarpam 3 xmacy 3., MOxKHA 00UHCNTH
3a JONOMOTO CHIBBLIHONICHHS

dn(g+1,k) = Si(g,k) — SH (g, k).

3 ypaxysamusawm criesiguommenss (1.4), npu k = 1 11 marypasib-
Hux g = n — 1 Maemo cnpasegymsicTs dhopmymm (4.15). O

Jlema 4.5. /laa dosiavrozo npocmozo n = g+1 > 2 wucao dy(n)

HEIZOMOPPHUL J1a2Pam 3 KAACY %{Vl.n MOACHA OBMNUCAUMU 36 M-

KO0 (POPMYN0I0:
d N (77,) 1

dy(n) = — — = P (Sf,(g, 1) — Su(g, 1))- (4.16)
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g |n= Sji—l(gal)v Su(g, 1), dn(n) =

g+1| A001171 B [24] | A060593 B [24] | Si(g,1) — Su(g,1)
1|2 1 0 1
2 |3 4 1 3
3 |4 20 0 20
4 |5 148 8 140
5 |6 1348 0 1348
6 |7 15 104 180 14 924
718 198 144 0 198 144
8 |9 2 998 656 8 064 2 990 592
9 |10 51 290 496 0 51 290 496
10 | 11 979 732 224 604 800 979 127 424
11|12 20 661 458 688 0 20 661 458 688
12 | 13 | 476 936 766 720 68 428 800 476 868 337 920

TABJ1. 4.3. llouarkosi 3HavMeHHs BenanH dy(n)

Jlosedenns. Ba memoro Bepucaiiga (Ta 3 ypaxyBaHHAM, HATPUKIAJT,
pesymnbraris pobit |7] Ta [10]) gucno djy (n) meizomopduux (BigHo-
CHO JiT MUKJIYHO TPYIH) arpam 3 KJaacy %{\f 1;n, MOZKHA obuncmTy
3a JIOMOMOTOFO CIiBBI/IHOIIIEHHSI

dyv(n):% avm)+ Y o (%) v |, @)

i|n, i#n

ne v(n, i) — 9ucao THX JiarpaM 3 KJIacy %{Yl;m AKI «CAMOCYMIIITY-
IOTHCs» [IPU HOBOPOTI HA KYT Wy = % HABKOJIO HEHTPY 2-KO-
JILOPOBOrO 2n-11ab/ioHy (38 TOAMHHUKOBOK CTPLIKOW0), a ¢(q) —
dyukiis Eitnepa.

Ockinpku n € npocrum, To 3Haxomkentas (4.17) 3BoguThCa 70
obuucenns sesmannn v(n, 1). B [10, nema 2.2| 6y710 BeranoBseHo,
IO JI/Is HenapHux 1 aucjio p(n,i) Tux giarpam 3 Kjaacy STJXI,
CaMOCYMINIYIOTBCS IIPU OBOPOTI HA KYT Wy, ; (4|n) HABKOJIO HEHTPY
2-KOJILOPOBOTO 2Nn-MabJIoHy (32 TOAMHHUKOBOIO CTPLIKOIO ), MOXKHA,

K1



132 0. A. KanyboBcruit

obuncimTy 3a HOPMYIIO0

p(n,i) =¢ (%) (- 1) (Q)H (2 -1). (4.18)

7

3BiAKE (/1717 HEIAPHUX N Ta KJIACy %,]yl) p(n,1) =0. A 3 Toro, mpo

oV oV —

S 1. C Sy BunuBae, mo v(n, 1) = 0. O
3aysakeunsa 4.6. 3 ypaxysamuam jgemu 4.5 1ad 9ucaa Hei30-
MOpPQHUX miarpaMm 3 Kaacy %]1\/ 1., B AKOCTI aCUMIITOTUYHOI OI[IHKH

(upu n — 00) MOXKHA UPUAHATA BEJIUIUHY
1
0" (n)=|—-dn(n)|.
() = |1+ dnto)]

4.7. IligpaxyHOK 4YucJja HEeeKBiBaJIEHTHUX Aiarpam 3 KJia-
ciB 3, Ta $PY; (umcaa Tonosioriuno HeekBiBasleHTHUX
dyukuiii 3 kaacis C11(Ns) Ta C,1(Ng)).

JIema 4.8. Yucao neexsisasenmuux (6ionocno dii 2pynu diedpa)
diazpam 3 KAACY %]1\[1-6 cmanosums 125, mobmo

45 (6) = 125. (4.19)

Hosedennsa. 3a emoro Beprcaiiga Ta 3 ypaxyBaHHAM, HATPUKJIAT,
pesyabraris pobir [7] ra [10], mae micue pipnicTs

556) = 3 (436) + 5 (10 +26) ). (420

4y (6) = % (dN(G) + (1)v(6,1) + ¢(3)1(6,2) + v(6, 3)), (4.21)

ne 51(6) (s2(6)) —umesmo THX miarpam 3 KJacy Sf{l;ﬁ, IO € CHMe-
TPUYHUMH BiHOCHO (ikcoanoi oci cumerpil I-ro (I1I-ro) Tumy, ska
IIPOXOJUTH YEpPe3 CEPEJINHU JiaMeTpaJbHO TPOTHIEKHUX JOPHHUX
(BimmoBiznHO cipux) JAyr 2-KoJab0poBOro 12-mabiomy, ¢(q) — dyH-
kiig Eitrepa (KibKICTh HATYPaJIbHUX MEHIIHX 3a ¢ TUCET, B3a€M-
HO mpocTuX i3 HUM), a V(6,7) — 9uCa0 THX gilarpaM 3 Kaacy %]1\{1;6,
AKI CAMOCYMIIIYIOTBCsSI IPU MOBOPOTI (HABKOJIO HEHTPA 2-KOJIBOPO-
BOro 12-mabJiony) Ha KyT we; = 2% i = % -i (y HanmpaMKy 3a
TOJTMHHUKOBOO CTPLIKOIO).
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Ak sunnusae 3 [10], v(n,1) = 0 gyst napuux n > 2.
Bei giarpavm 3 xracy %11\7 1;60 Kl CAMOCYMIIIYIOThCS IPU TIOBO-

poTi Ha KyT we2 = 2— , Hapegeno ua puc. 4.10. Tomy v(6,2) = 4.

SOISOIRIS

Puc. 4.10

Bci giarpavu 3 xracy %{\j 1:67 K1 CAMOCYMIMIYIOTHCS TTPU TTOBO-
poTi Ha KyT w3 = 7, HaBeJleno Ha puc. 4.11.

30Y6aHCUMO, WO KOHCHA 3 HUL TAPAKMEPUSYEMBCA HAABHICTNIO
PisHo 060% «AiaMeMPANLHUT> TOPO (U0 CNOAYUAIOMD JaMEMPAN-
HO NPOMUNEHCHT BEPUIUHY WAOAOKY ), IHEAPIGHMHUT 610HOCHO NO-
80POMY MG 3A3HAMEHUTE KYM.

Orxe, v(6,3) = 48. A 3 ypaxyBanHsiM criBBinHOmenHst (4.21),
MaEMO

1404
dy(6) = 5 <1348 +2-4+ 48> - - 234. (4.22)
Hesaxkko mepesipuTn, 110 icHy€ TOTHO:

e 16 miarpam 3 KJacy %{\,71;& AKl € CHMETPUYHUMHA BITHOCHO
dikcoBanoi oci cumerpii I-ro Tumy, puc. 4.12;
e 16 miarpam 3 KJacy 351;6, AKl € CHMETPUYHUMHA BITHOCHO
dikcosanoi oci cumerpii II-ro Tuny, puc. 4.13.
Taxmm auraOM, 51(6) = 52(6) = 16.
3 ypaxysanHsiM criBsigHomeHHs (4.20), 0CTATOIHO MAEMO

dy(6) = 3 (234 + 5 (16 + 16)) = 125.
JleMy noBejieHO. (|

SaysBaxkenus 4.9. PisaicTs 51(6) = s2(6), oepKaHa mijg gac j1o-
BEJICHHS, HE € BUIIAJAKOBOK, TOMY IO JJId MApHUX 7i 3a3HAYEHOIO
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bPuc. 4.12

OO0
OOOO
OO

Puc. 4.13

BJIACTUBICTIO BOJIOJIE KOYKEH KJIAC JBOKOJILOPOBUX M-IiarpaM, sKi
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MafOTh OJHAKOBY KIJbKICTH YOPHUX Ta CIpUX IUKJIB. A ToMy CIiB-
BiIHOIIIEHHS IS TiIPAXYHKY YHCJ/Ia HEeKBIBAJEHTHUX Jlarpam 3
KJIacy %{V 1.2, HaOyBae 09EBUHOTO CIIPOIICHHS

=

4% (2m) = % (d}‘v(2m) + s(2m)> , (4.23)

Je §(2m) —ameno giarpam 3 Kjacy (\\S{\,fl;va MO € CHUMETPUYHU-
Mu BiHOCHO (ikcoBanoi oci cumerpii I-ro (a6o II-ro) Tumy, sxa
MPOXOJIATE 9epe3 CepeluHn TaMeTPaJIbHO TPOTHIEKHUX YOPHUX
(BIAMOBIHO CIpUX) YT 2-KOJBOPOBOTO 2m-1IabIoHy.

Hacaimok 4.10. Yucao monosoziuno Heexsieasehmuus GyHruid
3 xaacy C1,1(Ns) cmanosumo 125.

JIema 4.11. Yucao neexesisarenmnu (6idnocto 0ii epynu diedpa)
diazpam 3 waacy SY,.» cmanosums 1136, mobmo

dy (7) = 1136. (4.24)
Jlosedenns. 3a memoro Beprcaiina ta 3 ypaxyBanaam gemu 4.5 mae

MicCITe PiBHICTH

A5 (T) = 5 (A (7) + 50(T)) =

% <dN7(7) + 30(7)> . (4.25)

1e so(7) — amcao Tux giarpam 3 Kaacy %le 1.7, 1O € CUMETPUIHUME
BiTHOCHO (hiKCOBAHOT OCI cMMeTPIT (KA TPOXOUTH YePe3 CepeuHm
JiaMeTpabHO MPOTUIEKHUX CIPOI Ta TOPHOI JIyT) 2-KOJBOPOBOTO
14-mmabsony.

Owuesumno, o ichye aumre 12 Tunis cumerpuannx (BigrocHO dhi-
KCOBaHOI 0Ci cuMeTpil 2-K0gb0poBoro 14-mabiony) 2-KoIbOpOBUX
N-giarpam 3 7 xopmamu, puc. 4.14.

Bci cumerpuuni miarpavu 3 Kaacy %]1\{1;7 HABEJIEHO 33 TUIIAMU
na pucyukax 4.15-4.18 mmxkue.

Takum wurom $o(7) = 140. A 3 ypaxyBaHHsIM CHIBBIIHONIEHHS
(4.25), ocrarouno maemo diy (7) = 3 (2132 + 140) = 1136. O

Hacaimok 4.12. Yucao monosoz2iuno Heexsieasehmuus GyHryid
3 xaacy C1.1(Ng) cmanosums 1136.
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OO

17Tun 2TuUn 3TuUn 4 vn 5Tun 6 TMn

OO

7 Tvn 8 Tun 9 TMn 10 Tun 11 Tun 12 Tvn

Puc. 4.14
g 11213 4 5 6 10 12
n 21314 5 6 7 11 13
*N(n) 1[1]6]28]234|2132 |89 011 584 | 36 682179 840
d}‘\}*(n) 111(4]20(125| 1136 ? ?

TABJI. 4.4. Tlouarkosi 3navennst Bemann dy(n)
Ta dy(n)

4.13. Acmvmnroruyna oninka mst dy (n). Buxopucrosyroun pe-
syapratn pobir [15], [14] Ta [10], He BasKKO BCTAHOBUTH, IO TSI
MeBHOTO KJacy L, 2-KOJLOPOBUX M-JiarpaM B SKOCTI aCHMIITOTH-
IHOI OIUHKY (TP n — 00) IS IMC/Ia HEeKBIBAJEHTHUX (BITHOCHO
IiT rpynu Aiefpa TOpsiIKy 2n) Jiarpam i3 3a3HAYEHOTO KJacy MO-

., < L
JKHA TPUHHITH BETHIUHY 0§, = {%}

Tomy (3 ypaxysanusim 3ayBaxkenusi 4.6) s uncia HeekBiBa-

JeHTHEX jiarpam 3 kaacy 1., B AKOCTI acuMnTOTHIHO! OMiHKE
=y
upu n — 00 (B «1epriomy HabJIMKEHH» ) MOKHA IPUAHATH BeJIu-
d

quny 0**(n) = { 157(171)}

st meprroro i apyroro mogankis cymu (1.5) yBegemo HacTyIH]
[O3HAYCHHHA

_ 2%t (g + 1) - (g)?
SHN:(g) = 29+2)0
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min(isg+1—i)
i—i=1(97)1(j— PPN P
SHN»(g) = Z Z c(i; ) - [2 ! (21)(!§j_11))!](!57+2 ])u]

i=1 j=1

~
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Puc. 4.18. Bci cumerpwuni miarpavMu 3 Kjaacy
%]1\{1;7 11 Tumy.

130

136

ne ¢(i; j) BusHagaeThes 3a dhopmyrowo (1.6).

Toai MaroTh Miclle HACTYIIHI BJaCTHBOCTI:

1) ama mopimeHOTO HaTypaspHOTO g BemmunHa SGNo(g) < 0;
SGN-
20)  lim )
g7ree - [SGN2(g)|

3 inmoro 60Ky, 3 ypaxyBanusM dopmyan (4.15), mpu g — oo B
sxocti Bermanan dy(n) = dy(g + 1) npupoano obpaTn BeJTHInHy
S3i(g: 1) = SHN1(g) + SHN,(g).

Toni, 3acTocoByiodan BiacTupicTh 2V), He BasKKO MOKA3aTH, IO
IpU ¢ — OO BITHOIIEHHS

Sulg:) 2% (g)°
2(g+1) (29 +2)!
€ eKBIBAJIEHTHUMH HECKIHYEHHO BEJUKUMH BEJIUIUHAMU.

TakuMm IUHOM, OJ€PKAHO ACHMITOTUYHY OLIHKY 1ist djf(n). A
caMe:
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Teepmxkennsa 4.14. [Ipu n — oo

i} 30-1) . ((n — 1)1)3

(4.26)

BucHOBKU TA MMPUKIHIIEBI 3AYBAKEHHA

Takwum unHOM, B IpescTaBeHi podoTi:

1) moBHiCTIO PO3B’A3aHO 33/aMy PO MIJIPAXYHOK TUC/IA TOMOJIO-
rigno HeekBiBamenTHNX yHKii 3 Kaacy Cq1(My) (Ha 3aMKHEHIX
OPIEHTOBHUX MOBEPXHSIX POy g > 0);

2) BHIEpIIE BCTAHOBJIEHO TOYHE 3HAYEHHS YMC/1a, TOTIOJIOTIHO He-
exksiBanenTaux dynkiiin 3 kaacis Cp1(Ns) ta C11(Ng) (ma 3a-
MKHEHNX HEOPDIEHTOBHUX MOBEPXHAX Pomy D i 6);

3) [OCHIPKEHO ACHMITOTUYHY TOBEIIHKY 9HC/Ia TOMOJIOTTIHO
HeeksiBastenTHEX byHKIii 3 knacy Cq,1(Ng), Koam g — 0.

Kpim Toro, sk 3’dacyBajocsk, icaye TicHuil 3B’ 30K MiXK 3a/1a9€10
PO HiAPAXyHOK YMC/Ia TOMOJONYHO HEeKBiBaJIeHTHUX (DYHKINN 3
kimacy C11(My), Binomoro «3azmauero KomiBoszkepa» («Travelling
salesman problem») [22] Ta 3amagamMu Mpo TMEPECTAHOBKU TEHOMY
[19].

[Tonanbmia pobora Moxke 6yTH TTOB’si3aHa i3:

1) ysaranbHEHHSIM ONEP:KAHUX PE3Y/TbTATIB HA BUITAI0K 3HAT-
T 00MEXKEHHsT TPO 30eperkenHs opierTarii romeomopdizmy
h': R!' = R! y o3uauenni Tomosoriuno exkpisasenTHIX DYyH-
KITiif;

2) BCTAHOBJAEHHAM (DOPMYJ IS THAPAXYHKY TOYHOTO 3HAMEH-
Hsl 9UCJA TOTOJOTIYHO HEeEeKBiBaJEHTHUX (DYHKIN 3 KIaCY

C1,1(INg).

Anagnizytoun pesynbrarn pobit (23] 1 [11], miskoM mocsKHUM
371A€THhCsI PO3B A3aHHS 33029 PO MiApaxyHOK ducja O-TOImoJIori-
YHO Ta, TOIIOJIOr 4HO HeeKBiBaseHTHHX dyHKI 3 Kiacy C1 p—2(M1)
(ma mBoBEMipHOMY Topi 12).
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