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TormoJsiorigna criiikicTh (pyHKITi BlTHO-
CHO ycepeJHeHb 3a MipaMu 3 KYCKOBO
MOCTIHHUMU IMIJIBHOCTAMU
We present sufficient conditions for a topological stability of averagigns
of piece-wise differentiable functions f: R — R with finitely many local

extremes with respect to probability measures with piecewise constant
densities.

B poGoti orpumani mocTtaTHi yMOBH I TOIIOJIOTIYHOI CTIfiKOCTI ycepe-
JHEHb KyCKOBO amdepenniiioBanx ¢yukmiit f: R — R 3i ckinvernanm an-
CJIOM eKCTPeMyMIiB BITHOCHO Mip 3 KyCKOBO HOCTifHUMU MIiITHBHOCTSIMUA.

1. Bcrvn

Hexait p — iimosipHicHa mipa Ha Bigpisky [—1, 1], Tobro Hesiz -
€MHa 0-3INTUBHA Mipa, Bu3HadeHa Ha OOpeaiBChKil aaredpi MmHO-
KuH Bigpiska [—1,1], i raka, mo pu[—1,1] = 1. Toai mua KoxHOI
nenepepsroi dyuxmii f: (a,b) — R 1a uncra « > 0 Takoro, 1mo
2a0 < b — a MOXKHA BU3HAYUTHA HOBY BUMIPHY (DYHKILIO

far(a+a,b—a) =R

3a HOpPMYJIOIO:
1
folo) = [ o+ ta)d (L.1)
-1

Haszusatumemo 11 a-ycepednennam yukiii f BimHOCHO Miph u.
QakTUIHO yeepeTHEHHS € 320pmkoto [ 13 MIIBHICTIO MipH f4, SAKIITO
BOHA ICHYE€, TWB. 3ayBaxKeHHsd 1.5 HIKIe.
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Taxki ycepemuenns pyHKIIH BiAIrparoTh BAXKINBY POJIb 9K B Te-
OPETUYHUX JIOCJIJI2KEHHAX, TaK 1 NPaKTHYHMX 3aja4ax o0pobku
curnanis, 1 HazuBatoThed Ainitaumu dinsrpamu, (1], [2], [3], [4]-

Jlana poboTa mpPOI0BKYE JOC/II2KEHHS TPOD/IeMU TOIOIOTIIHOL
criffkocri ycepeiHeHb HerepepBHuX (DYHKINH PO3IIOYATE ABTOPAMU
B [5], nuB. o3navenmns 1.1, 1.2 ta 1.3 mmxwe.

Osnauenns 1.1. nus. Haup. [6], [7| Hazadaemo, wo dei nenepeps-
wi pynxuii f: (a,b) = R ma g: (¢,d) = R nasusaromves mono-
AOZIUYHO EKBIBAAECHIMHUMU, AKUWO ICHYIOML 30epi2aions opieH-
mauyito 2omeomoppizmu h: (a,b) — (¢,d) ma ¢: R — R maxi, wo
¢o f = goh, mobmo 306pasicena nudicue 0ia2pama € KOMYMamue-
HO%0.

(a,b) —L 5 R

hl l«ﬁ
(c,d) —— R

I'py6o kaxyum, 11e ozHaqdae, mo rpadiku fo Ta f «MaroTh 0HA-
KOBY popmy».

Ozuavennda 1.2. Hezati f: R = R — nenepepena dyrxuis ¢ p —
amosipricna mipa wa [—1,1]. Ckaocemo, wo f € monoaoeivno
cmitiKo10 Gi0HOCHO YycepedHuenv no Mipt [, Axuwo icnye € > 0,
maxe, wo dan ecix o € (0,¢) Pynxyii f ma fo € monosoziuno
eKBI6AAEHMHUMUY.

TTpobrema TomoIOTi9HOT CTIIKOCTI BiTHOCHO yCepeTHEHB MAE 3a-
crocyBaHHs 10 obunciaenss earponii nudposux curnasis, (8], [9],
[10].

Hexait HT(R) — rpyna scix romeomopdizmis npsamoi R, sxi 36e-
pirators opientamnioo. g rpyna ck/agaerbest 31 CTPOro 3poCTaro-
unx HenepepBHux (yHKIid A: R — R, 1m0 330BOIBHAIOTE yMO-
BY xll)nolo h(xz) = oo. Toui rpyna HT(R) x HT(R) aie na npocropi

C°(R) Becix memepepsrux dynxmiii R — R 3a TakmM IpaBHiIoM:
axmo (h,¢) € HY(R) x HY(R) i f € C°(R), To pesynbrar mii
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napu (h, ¢) va f e dbyaxuis
pofoh l:R—-R.

Taka 11ist 9acTO HABUBAETHCS Npaso-aicoro, [11], [12].

Ouesmano, mo f,g € C°(R) € TOMOIONiYHO eKBiBAJIEHTHIMH TO-
Ol 1 Jm|ime Todi, KOJIM BOHH HaJeykaThb OFHIiNl opbiTi BigHOCHO mil
rpymn HT(R) x HT(R).

Posraanemo muiax

Vf: [07 OO) - CO(R)v 'Yf(a) = fa,

110 TIOYNHAETHCA B TOUIN f.

Ouesmano, mo f € C%(R) € Tomosorigno cTiifKoio BiHOCHO yce-
pe/IHEHb 3a MIipO0 f TOJI 1 JIMIE TOJ, KOJIA JesdKuil “nouarox”
v¢[0, €] musixy ¢ Micrurees B op6iti dyskiii f A geskoro € > 0.

TakmMm IMHOM ycepeHeHHS € JIHIITHOIO OIEPAIeio Ha IPOCTOPi
CY(R) Bcix menepepramx dynkiiit R — R, B Toif wac, sx Toro-
JIOTI9HA €KBIBAJIEHTHICTH 3BOAUTHCS 0 HEJIHIHHOI Jil TPy roMeo-

mopdizmis H(R) x H(R).

B [5] orpumano mocTaTHi yMOBH TOHOJIOTIMHOI CTifiKOCTI Here-
pepBHUX (DYHKINH 31 CKIHUEHHUM YHUCIOM JOKAJIBHUX E€KCTPEMY-
MiB BiiHOCHO ycepenHenb. [lokazano, 1o st mpobsiema Moxe 6y T
3BesleHa JI0 EPEBIPKY JIOKAJILHOI TOTOIOTITHOI CTIHKOCTI JIHTIIE Ta-
pocTkiB f B OKOJIAX KX JOKAJBHUX ekcTpeMyMiB. B naniit pobori
MU TIOKazKEMO, IO Ti JOCTATHI yMOBH € TaKOXK HEOOXiTHUME (JIHB.
o3navends 1.3 Ta Teopemy 1.4 HuKue), a OTKe 3aj7ada ria00asb-
HOI TOMIOJIOrIYHOI CTIKOCTI IMOBHICTIO 3BOAUTBLCS J0 JOCJIIKEHHS
JIOKQJIBHOI CTIKOCTI TApOCTKIB JIOKAJLHUX eKCTPEMYMIB.

Hexaii f: (R,a) — R — napocrok nenepepsroi dbyHKIIl B TOUI
a € R, 10610 f ¢ HEnepepBHOK (PYHKIIEKH, BUSHAYEHOI) HA MAJIOMY
inrepsani (a — e,a + &) pua gesikoro €. Toai, sxmo a < &, 10 fo
BU3HAUYeHa Ha iHTepBasi (a — & + a,a + &€ — @), a 11 mapocToK B
TOYI @, OYEBUIHO, 3AJICKUTH JIUIIE Bia TapocTKa f B IIiif ToYII.

3ayBaxknMo, 10 TapocTKu f Ta f, B TOUI @, B3araji KaxKydw,
He € TOMOJIOTIYHO eKBIBAJEHTHUMHU: MPU yCEPETHEHHSIX JIOKAIbHI
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€KCTPEMYMH MOXKYTbh 3MillyBaTUCh. TOMY IIPHPO/IHUM € TaKe O3Ha-
YeHHd.

Osnauvennsi 1.3. Hassemo napocmox f: (R,a) — R e mono-
AOZTUHO CTNATKUM 6I0HOCHO YcepedHEHb N0 MIPT 1, AKWO ICHYE
maxe € > 0, wo das xoocnozo a € (0,¢) snatidymvca wucaa
c1,¢2,d1,de € (a —e,a+€) maxi, wo ¢1 < a < ca, di < do, a
0OMEINCEHHA

fleren): (c1,c2) — R, fal(dydp): (d1,d2) — R

€ MONOAOZIYHO eKEILEANEHTIHUMU.
Teopema 1.4. (nus. [5]) Hexat p — timosipnicna mipa wa [—1,1]
i f: R = R nenepepsena pyHnryis, o MOe Aue CKIHYEHHY Kiab-
KICTMb AOKGADHUT EKCIMPEMYMIE T1, . . . , Tp. IIpunycmumo, wo 31a-
wenna f(x;), (i = 1,...,n), nonapro pisni i 6idpisnaomves 6id

lim f(x) ma lim f(z). Todi nacmynui ymosu exeisasrenmmi:
T—r—00 T—r+00

(a) Pynruia f e monosozivno cmitixoro sidnocno ycepedrenn

no Mipi ;

(b) dasn xoowcnozo i = 1,...,n napocmox f: (R,x;) — R 6
MOYYL T; € MONOAOINHO CNITKUM 810HOCHO Ycepedrensd no
MEPL [

B [5] noBenena immiikarnis (b)=-(a). Mu nokaxkemo, mo (a)=(b).
Taxum awHOM, [J1s1 (PYHKIIIH 3arajbHOIO MOJIOXKEHHST 33/1a4a [10B-
HICTIO 3BOJUTHCS JI0 JOCTIIKEHHS JTJOKAJIBHOI CTIHKOCT] MapoCTKiB
JIOKQJIbHUX EKCTPEMYMIB.

B crarti [5| Takok OTpHMMAHO JOCTATHI yMOBH JII TOIIOJIOTI-
9HOI CTIfiKOCTI MapoCTKiB (PYHKIN# BiJHOCHO IMCKPETHHX Mip 3i
ckingernumu HOCiamu. B mamiit poboTi Mu HABOANMO AOCTATHI yMO-
BU [T TOTOJIOTIYHOI CTifiKOCTI mapocTKiB GYHKINH BiIHOCHO Mip
3 KyCKOBO HemepepBHUMH (i, 30KpeMa, 3 JIOKATHHO MOCTIHHUMMN)
MIIBHOCTAMU, TuB Teopemu 3.5 Ta 4.1.

Saysaxkenns 1.5. Hexait p mae minsricts p: [—1,1] — R, To6T0
TaKy BEMIpHy bymkiio, mo u(A) = [, p(t)dt qns xoxuoi 6opesis-
cprol miavuoxuan A C [—1,1]. Jasg koxksoro o > 0 BU3HAUNMO
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dbyHKII0 po: [—a,a] — R 1 Mipy pa Ha [—a, a 32 dopmysamu:

_ p(s/a) o
pa(s) = 2L MM)LAm(M-

«

Toni

fa[—1,1] = /a pal(s)ds = /a p(saﬁ“)ds

— —

:/ﬂmmwwwzfpwﬁ=h

—Q
a OTXKe [l € TAKOXK HMOBIPHICHOIO Mipofo. BiasImt Toro,

1 a

falz) = /f(a; + ta)p(t)dt = /f(:z: + s)p(s/a)d(s/a)
—1 -«

67

— [ #a+ 9pals)ds.

Ocransiit iHTErpas Ha3uBaAETbCA 320PMK0N [ Ta Do 1 TOZHAYACTHCH
qepes [ * pq.

Bazsuuaii, B hopmMysIi st 3ropTKH BUpas croith f(x — ), a He
f(xz + s). Ase e He TPUHINIOBO 1 TPA€ POJIb JIAIIIE [T BCTAHOB-
JIEHHA AedakuX i1 3pyunux ajrebpaiunnx BiaactuBocteit. Ham 6yme
3pyUHiINIe BUKOPUCTOBYBATH 3HAK <.

2. JIOBEAEHHA TEOPEMU 1.4

B [5] nosegena immuiikanist (b)=-(a). Mu nokaxemo, mo (a)=-(b).

[Mpunycrumo, o GyHKIS f € TOMOJOrYHO CTIHKOI BiIHOCHO
ycepemnensb 1o Mipi . e o3nauae, mo icuye € > 0 rake, 1m0 jid
koxknoro « € (0,¢€) icuytors gBa romeomopdiszmu by, ¢o € HT(R)
Taxi, MO ¢ 0 fo, = fohy. 30Kkpema, f, TaKOXK Mae piBHO N JIOKAJIb-
HUX eKCTpeMyMiB hq(x;), ¢ = 1,...,n 1 mpuiiMae B HUX 3HAYCHHS
o (f(x;)). HoTpibHO JOBECTH, IO MAPOCTOK f B TOYIN Z; € TOTIO-
JIOTIYTHO CTifKWM BiTHOCHO yCepeTHeHDb 3a MIpoIo L.
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BMeHH_[I/IBH_[I/I €, MO2KHa BBaxKaTu, 110
Tiy1 — X > 4e (2'2)

st Beix @ = 1,...,n — 1. Hexaii a € (0,¢). Tak sk f € cTporo
MOHOTOHHOIO Ha 1HTEpBaJax

(—OO,.T]_), (1131,332), RS (IEn,‘l-OO)7
TO f4 € CTPOr0 MOHOTOHHOIO HA,
(—OO,.I‘l—OZ), (a:1+a,x2—a), R} ($n+a7+00)

Bsijcy ButumBae, 1o ha(x;) € [x; — «, z; + a. Biasm Toro, 3 ymo-
B (2.2) Takox ciijgye, mo he(2;) € €INHOI TOYKO JIOKATHHOTO
ekcrpemymy fo Ha inTepsadsi (z; — 2o, x; + 2ar). Hexait

(c1,¢2) = (x; —a,x;+a) N h;l(:ci — 20, x; + 2a).
(di,d2) = ha(c1,c2).

Tozi obmexenns f|(c, cp) T2 fal(d,,dy) € TOTIOTOTIIHO eKBiBATEHTHE-
MW, & CaMe: Ma€ MICIe TOTOXKHICTE ¢ © fo = f 0 hq.

3. KYyCKOBO JIMOEPEHIINOBHI ®YHKIIIT

VY 1boMy pO37ii MU HABOAMMO JIOCTATHI YMOBHU Jjisl TOIIOJIOT-
4HOI CTIMKOCTI JIOKQJBbHUX €KCTPEMYMIB BIJIHOCHO yCEPE/HEHb 3
MipaMu 3 KYCKOBO HENEpepBHUMMU IILTBHOCTAMEI (TeopeMa 3.5).

Osnauennst 3.1. Qynxuyis f: [a,b] — R nasusaemvca wycro-

60 Henepepenor, abo xyckoeo 0-dugepenuitiosHoo, AKULO

f menepepena ckpizv, 30 GUKAOMEHHAM CKIHYEHO020 HUCAL MOYUOK

ti,...,tn € (a,b), npunomy 6 Koochili makiti mouyi t; icnyromo

cKinYent aiea ma npasa eparuyi lim  f(t) ma lim  f(t). B yvo-
t—t;—0 t—t;+0

my sunadxy nucamumemo, wo f € CO([a,b],t1,. .., tn).
Craotcemo, wo nenepepsna pynruia f: [a,b] — R e xycroso
k-dugepenuitiosnoro, k > 1, axuwo suatidemvesa CEiHYEHA MHO-
orcuna mowox t, - -+ ,t, € (a,b) maxuz, wo f mae nenepepeni no-
Zioni do nopadky k exaouno na [a,b)\ {t1,...,tn} i daa xoocnozo
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t=1,....,n ma s = 1,...,k ichyromov ckinueni 416G Ma NPLEG
2paruyl
— () (¢ — L (s)
il = tim fO0, 0= lim O,

B uvomy eunadky marxosc nucamumMemo, wo
feC([a,b],t1,... tn).

Ouesuano, mo cyma ta m00yTOK KyCKOBO HenepepsHux (k-am-
bepennitiosanx) dyHKIIH € TAKOXK KyCKOBO HenepepsHOO (k-1u-
bepennitiosro) dyrkmiero, a aaa k > 1 noxigaa kyckoso (k4 1)-
mucepentiiioBaoi GyHKIIT Moxke OyTu (IOBITEHUM YMHOM) TOBHU-
3HAYEHA B TOYKAX PO3PUBY 10 KYCKOBO k-mudepentiitoBuol dhyH-
KI1ii.

Hacrymra sema 100pe BifjoMa 7j1st BUTIQIKY HEIEPEPBHO mumde-
penriifoBunx (QPyHKIIH.

Jlema 3.2. Hezad f: [a,b] - R — nenepepsna ¢ynxuyis. ITpuny-
CTNUMO, ULO GUKOHYEMBCA 00HA 3 MAKUT YMOG:

(1) f € C([a,b],t1,...,tn) i f'(x) < f'(y) daa eciz nap mouox
x<ye€la,b\{tr,...,tn};

(2) f € C?*([a,b],t1,...,tn), npunomy f"(x) > 0 daa sciz mouox
. NS ) :
€ la,b] \ {t1,...,tn} ma t—1>1tim—of (t) < t_l)lg}rof (t) Oas ecix
1=1,...,n.

Todi f e cmpozo sunykaoto.
osedenns. Bpenemo 1mo3HadYeHHS i JIiBOI Ta IpPaBOi I'DAHUIb
noxiguol f:

filz) = lim f'(t), fr(@) = lim f'(t).

t—z—0 t—z-+0
(2)=(1). Hpunymennst f’(z) > 0 g seix z € [a,b]\{t1,...,tn},

o3Hadae, mo f/ ¢TpPoro 3pocrae Ha KOXKHOMY 3 BiIPI3KiB

[a,tl], [tl,tg], PPN {tnfl,tn], [tn,b].
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Kpim Toro, f/(t;) < fl(t;) mus Beix @ = 1,...,n. 3sixcu cuinye,
mo f(z) < f'(y) ns BCix ¢ < y € [a, b] \ {tl,...,tn}, TO6TO
BUKOHAHA yMOBa (1).

(1) 3 Toro, mo f' € KyCKOBO HElmepepBHOIO i CTPOro 3poCTae Ha
[a,b] \ {t1,...,tn} BunuBae, wo f/(t) < fy(t) pus seix ¢ € (a,b) i
o o6unsi Gyukuil f] Ta f] € crporo 3pocraruuMu.

Hexait © <y € [a,b] i t € (0,1). Toni

F@) + - )fl@) < f( / 7t <
(@) + (y — 2) fi(y)-
Bokpewma, skmo s € (0,1)1z=(1—s)z+ sy € (x,y), To
f2) < f(@)+ (z=2)fi(2) = fx)+s(y—2)fi(2),
f2) < fly) = (—2)fi(2) = fly) = (1= s)(y —2)fi(2).

IToMHOXKUBIIIN TIEpPIITY HEPIBHICTHL Ha 1—S, a APYTY — HAa S, JOIaBIITN
ix i Bpaxysasmy, mo f](z)— f,(z) < 0, oTpuMaeMo Taki HepiBHOCTI:

flz) <@ =s)f(@) +sfy) +s(1 =)y —2)(fi(z) - fi(2))
< (1 —=s9)f(x) +sf(y)
e moBOAUTL CTPOTY BUMYKJIICTE f. (]

Hapani sBaxarumenmo, mpo p: [—1,1] — [0, +00) — KyckoBo He-
nepepBHa, PYHKINSA Taka, 10 f_ll p(t)dt =11 pu— signosignaa iivo-
BipHicHa mipa nHa Gopesisebkiit anrebpi B[—1,1], BusHauena 3a
dopmysoi0

w(A) = / p(t)dt, A€ B[-1,1]. (3.3)
A
Jlema 3.3. Hexat f: [a,b] — R —nenepepsna dynruis i
faila+a,b—a] - R

— i ycepednenna sa miporo . Todi f, nanescums xaacy C.
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Sxwo [ e makooc kyckoso k-dudepenyitiosnorn (narescumo
waacy CF) das k > 1, mo fo wycxoso (k + 1)-dudepenyitiosnoro
(nasesrcumso waacy CFH1).

Losedenns. Bigmitumo, mo
1 n tit1
fal) = [ flatta)pya = > | s e

Tak gk f — HenepepsHa, To f/ BU3ZHAYAETHCS 32 TAKOK (DOPMYJIOIO:
n
fo(x) = Z(fl(ff +tiyia)pi(tivr) — fr(z + tia)pr(ti)>a (3.4)
i=0
a oTKe € HemepepBHO (yHKHiew. 3Biacn BummBag, mo f, € ta-
KOXK KYCKOBO k-au(bepeHIifioBHOI Tak caMo, sk 1 f, a orxke fo —
kyckoBo (k + 1)-nudepenuiiiosna. Biabm roro,

f(gs) (z) = Z( z(s_l)(l‘ +tir1a)pi(tiv1) — fﬁs_l)(ﬂﬁ + tia)pr(ti))
i=0
(3.5)

JIS BCIX T, B IKWX MPaBa YaCTUHA HETepPepBHA.
dxmo x f wanexnts kaacy CF, to, 30kpema, f = fi = f., a
34 Ck+1
tomy 3 dopmynm (3.4) BunmBae, Mo f, HATEKUTH KJIACY :
O

Jlema 3.4. Hexati f: [—¢,e] — R —mnenepepsna dynxuyia, dasn
AKOI BUKOHAHT MAKT YMOBU:
(a) f cmpozo cnadae na [—&,0] i empozo spocmace na [0, +¢];
(b) fl, empozo spocmac.
Todi napocmox f 6 mouuyi 0 € monoaozivno cmitGrum 6i0HOCHO
ycepednens 3a MipoIo L.

Hosedennsa. Tak sik f € HellepepBHOO, TO 3rIHO 3 JeMOK0 3.3 yce-
penHenus f, € HeepepBHO MudepeHIitoBHOI (DYHKITIEKW. 3a MpHU-
nymennsM (b) fl crporo spocrae, a Tomy 3 TBepmKenHs (1) Je-
Mu 3.2 cainye, mo f, € cTporo BUNYKJIOK dyHKIIEW. Tak gk f,
CIAJIA€ B OKOJI TOYKN —& + (¢ 1 3pOCTAE B OKOJI TOUKHU € — (¥, TO fq
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Ma€ €uHY TOYKY MIHIMYyMY T, Ha BiApI3KY [—¢ + a, & — al, a 3Ha-
9UTh, TAPOCTOK f B Tourli () TOMOIOTIUHO eKBIBaJEHTHUN TAPOCTKY
foa B TOYL] Z. O

Teopema 3.5. Hezaii f,g: [—¢,e] = R — dsi xycxoso 1-dugepen-
yitiosni pynruti 1 h = f — g. Ipunycmumo, wo 6uxonaHt maxs
YMOBU:
(a) f ma g cmpozo cnadaromo na [—e, 0] i cmpozo spocmaromo
wa [0, +<];
(b) icnye maxe C > 0, wo daa eciz v € [—a,a] sukonana
HEPIBHICMD
fa(z) = Ca;
(¢) noxiona h' = g’ — f' — nenepepena ¢ mouyi 0 1 h'(0) = 0.
Todi napocmox g 6 mouwyi 0 € Mmonoao2iuno cmitixum 6i0HOCHO Yce-
pedHEHD 34 MIPOIO L.

Jlosedenna. Bimmitumo, mo ymosa (b) rapanrye, mo f) crporo
3pocrag, a Tomy 3 (a) Ta jgemu 3.4 BunmBae, mo f € TOMOJOriIHO
CTiitko10 BiHOCHO ycepemamens 3a Mipoio . Ham moTpibHo mosecTu,
mo 3a BukoHaHHs ymoBu (c) dbyukuis g = f + h («30ypenns»
f 3a gomomoror h) Takox Gyje TOHOJIOTIYHO CTIAKOK BiJHOCHO
YCEPE/IHEHD 33 MIPOIO L.

Tak K ¢ € HemepepBHOIO 1 KYCKOBO 1-mmdepeHifioBHOIO, TO,
3riJIHO 3 J1eMOIo 3.3, gl, — HemepepBHa, a g, — KYCKOBO HelepepBHa.
Binbrt Toro, 3 ymoBu (a) caimye, mo mist « < € GYHKINSA g CTPOTO
crajae Ha [—¢ + o, —a] 1 crporo 3pocrae Ha [a, € — af. 30kpema,

gal—a) <0, ga(@) > 0.

Tomy noctarabo mokazaru, mo lim g7 (x) > 0 g ¢ € [—a, o
Yy—x
IPH BCIX JIOCTATHBO MAJIUX (v. 3BIICK BHIIUBATHAME, IO () CTPOTO
3pOCTAE HA [—, (Y], & TOMY (o MATUMe TaM €UHY TOUKY MIHIMyMY.
Tax ax h' —menepepsna & Toumni 0, i h(0) = 0, To h(z) = zk(x),
ne

1
k(z) = /0 W (t)dt.
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Bokpewma, k — menepepsna i k(0) = h'(0) = 0. Hexaii

P= sup p(t)
te[—1,1]

i n—4YKCJI0 TOYOK PO3PUBY MILTLHOCTI p Mipu i, guB. HOPMY-
ay (3.3). Toni smaitgernest Take § > 0, mo |k(x)| < 8,% SIS BCIX
x € [—0,7].

Hexait o < 0/2. Toni mna Beix x € [—a,a) a1 =0,...,n+1
BUKOHAQHA HEPIBHICTH:

|z —tia] < |z| + |tila < a+a=2a <4,

a TOMY

¢ Ca

W (@ ~ tia)| = |e — tia] - [k(e — tio)] < 20+ o5 = T

Tenep 3 jemu 3.3 orpumMyemo, Mo B KOKHii Touri = € [—a, al, B
sKiii h!! € HemepepBHOIO, Ma€e MicIie PIBHICTh:

()] <)
i=0
Cu Cu

ho(x — tip1a)pr(tivr) — hy(x — tia)py(ts)| <

< 2% 9pp=—2.
=apn T 2
Towmy
— Ca
: " < e
i [ )] <
a 3HAYUTD,

lim g (y) = lim (f5(2) + o (2)) =

Yy—x Yy—T
— C C
> lim f2/(2) — Tim |Al(y)| > Ca — —* = == > 0.
y—T y—x 2 2

TakuM uuHOM, g, cTporo 3pocrag, mo i Tpeba 6yno mosectu. [
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4. KyCKOBO TTOCTINHI IIIJTbHOCTI

Hexait
—l=t<ti < <tp <tpy1 =1
— 3POCTaYa MOCAIIOBHICTD YUCEI, Py, ..., Pn € [0, +00) — nesxi
HEeBL T eMHl amca TaKi, mo p; # pi+1 41d ¢ = 0,...,n — 1. Busna-

9UMO KyCKOBO noctiitny dynkuito p: [—1,1] — [0, +00) 3a dopmy-
JIOFO:
plti, tiv1) = pi, i=0,...,n—1
p[tmtn-i-l] = DPn,

auB puc. 4.1.
Pn
Po
-1
il | P
—1 = t() il t-z . in_l t-n i = t»,H_]
Puc. 4.1

TakoxK BBaXKaTUMEMO, IO

1 n
/ p(t)dt = Z(ti+1 —ti)pi = 1. (4.6)

-1 X

=0
Toni p Bu3Havae WMOBIpHICHY Mipy i Ha GopesiBebKiit anrebpi MHO-
KuH Bimpiska [—1, 1] 3a dopmysioro:

M(A):/Ap(t)dt, AeBl-1,1]

Bignosigwo, mist kool HemepepBHOl dyHKIT f: R — R iT a-
ycepeauents fo: R — R 3a mipowo p 3agaeTbest popMysion:

1 1
fa(z) :/1 f(a:—l—at)d,u:/lf(x—i-at)p(t)dt:

= Zpi/t;+1 flz+ at)dt. (4.7)



158 C. I. Makcumenko, O. B. Mapyakesuy

Binmitumo, mo Tozi

n titr1
falw) =Y op [ fa oty =
i=0 ti

— Z(f(x + Oéti+1) — f(l’ + Oéti))pi7 (4-8)
=0

10 € YacTUHHUM Buna koM dopmynn (3.4).

Teopema 4.1. Hezat g: [—¢,e] = R — xycroso 1-dudpepenyitios-
Ha PYHKYLA, WO 300060ADHAE MAKT YMOGU:
(a) g cmpozo cnadae na [—¢,0] i ecmpozo spocmae wa [0, +¢];
(b) ichyroms ckinuens eparug

L= lim ¢ R= lim g.
20097 e01092
Haa1=0,...,n+1 susnavwumo wucaa

X := Lulto, t;] + Rplti, tni]
i—1 n
=LY (1 —t)pj+ R Y (tj1 —t)pj,
=0 j=i1
AKL, 0Me6UOHO0, 3040060ADHAIOMb HEPIGHOCTAM:
L:Xn+1§Xn§§X1§X0:R

Ipunycmumo, wo daa xoorcnoeo i € {0, ... ,n} zova 6 odne 3 wucea
X; abo X;p1 sidminne 610 nyaa. Todi napocmox g 6 mouui 0 €
MONOAVIYHO CTITUKUM 610HOCHO Ycepednend 3G MIPOIO L.

Josemenns Teopemu 4.1 6azyeTbca Ha Takiil Jiemi:

Jlema 4.2. Hezatd f: R — R — nenepepsna pymxyia, susHaueHa

30 opmyaoto
Lz, =<0
J@) = {Rx, z > 0.
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Todi
Xpy1 =1, T < —atpy1 = —a,
T+ atjiq
X1+ (X — Xiy1), —atig <z <—at;,
Lo (z) = liv1 — 1
¢ 1<i<n,
Xo=R, —toa = a < ,
(4.9)
0, T < —atp = —a,
(x) = DA —atiy < @ < —od (4.10)
tiv1 —ti
L0, —toar = o < .

Hosedenna meopemu 4.1. ocurs nepesiputu, mio Jjis f 3 emu 4.2
Ta g BUKOHaHI ymoBH (a)-(c) Teopemu 3.5. YMoBa (a) 0UeBUIHO BU-
KOHYETHCS.

Hexait

C— min =Xt
i=0,...,n Tip1 — ;

Toni 3 dopmynu (4.10) i mpumyIeHHst, 10 KO/HI 1Ba CYCiaHl 9ucaa
X;+1 Ta X; OIHOYACHO HE JIOPIBHIOIOTH HYJII0, BUILIUBaE, o C' > 0
i fll(x) > Ca pag Beix x € [—a, «, 10610 BUuKOHYy€eTHCsA yMOBa (b).

Haperrrri mokaamemo h = f — g. Toni

: / 1 / T / 7 _ T —

. / o . / i . / _ - _
ng}roh (z) = xgg}rof (@) :cggiog (z) = R—-R=0,

a Tomy h' menepepsra B Toumni 0 i A/(0) = 0. Orxke ymoBa () Tex
BUKOHAHA, & 3HAYUTH, 38 TEOPEMOIO 3.5 mapocTokK g B Touri 0 €
TOIOJIOTITHO CTIfIKUM BITHOCHO yCepeAHEHBb 33 MIPOO . ]

Hosedennsa aemu 4.2. Jinan —1 > 1 > 0 nokaaiemo

Ai(x) = (f(z + atip1) — f(z + aty)) pi.
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n
Toxi, 3rizxo 3 dopmynow (4.8), fi(x) = > Ai(z). Posrnaremo
TPU BUNAJIKH. =0

a) dxmo = + at; < z + atip1 < 0 s geskoro @ = 0,...,n, TO
AZ(Z') = (L(IL‘ + OttiJrl) — L(.T + Oéti)) Di
== O[L(tlurl — ti)pi = aLu[ti, ti+1].

b) Mpunycrumo, mo = + at; < 0 < x + at;y1 AT JeIKOTO | =

0,...,n— 1. ITa ymoBa piBHOCHIBHA TOMY, 0 T € [—at;t1, —al;].
T + at;
[Moknanemo, d; = t;41 — ti, s = %, auB. puc. 4.2. Tomi
ol
d;
/_-/\
x _l_ ati T —, atz >
Ov
—ad;(1—s) ad;s
Puc. 4.2
T + at;
1—s=-— , r=—at;11(1 —s) — at;s,
adi z—i—l( ) 7

a ToMy
Ai(z) = (R(z + atip1) — L(z + ot;)) pi = ((1 — s)L + sR) ap;d;.

¢) fkmo x 0 < z+at; < 4oty 1ag geskoro i =n—1,...,0,
TO aHAJOTIYHO JI0 BUMAJIKY &) OTPUMYEMO, 10

Al(l‘) = (R(x -+ ati—i—l) — R($ + Oéti)) Di
= aR(t; — tiy1)pi = aRpultiy1, t).

Tenep mozkemo nosectu dopmyny (4.9) nas fl. Ipunyctumo,
mo z < a = atg. Tonl z+ at; < z+ atpy1 < 0 g14g BCIX 7, & TOMY

fo@) =D Aj(@) = aLpltj,tj]
j=0 J=0
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n
= aLZu[tj,th] = aL,u[—l, 1] = al.
7=0

dxmo, gx y Bunagxy b),
r=—atit1(1 —s) —at;s € [—atit1, —at;]

ans geskoro ¢ = 0,...,n, TO

Q=

i—1
falz) = ZLM[tjvth] + (1= 8)L + sR) a plti, tiva]+
=0

n
+ ) Rulty ]
J=i+1
= Lulto, t:] + (1 — )L + sR) a plti, tiv1] + Rultivr, tnya]
= (1 — s)(Lpulto, tis1] + Rultiv1, tnya])+
+ s(Lulto, ti] + Rulti, tnia])
= (1 —=5)Xip1 +sX; = Xjp1 + s(X; — Xiq1)
T + at;
= Xip1+ tim(Xi — Xiy1)-
i+1 — t

Hapemri, komn o =t <z, 70 0 < x4 aty < = + at; a14g
BCIX %, TO

fil@) =" Aj(x) = aRultj, tj]
=0

=0
n
= QRZM[t],t]+1] = aR:U’[_la 1] = oaR.
=0
JleMy noBejieHO. O

ITpukaan 4.3. [lokaxkewmo, o gakmo B Teopemi 1.4 X; 11 = X; =0
JUTS JIEKOTO ¢, TO (PYHKIlisT ¢ MOYXKe He OYTH TOMOJOTIYHO CTiHKO0
BigHOCHO Mipu p. Busnaunmo dyukmito f: R — R i miasHicTs
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p: [—1,1] — R 3a dpopmynamu:

e 2 <0 1, x € [-1,-0.5],
f(z) = {230 ’ ) ; O’ p(z) =<0, x € (—0.5,0],
’ - 0.25, x € (0,1),
nuB. puc. 4.3.
21 Vl D}ﬂ:!_ Z1 ‘ 1
a) f(z) (b) p(x) (c) falz)
Puc. 4.3

Takum umnom, L = —1, R =2, n = 2, tg = —1, t; = —0.5,
to = 0, t3 = 1, Po = 1, pP1 = 0, P2 = 0.25. TO,ZLi
Xy = Lu[~1,ts] + Rults, 1] = —1-0.5+2-0.25 = 0,
X = L,u[—l, tl] + R,u[tl, 1] =—-1-054+2-025=0.
Otxke X9 = X7 = 01 ymoBu Teopemu 4.1 HE BUKOHYIOTHCH. 3
immmoro 6oky, 3riguao 3 dhopmysoo (4.9), misa
x € [—aty, —atq] = [0,0.5q]
T + aty
ts —to
o f, € mocrifinoro Ha inrepsadi [0,0.5¢], a ToMy BoHA He MOXKe
Gyru Tomosoriuno exsiBasenTHOW 10 f, aus. puc. 4.3(c). Takum
4nHOM, yMOBH Teopemu 4.1 € cyTTeBUMHU.

Maemo, mo L fl(z) = Xo + (X7 — X3) = 0. Ile o3nauae,
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