YK 519.6
Axanemik HAH Ykpaiau B. JI. Makapos, 1. B. Iparynos, /1. A. Cembep

dyukiionaabHo-aucKkperunit meros (FD-meror)
po3B’a3yBaHH4 3aa4i Ko a1 HeJliHiiTHOro piBHSIHHSA
Kuaeitna—T'opmona

3anponorosaro GyYHKUIOHAALHO-OUCKPEMHULT MeMOO PO38 A3ysarhns 3adayui Kowi das Heainit-
Ho20 piehanmi Kaetina—Iopdona. 3natideno docmammi ymosu, Ak 3a6e3neuyroms cynepercno-
HEHUIAADHY WeudKicmy 30iochocmi memody. Odepotcani MeopemuyuHi Pe3ysvmamuy npoiato-
CMPOBAHO HA “HUCAOEOMY NPUKAGOIT.

1. IIpo nocranoBKy 3aza4i. O6’ekToM po3riisily j1aHoi poboru € 3agada Kot J1j1s HeJriHIITHOTO
piBusuns Kieftna—Topaona Bumay

Pu(z,y)  Pu(z,y)
Oy? Ox?

w(@,0) = ¢(x),  uy(z,y)ly=0 = ¥(), (2)

(x,y) € Q, ne Q = {(z,y) | —00 < < 400,y > 0}.

Bimomo, mo piBaauus Kneitna-T'opnona, ske € pensarupicTcbkoio Bepcieio piBusuus [Ilpe-
JiHTepa, Ma€ IMUPOKi 3aCTOCYBaHHS B cydacHiil ¢isumi. Boro € Momentio, sKka OMUCye XBUJIHO-
By (DYHKIO HEATPaJIbHO 3apsi/KeHOl esleMeHTapHol Yactuaku [1]. B acrpodisuni, B noeauanni
3 piBagaHaM Makcsesia, piBagaus Kieiina—I'opaona omnucye MiHiMaIbHO 3B’s3aHe 3apsijizKeHe
nosie 6030Ha B cepUIHO-CUMETPUIHOMY IpocTopi-daci [2|. Bigbmr Toro, B moennanui 3 camMum
piBusuusm [[peniarepa BoHO onucye cucTeMy CKaJsiPHUX KOHCEPBATUBHUX HYKJIOHIB, SIKi ITOB’si-
3ani B3aemoieio FOkaBu 3 HeHTpaJbHIME CKaJIApHUMA Me3oHamiu [3] 1 T. 1.

Cepej aHaITUYHIX MeTO/IIB po3B’sa3yBanHst 3a1a4i Komi (1), (2) MoxKHA BuLInTH, 30Kpema,
posmupenuii tanh-meron [4], meros romoromiii [5] Ta in. Cepej dncesbHUX METOJIIB PO3B’sI3yBa-
HHsI TIOCTaBJICHO! 3a/1a4i MOXKHA BUJIIJINTH, HAIPUKJIAJ], IPYIly CKIHYEHHOPI3HUIEBUX METOJIB [6]
ta Pynre-Kyrra @yp’e ncesnocnekrpaibhi cxemu [7]. 3anpononosanuii y ganiit pobori dyHKIO-
HasibHO-ucKpeTHuil Meros (FD-meron), sikuit 1oxoauTh 3 (byHKIIOHATIBHO-IUCKPETHOTO METOJLY
po3B’s3yBanus 3aja4i rypma—Jliysins (8], siBisie cob6oto cuMbio3 CKiHYEHHOPI3HUIIEBOTO METO-
Jy Ta MeTO/Iy TOMOTOIIi#, 3aBJAAKN IOMy HOMY MPUTAMAHHI OCHOBHI BJIACTUBOCTI K aHAJITUIHUX,

—N(u(z,y)) = f(z,y), (1)

TaK 1 JUCKPETHUX METO/IIB OJHOYACHO.

Ha Bigminy Big poboru [9], B sikiit Oysto posristnyTo 3a1ady ['ypca jyist piBusinns (1), nana po-
6ora npucssiuena mobyosi ra oorpyaryBantio FD-meroy poss’s3ysanus 3azadi Ko (1), (2).
[Tepr HiK epeiTy 10 ONUCY AJITOPUTMY, CPOPMYJIIOEMO BiIOMUI pPe3yaIbTaT PO JIOKAJIbHE 1CHY-
BaHHs po3B’si3Ky 3azadqi (1), (2).

[Toznaunmo gepes Cf (R™) migmuoxumy mpocropy CF(R™) menepepsno mudepentiiopanmx
Ha R™ 10 k-ro mopsifaky BKJIIOYHO (BYHKINH, Ki 38 I0BOJBHSIOTH HEPIBHICTD

def

fllokpmy = max sup [0%f(z)] < oo,
I llcgen * max swp (97 (o)
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M, (X)+2Y,,Y))

LT
P(X,~Y,50) QX+ Y,50) QX3 +3Y,50)
Puc. 1
| . 0§ (2)
e o= (aq,...,ap), a; 20, || = a1 + -+ - + @, — myabTHIEAEKC, a 0% f(X) —

© Ox(t - Ox
qaCTHHHA TOXigHa mopsanky |a|. Moxkna moxasarn, o simiiamit mpocrip CF(R™), ocnamenmit
HOpMOIO || - || Ci(rm), € GAHAXOBIM HPOCTOPOM.

Mae wmiciie HUYKUEHABeIeHa TeopeMa, 110 € IIeBHUM JIONOBHEeHHsIM pe3ysbraris 3 [10], xe pos-
riasgaaeTbest Bunagok f(x,y) = 0.

Teopema 1 (mpo JiokaiabHe icHyBaHHSI PO3B’si3Ky 3aja4i Kol st KBasiliHIHHONO XBHIIBO-
poro pisnsuns). Hezai N(u) € C*(R),¢(z) € CZ(R), ¥(x) € Cp(R), f(z,y) € Co(D.). Todi
deiui nenepepero dudepenyitiosanuti pose’asox u(x,y) 3adawi Kowsi (1), (2) ichye npunatimmi
na mmoorcuni Do = {R x (0;¢)}, de

~1/2 —1/2
. !
€= mm{l, ﬁ(&aﬁlm(uﬂ) ; \/ﬁ<|ﬁ5§1 IN (u)\> }
My = [lur(z, y)llcmxpi) +1, 0 < @1 < 1, wi(z,y) — pose’asor sadawi Kowi (1), (2) npu
N(u) = 0, i na it mmoorcuni in edunud.

2. Onuc anropurmy FD-merony. Hexait ymoBu Teopemu 1 € BHKOHAHHME i J0 TOTO K
N(u) € C™)(R). Tani 6ysemo posrsatu saxaay Komi (1), (2) B aesikiit obnacri D C €,
D=A(z,y) |0<y< Yy, Xny—Yu—-vy) <z<Xy+Yy—y),—00< Xy < 400, Y >
> 0,Yy < €}, Je crana € BusHavaeThCst Teopemoro 1 (puc. 1).

Brizmo i3 3aranpHO0 cxemoro FD-meromy, Bukitamenoro B [11], Mmu HabimmKaeMo TOIHII pO3B’si-

sok u(x,y) samadi (1), (2) dymxmieo U(x,y), AKy MOKHA TOZATH y BANIAL cymn u(T,y) =

(k) ., (k) .
= > wu(z,y), m € N. [Ina Busnadenus GyHkiiin u (z,y) BBegemo po3dburrst obmacti D (us.
k=0
puc. 1):
, Yu ,
y]:y0+]h7 yOZOJ th? ]:1727"'7N (3)

Ta pO3IVITHEMO Take ysarajbHeHHs 3agaqi Komi (1), (2):

Pu(z,y,7)  Pu(z,y,7)
Oy? Ox?

:f(mvy)a (xvva)eDﬂ (4)
U(LE,O,T) = qb(l‘), U;(l‘,yﬂ')’y:o = 1/’(95), Va € [XM — Y, Xp +YM]7 VT e [03 1]’

- N('LLJ_(&Z,:L/, T)) - T[N(u(x,y, T)) - N(UL(xvyv T))] =
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(u(z,y; +0,7) — ulz,y; — 0,7) = [u(z,y, 7)]ymy, = O, (5)
[y (2,9, 7)]y=y; =0,  Vze[Xy—Yu—y); Xu+ Y —y), Vjel,N-1,
e
u(w,y,7) € C*(Dy),  Dr={(2,9,7) € [Xar— (Yar—y), Xar+ (Yar—y)] % (0, Yar] x[0, 1},
w(2,y,7) = ulz, y;,7),
Vi(z,y,7) € [ X — Y —y), Xr + (Yr — )] % (v, yj41] x [0,1], VjeOo,N —1.
Hexait maroTh Miciie Taki IMPUITYIIEHHS:

a) posB’si30k u(x,y,7) 3ana4i (4), (5) icaye mis 6yap-sikoro 7 € [0, 1];
b) po3’st30k u(x,y,T) MoxKe OyTH 3HANJICHUN Y BUTJISL Py

wz,y,r) =S W, y)r, (6)
=0

O 3aJI0BOJIbHSE PIBHOCTI

()

oo (B

8U(ZL‘,y,T> U(l’,y) % 3u(x,y,7') o 8“(1:’3/) %
—_— = — T, —_— = —7 V(x,y,7) € D,
ox Z oz oy , oy (@,y,7) T
i=0 =0
(1) o
e u(x,y) — mHesanmexHi Bix 7 dyHkiil. BpaxoBytoun npuiyiientst a, b, M IPHXOJUMO 0
def (o0) , . .
BUCHOBKY, 10 u(z,y) = u(z,y,1) = u (x,y), TobTo poss’szok u(x,y) 3amadi Komi (1), (2)

m
MOKe OyTH 3 JIOBLIBHOIO TOYHICTIO 3HAIEHWH 38 JOMOMOTOI0 (PYHKII1 (u)(m, y). Higcrapasioan
psiz (6) B 3amauy (4), (5) Ta npupiBaOOUM dyHKIIOHAIBHI KOEMDIIIEHTH IPU OJHAKOBUX CTe-

. ) .. .. (0)
HeHsIX T, Oflep:KyeMo 3ajady Kol BigHocHO HeBimomol dyHKINT U (z,y), SKy HA3UBATHMEMO
60306010 3a0a4€10:

2% (z,y) 2%z, y)

ol = T = )+ N ), ™)
(,y) € Dj =X — Y —9); Xs + Y — v)] X (yj—1,y5), j=1N,
(Vw5 +0) = 0w, 55— 0) € (W, 9)]ymy, =0, (8)

(0)
[ y(z,9)]y=y, =0, Voe[Xy—Yu—yi1);Xu+VYu—yj1), Yjel,N-1,

(0)
D(w,0) = d(@),  y(2,0)=v(x), Ve [Xn—Yar Xar + Yo,

k
i pekypenTny nocainosmicTs 3amad Komi Bigaocno dyHKIiii (u (x,y), k=1,2,...

(k) (k)
0% (z, 0% (z, (0) (k)
8;2 y) - ai.g y) :N’(UL(x,y))uJ_(:r,y)—Fk(x,y), V(Jj,y) €D, (9)
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(k)

(k) du(z,y)
(Dl =0 | -
’ 2 P
Vo e [ Xy —Yu—yj—1); Xu+ Yu—y;—1)l,  VjelLN-1, (10)
(k)
k
& (x,0) =0, dulwyll  _o e [(Xar— Yar, Xar + Y, k=1,2,...,
dy =0
Jie
UJ_(-T,y):U(.’IJ,yj), V($7y) GDj+1, VjEO,N—l,
(0) (1) (k1)
F(z,y) = Ag(Ns w1 (z,y); ' (2,9); 05 w1 (2,9);0) +
(0) (1) (k=1)
+ Apa(N; w2, y); w(z,y); e w (2,y) —
(0) (1) (k—1)
_Ak—l(N; UL(.'E,y); UL(xvy)va u L(‘T7y))7 (SU,y)ED, k:1727
Tyt uepes A,(N;vp,v1,...,0,) NO3HAYEHO ILUHHOMHU AJIOMSHA N-IO TOPSJIKY it (DyHKIIT
N(-) [12].
. ) (0) . . , (k)
Tounnit po3s’sizox u (x,y) 6asosoi 3axadi (7), (8) Ta poss’sizku u (z,y), k = 1,2,..., 3a-

nada (9), (10) moxkyTh OyTH 3HafiieHi peKypeHTHO 3a joromoro dgopmyrum I’ Anambepa [13]:

(0) 1 (0) (0)
w(z,y) = 5w —(y = yj-1),y5-1) + w @+ (y = yj-1), y5-1)) +
1‘T+(y*yj7129(0)(£ ) y z+(y—m)
u )
5 [ DN agy [ frem - NV y-)ldgan
N=Yj—-1
r—(y—yj—1) Yj—-1z—(y—n)

V(l’,y)GDj, jzlaNa
(0)

(0) B ou(x,y) B
[ <x7y)]y:yj—1 =0, [ oy Y=Y; -

(11)

Vo e [ Xy — Y —yi—1); X + (Yar — yj-1)], Vi=1N —1,

3(3)(3:7 y)
dy

% (,0) = ¢(x),

:w(x), Vze [XM—YM,XM—FYM],
y=0

Wy) = 5V = =m0 + W+ =y ) +

TH+(y—yj—1) (k
1 / du (€ mn)

+5 = dé +

n=Yj—1

z—(y—yj-1)
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y x+(y—n)

/ / Fi(em) — N2,y 8y dedn,

y] lx—y 77
V(z,y) € Dj, j=1N, (12)
(k)
(k) ou(x,y)
[ (2, y)]y=y, + =0, [ =0,
! 8y Y=Yj—1
V.CCE[XM—(YM—yj_l);XM+(YM—yj_1)], Vi=1,N -1,
(k)
Oo=o0,  ZEEYL o e Xy — Yar Xar + Yadl.
9  ly=o

Baysaotcenns. Bapro 3a3HaunTu, 10 JJisi 3HAXOJZKeHHsI po3B’s13Ky 3aa4i Komi (1), (2) y emy-
3l {(z,y)] — 00 < x < 400,0 < y < Yy < €} MO)KHA MOYEProBO BUKOPUCTOBYBATH AJITOPUTM
FD-merony pose’sisyBanns 3azadi Komi (11), (12) ta anropurm pos3s’ssyBanHs 3asadi 'yp-
ca, sanpononosannit B [9, 14]. Cupapni, poss’asasmm 3anady Komi B Tpuxyrhukax D Ta Di
(muB. puc. 1), M OIEPKUMO TI0YATKOBI /:LaHi qutst 3agadi I'ypea B xBagpari D. OueBuiHO, 110
po3B’s130K Takoi 3aaa4i ['ypca B obiacti D 36iraerbest 3 poss’sskoM 3aaaai Komi (1), (2).

3. 36ixknicTte FD-meromy. Mators Mmicre Taki TeopeMu.

0
Teopema 2. Hexati sukonyromuvces ymosu meopemu 1 i u(x,y) ma (u)(x, y)! pose’asku zadav
(1), (2) ma (7), (8) sidnosiono. Todi das docmamivo maroeo h mae micue ouiHKa:

(0) ou(x,
fute) = W ellp < i | 50|
Y 00,D
(0) (0) :
de |lu(z,y) — w(z,y)llop = max_|u(z,y) — u(z,y)|, a cmara K1 ne saneocumo 6id h.

(z,y)€ED

3ri{HO 3 TEOpeMOIO 2, PO3B’sI30K (2)($, y) 6azosol 3a/1a4i (7), (8) Habimkae pos3s’si30K u(z,y)
Buxiamnol 3azadi (1), (2) 3 mopsiaroMm h, ge h — kpok posonTTs (3). Kpim Toro, ockinbkn po3s’si30k
6a30BoOl 3a/1a1i TpKU KOKHOMY (ikcoBaHOMY po30uTTi ob1acTi DD € €quHNM, TO 3 TEOpPeMH 2, siK
HAC/Ti/I0K, BumUMBae Toit dbakt, mo aAximo saada (1), (2) mae poss’ssok u(z,y) € C*(D), To
TaKWii PO3B’A30K TAKOXK € €JIUHKUM. 3 IHIIOro OOKY, Teopema 2 MOKa3ye, 10 MOoYaTKOBI jani ¢(x),
(), 3amaai va BiAPi3ky [Xar — Yar, Xar + Yas] €uHuM 9uHOM BU3HAUAIOTH PO3B’sI30K u(X, )
piBsiHHsL (1) y XapakTepucTuIHOMY TPUKYTHUKY D (Ha BiaMiHy Bij JIHIHHOrO BHIIAIKY, KOJIU
neit hakT Maiizke 04eBUIHUM, JJIsl HEJIIHIHOIO BUIIAJIKY BiH OTpebye OKPEMOTo OOIDYHTYBAHHS
(. [10)).

Teopema 3. Hexatl dan 3adawi Kowi (1), (2) suxonyromocsa ymosu N(u) € CP(R), ¢(z) €
€ CZ(R), ¥(x) € CL(R), f(x,y) € CH(D.). Todi FD-memod (7)~(10) daa sadaui Kowi (1), (2)
30izaemuves 00 mouno2o po3s’asky 3adavi 6 obaacmi D. Kpim mozo, maoms micue maxi ouinKu
abconommoi noxubku Memody:

c m—+1
fute.n) Ve nlhms < ot (7)™ eNUD) (13)

1 .
He Bukaiouaernest 1CHYBaHHA JI00aJILHOI'O pO3B7H3Ky.
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Tabauys 1. TToxubka FD-merony sik dyHKIis By panry m i kpokis (h, hs)
m | 6(1/10,1/20,m) | 8(1/20,1/20m) | §(1/40,1/20,m)

0 0,00977558871568318 0,00524094907229677 0,00271614818564414
1 0,000153731145723108 4,67783385436921e— 05  1,29434987624073e — 05
2 2,51719986418198¢ — 06  4,47542104721692¢ — 07  6,72226472219799¢ — 08
3 4,15126456317904e — 08  4,37374882164099¢ —09  3,60268871604451e — 10
4 1,45110161915889¢ — 09  5,04676046259846e —11  1,83640086071974e — 12
of (x of(x
de |17, ) {1l | 2252 [PZ5 b b o cimn -
’ Y lewp Il 97 lwp

memody, h < R, a dodamai diticwi cmani ¢, R, § sanescams avwe 610 6xionux danux 3adaui.>

Teopema 3 mokasye, 1Mo KPoK po3dUTTsA h 3aBXKAM MOXKe OyTH BUOpaAHUI TAKUM UIMHOM, 100
FD-meron poss’sisysanus 3agadai Komii (1), (2) B obiacti D 36iraBcst 3 cylepeKCIOHEHIIATbHOIO
MIBUKICTIO, TOOTO IMBUJIINE, HiXK PsJi, YTBOPEHUI UI€HAMU IeOMETPHUYHOI IpOorpecil 3i 3namMeH-
HEKOM ¢ = h/R < 1.

4. Ilpukaazn. Posrnsuemo Taky 3amady Korri:

82“(:67 Y) GQU(x> Y) 2 2y — 622y — 3
dy? 92 +u(z,y) = W, (z,y) € D, (14)
1
u(x,0) =0,  uy(z,0)] = T e [-1,1], (15)

e D ={(z,y) |0<y<+2/3,y—+2/3 <x<+/2/3—y}. OdeBuamo, Mo TOIHIM PO3B’A3KOM

IaHol 3a1adl € QyHKINT U (m,y) =

1422
Bacrocosytoun 1o 3ajadi (14), (15) onucanuii pume anropurm FD-meTosy, anpokcumysa-

THMEMO TOYHHII PO3B’SI30K Ifi€l 3a/1a4l TaCTHHHOIO CyMOIO psiay (6), WIEHH SIKOrO IIyKaTHMEMO
srigao 3 (11), (12) 3 BUKOpPHCTAHHSIM YHCEIBHUX CXEeM iHTerpyBaHHsl. J[Jisi OIIHKN MOXUOKHM Me-

TOJIy BHKOpHCTOBYBarumMeMo dyHKIio (A, hg,m) = H(rﬁ)(az,y, h,hs) — u*(z,y)| 5, ne h — Kpox
citkm FD-meromy, hs — KpoK KBajipaTypHOI cbopMyJIM3, m — panr FD-merosy.

B rab6u. 1 HaBemeno pesysbraru 3acrocyBants FD-merony mo 3amadi Ko (14), (15) 3 kpokom
nuckperusariii kBagaparypaol dopmyiu hs = 1/20 Ta kpokamu auckperusarii FD-merony h =
= 1/(10-2"), n = 0,1,2, aki HiATBEP/KYIOTH TEOPETHUIHI PE3YJIBTATH IIPO EKCIOHEHIHAIbHY
mBUAKicTh 30ixkHOCTI FD-MeTomy.

Takum ynHOM, y maHiii pobori omucano anroputMm FD-merony poss’szyBannsg 3amadi Kormri
nist piBasiaast Koeiitna—Topona (1). CdopmysboBano Teopemy, B siKiii HABEJIEHO JOCTATHI yMOBH,
10 3a0e3Ie9yI0Th CYIIePEeKCIIOHEHITIAIbHY MIBUAKICTL 3012KHOCTI METOY 1 BKa3aHy B Hill OIIHKY
noxubku. Kpim Toro, copmysiboBano TeopeMy 1po anpokcuMariiiini Biacrusocti 3a1adi (7), (8),
PO3B’SI30K STKOT MOzKe OyTH 3HaiiteHuit 3a gormomororo dgpopmyiun 1’ Anambepa. Pazom 3 Tum BapTo
BiA3HAYNTH, 10 3acTOCyBaHHs FD-MeTomy y BUK/IIOUHO aHAITHIHOMY BUTJISIIL € JTOCUTH IIpobJIe-
MATUIHUM HaBiThb Jis npoctux Gyukiii N(u), f(x,y), ¢(x), P (z). e nos’si3ano, Hacamuepe,
31 CKJIQHICTIO aHAJITHIHOrO OoOvMC/IeHHs iHTerpaJis, mo dirypyors y dopmymrax (11), (12).
Orxke, mpobiiema po3pobku ajropurmy FD-meromy 3 BUKOpUCTAHHSIM YHCE/IBHIX CX€M iHTerpy-
BaHHS € JIOCUTH aKTYaJILHOIO 1 OyJie PO3IVISHyTa B HACTYIHHUX IIyOJiKaI(isX.

2 . N
JerasbHimte mpo noxomrkenns crajiol R aus. [9].
3 . . . .

B nanomy npuxiazi 1yisi HabJIM»KEHOro 00UYMCIIeHHsT IHTerpaJiB BUKopucroByBasacsk (opmysa CimncoHa.
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Axanemuk HAH Ykpaunnsr B. JI. Makapos, /. B. Iparysos, . A. Cembep

P yuknuoHaibHO-AucKpeTHbIiil Meton (FD-Mmeron) pertenus: 3a1aun
Komwu nnsa vHeaumHeitHoro ypaBHeHusa Kireitna—T'opmona

IIpednoocen PyrryuonasvHo-duckpemmviti memod pewenus 3adavwu Kowu das neaunelinozo ypaes-
nenus Kaettma—lopdona. Hatidenvr docmamounvie ycaosus, 06ecnevusaowue CynepIKcnoHeH-
YUAADHYIO CKOPOCTY crodumocmu memoda. Iloayuennvie meopemuseckue pe3yabmamat npou-
ANOCMPUPOBAHDBL HA YUCAEHHOM NPUMEPE.

Academician of the NAS of Ukraine V.L. Makarov, D. V. Dragunov, D. A. Sember

A functional discrete method (FD-method) for solving the Cauchy
problem for a nonlinear Klein—Gordon equation

We propose a functional-discrete method for solving the Cauchy problem for a nonlinear Klein—
Gordon equation. Sufficient conditions for the superexponential convergence of this method are
obtained. The obtained theoretical results are illustrated by a numerical example.
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