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Busnadennst 6e31evYHol JOBXKWHU TPIMIUHA Ta PO3MOIITY
CIJI 3YeIlJIEHHsI B PaMKaX MOJEJi TPIIuHN 3 30HOIO
nepeapyiiHny BAHHS

(IIpedcmasaeno axademivom HAH Yrpainu B. /. Ky6enkom)

Pozeranymo nasanmastceny ma HECKINYEHHOCTNE NAGCTIUHY 3 UEHMPAALHON MPIULUHOI HOP-
MaAH020 6i0pusy. B pamxax modesi mpiwuru 3 301010 nepedpylinyearts 3Hatideno aHaAi-
MUYHE PO36°A3KU OAf NepemiweHt bepezie Mmpiuury, nobydosaHo cucmemy pPisHAHL 0Af SU-
3HaveHHA 6e3newHol J08HCUHY MPIUUHY, 610N06I0H0T J08HCUHY 30HU NePedPpYUHYBAHHA Ta
NAPAMEMPI6 PO3NONIAY CUA 3UENAEHHA TPU 340GHOMY PIBHT THMEHCUBHOCTIE 3068HIUHBDO20 Ha-
sanmagicernA. Hucno6i po3e’a3ku OMPUMAHO OAS MAKUT 36 °A3KI6 3UENACHHA—BIOPUBY, NPU
AKUL THMEHCUBHICTND CUA BUENAEHHA 8 MOYYT 306HIUHLOT 2PAHUYT 30HU NePedpyliHY8aHHA ne-
PEBUWYE PIBEHD THMEHCUBHOCTNE 308HIUKHBO20 HABAHMAHCEHHA.

1. VY cyvyacHUX JOCTIIKEHHIX PO3BUTKY TPIIUH MTOPSI] 3 YUCJIOBUMU XapPaKTEPUCTUKAMY TPIlliy-
HOCTIiKOCTI (KpuTH9IHuil KoedinienT IHTeHCHBHOCTI HALIPY?KEHb, KPUTHYIHE PO3KPUTTS TPIIIUHN,
eHeprisi pyiHyBaHHsI) BUKOPUCTOBYIOTHCSI 1 XapaKTEPUCTUKU y BULJIsi/ (DYHKITIOHAJBHIX 3aJ1€2K-
HOCTel, sIKi MICTSITh YHCJIOBI IIapaMeTpy TPIUHOCTIHKOCTI, pasoM i3 3akoHoM o = o(0). Lleit
3aKOH IOB’S3y€ PO3KPUTTs OeperiB TpIiMmuHU B 30HI 10C/Iab/IeHuX 3B’s3KiB y PpOHTA TPIIUHH,
d(z) 3 IHTEHCUBHICTIO CUJI 34elUleHHsT 0 (), IPUKIIQJICHUX Y 3a3HAYeHUX 30HAX B PaMKax MOJeJi
Tpimuan 3 30H0I0 nepeapyiinyBanns (Cohesive Zone Model — CZM).

MeTtoro poboTH € Bu3HaUeHHsI O€3MeIHO] JOBXKUHK TPIIUHN, BiAIOBITHOT JOBXKUHNI 30HU IIe-
peapyiHYBaHHA Ta 3aKOHY PO3IOJLIY CHJ 3YelJIEHHS IS 33/IaHOr0 PiBHS IHTEHCUBHOCTI 30B-
HINTHBOIO HABAHTAYKEHHsI T CIIBBiHOIEeHH: 34eriends—Biapusy (Traction-Separation Relation-
ship — TSR).

OcHOBHA YacTHHA JIOCJI/PKEHb MEXaHIKU pyiHyBaHHs 3 Bukopuctanasm CZM npoBoanThes
3a JIOIIOMOI'0OI0 METOJLy CKIHYeHHUX ejieMeHTiB (juB. orusy [1]). €auHoro poboToo 3 BU3HAUEHHS
HaIpyzKeHb B 30HI epepyHHYyBaHHS 33 JONOMOIOI0 METOJIy KOMILJIEKCHUX MOTEHIIasiB € pobo-
ta [2]. B Hiii n00yq0BaHO BUpAa3 ISl PO3KPUTTs TPIIMHE I BUKOpUCTaHHs B pamkax CZM
i BU3HAUEHO HAIIPYXKEHHSI B 30HI nepeapyiiHyBanus s Haiinpocrimoro TSR B miniitaiit dop-
Mmi 3minnenns. Taka dopma mependadae MakKCUMaJIbHE 3HAYCHHS iIHTEHCUBHOCTI CUJI 3UEILICHHS
B BEPIIUHI 30HU NepepyHHyBaHHS.

Jlist po3B’sd3aHHs TIEPITOl OCHOBHOI 3a/1adi IJIOCKOI Teopil MPYy2KHOCTI B JaHiit poOOTi BUKO-
pucrtano meron Mycxesimsii. OTpuMaHO rOpU30HTAJILHI Ta BEPTHKAJIBHI IIepeMillieHHs Oeperis
TPIUHA TPU 33]AHOMY KYCKOBO-JTiHIiHOMY po3moiii cuii 3uenyieHus. [lincranoBkoro anaiTud-
HUX BHUPAa3iB yisi PO3KPUTT y Bysaax dynkiii o(z) B TSR i momoBHennsM oTpuManuX piBHSHb
YMOBOIO CKiHYEHHOCT] HAIIPY2KEHb B BEPIIUHI 30HU IepeAPYyIHYyBaHH OTPUMAHO CUCTEMY PiBHAHD
JIJIsT BU3HAUEHHSI KPUTUYHO! JOBYKWHY TPIIIUHN, 30BHINHBOI TPAHUIT 30HU IIEPeIPYUHYBAHHS Ta
napamerpis ¢yukiii o(z). s gncioBux pospaxyHkis Bukopucrano TSR 3 minsHkamu 3wmir-
HEHHs Ta 3HeMilHeHHs y dopmi KybidyHOTO MosiHOMA.
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Puc. 1

2. BusHauenHs niepeMiliieHb 6eperiB TpilnHN NPU KyCKOBO-JIIHIHHOMY PO3MOIiji
CIJI 3YerJIeHHsI. Po3riigneMo KIacudHy 3a/ady MeXaHiKu pyHHyBaHHS PO TPINUHY B HECKiH-
JeHHIM mnacTuHi. Ha HecKiHIeHHOCTI 10 MIaCTUHYU TPUKJIAIeHO HaBAHTAYKEHHS, HAIIPSIMOK STKOT'O
30ira€ThCst 3 HAIPSIMKOM HOPMAaJIi J10 JIiHIl po3ramnyBanHs Tpimuau (puc. 1, a).

MogemoBaTuMeMO TPIIIHY PO3pizoM JoBKUHO 2b B3moBxK oci Ox. Ha mpoaoBKeHHI 1OI0
PO3pi3y BBOJIMMO JOJATKOBUN PO3PI3 MOBXKUHOIO d — b 3 mpukIaeHuMu 70 OeperiB caMmoypiBHO-
BaKeHUMHU cuamu 3uerientst o(x). Jlogarkosuii po3pi3 Mojesoe 30Hy HocaabieHnX 3B s3KiB
niepe1 (bpOHTOM TPIIIUHY 1 MA€ HA3BY 30HU IepeIpyHHYBaHHs. 3aKOH 0 () 3a/1a€MO y KYCKOBO-JIi-
HiitHiit opwmi (puc. 1, 6). Bepern TpimuHn 3MUKaOTHCsI IIABHO, TOOTO HAIIPYKEHHSI B BEPIIUHI
TPIMUHA € CKIHYEHHUMU.

Posrisinemo kouTypai ymoBu (Ha puc. 1, 6 B3gro n = 4):

(bk — :L")O'k_l + (l‘ — bk_1)0'k

br—1 < z < by,
ot (x) = A by P UL SR OE o (~z) = o (),
0, xel,
T;ty(x):o, x €L,

L' = (—d,—b) (b, d), L'=L\L", L = (—d,d);
A by = b — bp_q, k=1,2,...,n.

Hampy:keHHs Ta mepeMillieHHS B paMKaxX IJIOCKOI 3aJadi JIHIHHOI Teopil Mpy>KHOCTI BU3HA-
94aloThCsl KOMILIeKCHUME TtoreHiiatamu P (z) 1 Q(z) [3]:

oy + 0z = 4Re O(2);

Oy — iTgy = P(2) + Q(Z) + (2 — 2)P/(2);
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['panuani yMOBH HA KOHTYPI IPSIMOJIIHIHHOTO PO3pi3y B310BxK oci Ox, 3rifHO 3 JAPYyIUM PiB-
HSIHHSIM CIiBBiHOIIEHb (1) MaroTh BHUIJIs

T (2) +Q (2) =0, & (2)+ Q7 (z) =0y,

7 0

Jle BBEJEHO IIO3HAUEHHSA 0 = Oy — Tyy; [ *(x) — suavenns: Gyukiil f(z) Ha BEPXHBOMY i HUZK-
HbOMY Oeperax pospizy. lomaroum Ta BigmiMaioun mpasi i JiBl YacTuHU PiBHSHL, OTPUMAEMO
sagady Pimana—T'ins6epra mis dynkniit ¢(z) + Q(z2):

[@(2) + Q)] + [@(2) + Q2)]” =0 +07;
[@(z) — Q)" +[2(t) - Q)]” =0 — 0.

7 (2

(2)

Posp’si30k 3amadi Pivana-Tinsbepra (2) snaxomurbest y Buris [3):

1 / o(z)X™T(x) Co+ Ciz

B(z) £Q(z) = 2miX(2) PR ¢ (2) : (3)
—Ty

LII

ne Iy = (07 — 07°)/2 — ity X (x) — snauenna dynknii X (z) = /22 — d? na BepxuboMy

bepesi pospisy, craja Cp BH3HAYAETHCS yMOBaMM Ha HeCKiHUeHHOCTi, a craja (| — yMOBOO

OJIHOZHAYHOCTI II€PEMIIIEHbD:
1 oo
Co = 5(% — iTyy)s Cy =0. (4)
3 ypaxysanusaum (4) cucrema (3) jist 077 = 7,0 = 0 1acTh KOMILIEKCH] OTeHIamm 3a,1a4i
D(2) mo, % 1
2 =H(2) + -~ Fl [y =0 5
(o] 61 S o ey ®)

ze Beegeny dyukiioo H(z), obuncausinm iHTerpas, MOXKHA OJATH Y BULJISA:

H(z) = in(Z) / o@)X (@), ng [th 2Nkz] | ©)

T —z X(z)
L//
A Q1 AQrt1 A Qg

 QuoHin(z 4 byo1)
fin(2) = A by ’
A Qr(z) = Qp(2) — Qr-1(2), Qr(2) = (2 + bg)C(=bg, 2) + (2 — b)C (b, 2);
Cle, ) =& =XG) gy J2Ed

X(©+X(2) -
by A 1+ A )?1 A Rpyq A Ry
—doaraal = - <k<n—1):

NO Abl ) Nk; Abk—i—l Abk (1\]{\71 1)7
N, — _bn—l AT+ A Xn;

A by
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Ay =1 — I,  Iy=1I(bk), (In=1I(d)=m);
AXp=Xp— X1,  Xp=X), (X,=X(d)=0);
ARy=Ry—Ry_1,  Ry=bply+ X
I(z) = 2arctg X(2),  X(z)=d2 — 22.
[Mincrasnsioun (6) y Bupas (5), nonepenapo NpupiBHBINT Bupa3 npu z/X (z) 1o Hyss, ocra-

TOYHO OJIEP2KYEMO KOMILJIEKCHI ITOTEHITia/ M 3a1a49i

(2) =1 ; o Z)Fm
27 {Q(z)} = kZ:O khi(2)Frl (7)

Ta YMOBY CKIHYEHHOCTI HAaIpy:KeHb B TOYKaxX z = +d

o

n [e'e]
D ok = ?y (8)
k=0

Iarerpyroun (7), orpuMaemo

o {fg} - i;am — i ImJ)FToz,  JP = Jy(0);

AT
. b1 + (2= b)C(b,z) — (z+b)C(=b,z), k=0,
1
ATy ATy
Jk(z):/hk(z)dz: Abk; ~ o 1<k<n—1,
1 T 9
(2 b, |:Tn—1+2(z+bn—1) ) k=mn,

ATi(z) = /A Qr(2)dz = Ti(2) — Tr-1(2);
To(z) = %[(z )20 (—bg, 2) + (2 — b)2Cb, 2)] + X (b) X (2).

Ha xoutypi Tpinunu
CE(&,2) = £Cu(&,w) +iCy (€, ),
X(2)
X X(z)
(0(t) — bymxuis Xisicaitna), seinkn Jif (v) = £Jp(x) +iJk, (2) i MoxKHa 3amHICATH TIEpEMiTICHHS

Ha Oeperax TpiluHU:

Cy(&,x) =1n , Cy(&,x) = —md(x —§)

n
21 (u + iv)* = ZZ op[£ L1 gy + iLaJyy] — TLiTax, (9)
k=0
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ne
~ x+1
Jiy(2) = Jiy(2) — Jiy(0), L1 = T Ly = ST
AT,
Joz () = b + (x = 0)Cyp(b,x) — (x + b)Cr(—b, x);
1
ATprne O The Tin-1)a
Ik = - I1<k<n-1), nx = )
k (x) A bk+1 A b ( " ) J (x) A by,

= T(k+1)x($) — Tz (2);

A Tia(2)
Tho () = %[(x + b3)2Co(=bpy ) + (2 — b)2Cb, )] + X (b)) X ();
Joy () = AA:';ly (= )3 — b) — (2 + b)3(x + )]

Ty () = AAT(biill)y - AACZ’:’ (1<k<n—1)

1 T
Jny(l‘) = Tbn [T(n—l)y + 5(%’ + bn_1)2:| )

A le _ Tr[(x . b)5($ _ b) _ (:L‘ + b)é(w + b)]a

ng(x) = A b]_
ATy AT
J, = — Y 1<k<n—-1),
ky(x) A bk‘+1 A bk ( n )

s
[T(nl)y + 5(33 + bn_1)2]

Jny@) = A b

I

A Typ(x) = Tgy1)y(z) — Thy(2);

Thy () = ——=[(x + by)26(x + bi) + (z — b)26(x — by)].

3 (9) orpumaeMo BepTHKAJIbHE T4 TOPU3OHTAJIbHE TIepeMilleHHs GeperiB TpiluHu:

n n
271"[1,i = _LQZUkjky — ngo'goCC, 271'1)i = :i:Ll Zakax
k=0 k=0

[eit pesysibraT 30ira€ThCs 3 PE3yJIbTATOM, OjiepKanuM y [4] auist momesi Jarjeitna (npun = 1,

(10)

o) —

= o01).
3. BusHauenHs1 6e31eYHOI JOBXKWHU TPIMUHU. Busnadumo Oe3medHy JOBXKUHY TPi-
IIIUHU, BiJIIIOBIJIHY JIOBXKWHY 30HH IepeIpYHHYyBaHHS Ta PO3HOJII CUJI 3UEIIEHHS JJIS 3a/IaHuX

IHTEHCUBHOCTI 30BHIIIHLOIO HaBaHTakeHHS Ta TSR.
s npukiagy BiseMemo TSR y dopmi KybidHOro moJiiHOMa

d(z) 4 on)?
Alx) = — ) = omax
() 5y 5701 (1 + Jl> o

(11)

T(A) = (o1A + 09)(1 — A)?,
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eHeprisa pyiHyBaHHS

¢:50/T(A)dA:

0

1

12

50(Umax + 4071) .

I

0, MKM
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1,58 1,62
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20
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1,60
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10

1,6

L8

T, CM

2,0 2,2

upu 0, = 0 el 3aKOH IIEPEeTBOPIOETHCS HA 3allPONOHOBaHUil y poboTi [5] 3akoH

T(A)

27
4

= —OmaxA(1 —

3 (10) orpumaemo BuUpa3 Jyisi PO3KPUTTS TPIIUHMU:

(@) = 23 o).
k=0

(12)

Bukopucrasiim yMOBY CKIHUEHHOCTI HAIIPY?KEHb Y BEPIIUHI 30HU HiepeipyiHyBanHs (8), MOXK-
HA 3aIlMCATH CUCTEMY 1+ 1-r0 PIBHAHHS [/ BU3HAYCHHS KPUTUIHOI HAITIBIOBKUHA Tpimuan b*,
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BIJIIIOBI/IHOT 30BHINIHBOI I'PAHUIl 30HU HepeapyiinyBanns d* Ta 3uadens o, (k=0,1,...,n—1)
dbyukuii o(z) y By3IoBHX TOUYKAX:

L n
T &;akJm(bm) = O, m=0,1,...,n—1,

n oo
o
g oL N = —=%-.
2
k=0

Ha puc. 2 B koxxkHOMY 3 psiikiB Bijobpazkeno TSR (3 BiamosigamMu nmapamerpaMu iHTeH-
CHBHOCTI CHJTM 34YellJIeHHs] B BEPIIUHI 30HU TepepyiHyBaHHs 0, Ta €Heprieio pyiHyBaHHS ),
OTpUMaHUiT Ha HOro OCHOBI PO3MOJILI CHJT 34ellieH s o () (3 mapaMeTpamu KiHIIB 30HU repepyii-
HyBanHs b, d* /b* B rpannvHOMYy cTani) Ta Bianosiauuii Biapus (z). Bei 3amexnocti mobyoBaHo
IS ago = 7 MIIa. YucioBi po3B’sI3Ki BIAJIOCS OIePXKATH IJIsSI 3HAYEHb 0 > ago.

YucsioBi pesyabTaTi CBiIIATH PO Te, IO JJjis iCHYBaHHS (DI3UYHO KOPEKTHOIO PO3B’SI3KY
CITIiBBITHOIIIEHHST 3YeIIeHHSI—BiIpUBY MMOBUHHI IepeadadaT HEHYJIbOBE 3HAYEHHsI IHTeHCUBHOCTI
CUJI 3YCIJICHHS B BEPIIUHI 30HU TepeipyiHyBaHHs. 31 3MEHITIEHHSIM BiIITOBIJAJIBHOTO 34 I1e Iapa-
MeTpa 0, CYTTEBO 30LJIBIIYETHCI PO3MIp 30HU IEPEIPYHHYBAHHS, IO BiIOYBAETHCS 3a PaxXyHOK
cTsrHeHHsT OeperiB TpimuHu B 1iit 30Hi. OTpuMaHi 3HAYUEHHS JOBYKUHU 30HU I€PeIpyHHYBAHHS
[IpU MaJIUX O, HE CIOCTEPIraloThCd JJI PeaJbHUX TPIMIMH, TOMY IPU BUKOPUCTAHHI CITIBBIJIHO-
IeHb 39erieHHs—BiapuBy y dopwmi (11) cuiing 6paru o, M0 HE CYTTEBO HUXKYI 38 MAKCHMAJIbHE
3HAYEHHS CHUJI 34YEeIJIEHHA Opax-
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Onpenenenre 6€300aCHOI JIJTMHBI TPEMINHBI M PACIPEIEIEHUS CUJT
CleIJIEHNS B paMKax MOJIeJId TPEIUHbI C 30HOU MIpeJpa3pyHieHusd

Pacemompena nazpyorcernnan 1Ha 6ECKOHEYHOCMY NAGCMURG C UEHMPAALHOT MPEULUHOT HOPMAND-
H020 ompuiea. B pamkar modesu mpewsurvt ¢ 30100 NPedpadpyuwenun Hatdenv. GHAAUMUYECKUE
peweHus 0as nepemewenuts bepeeos mpewsutvt, NOCMPOEHA CUCTEMA YPAGHEHUT OAA onpedeseHus
6e30nacHot dAUHBL, MPEWUHDL, COOMBEMCMEYIOWET AUNHDL 30HbL NPEIPA3PYWEHUA U NAPEMEMPOS
pacnpedeseHus Cun CUENAEHUS NPU 3a0AHHOM YPOGHE UHMEHCUCHOCTIU BHEUWMHE20 HAZDYHCEHUSA.
Hucao6bie PEWEHUA NOAYUEHDbL 04 MAKUL C8A3ET CUENACHUA—OMPVIBA, NPU KOMOPHLL UHMEHCUB-
HOCMD CUA CUENACHUS 6 TOYKE SHEWHEN 2DAHULDbL 30HDL NPEOPa3PYWEHUL NPECHIUAEM YPOBEHD
UHMEHCUBHOCTIU BHEUHE20 HAPYIHCEHUA.
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M. F. Selivanov

Determination of the safe crack length and cohesive traction
distribution using the model of a crack with prefacture zone

The loaded at infinity plate with a central mode I crack is considered. Using the cohesive zone
model, a solution for crack displacements is given. Constitutive relationships for the safe crack
length corresponding to the cohesive zone length and parameters of a cohesive traction distribution
are found for the given intensity of an external load. Numerical solutions are obtained for traction-
separation relationships such that the cohesive traction at the cohesive crack tip exceeds the external
load intensity.
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