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HuceabHoO-aHAJITUIHAN MiAXia 10 pO3paxyHKY TEMJIOBHUX
MMOJIiB 3 ypaxyBaHHSIM TE€PMOYYTJMBOCTI MaTepiajry
cepeoBHUINA Ta 3MIIMAHNX KPalloBUX YMOB

(IIpedcmasaeno waenom-xopecnondermom HAH YVpainu P. M. Kywmnipom)

Ob2pynmosaro ehexmusHicmd NOCORAHNHA HENPAMUL MEMOJIE 2PAHUYHUL MG NPULPEGHUYHUL
eaemenmie 3 nepemeopernam Kipraogpa ors nobydosu wucesbro-aHasiMUH020 PO36 A3KY He-
NHITUHUT MPUBUMIPHUT 30004 MENAONPOBIOHOCTE 3 YPATYEAHHAM 3AAENHCHOCTVE MENAOPIZUY-
HUT Koediuienmis 6i0 MeMnepamypu ma THMEKRCUSHOCTE BHYMPIUHIT 0xcepen. 3 eukopuc-
MAHHAM THMELPANDHUL 300padicens daa nepemsopenns Kipreoga nobydosaro duckpemmo-xom-
MUHYAALHY MOOeAd 3a0a%T 3 MIUWAHUMU YMOBAMYU NEPWO20, OPY2020 MG MPEMb020 Pody.
30iticherno HU3KY 06UUCAIOBAALYHUT EKCTEPUMEHMIG OAA EKCNOHEHUITUHOT ma cmenenesoi 3a-
NEHCHOCTNE KOEPiuichma menaonposionocmi 6id memnepamypu.

MopnemroBanust i oNTUMI3allis TEIJIOBUX MIPOIECIB MAIOTH BaKJIMBE 3HAYUEHHS JIJI PI3HUX Tajry3eit
€KOHOMIKHM 1 TEeXHIKH, 30KpeMa, B IPUIAN0- 1 MAIMTUHOOYLYBAHHI IIPU IPOEKTYBAHHI MiKPOEIEKT-
POHHMX TPHUCTPOIB, IIPU MOKPUTTI KOHCTPYKIH Ta 00JIa/IHAHHI BOTHE3AXUCHUMHU MaTepiajlaMu.
Jlnst GipmrocTi BKazaHUX MaTepiasiB 1X Teruiodi3wmdHi XapaKTePUCTUKH 3aJIeXKATh Bijl TeMIiie-
paTypHu BHACIJOK Jil BHYTPINIHIX 1 30BHINIHIX TemioBux ¢akTopiB. MaremaTuvHi Mojei, 1o
BPaXOBYIOTH BIUIUB TE€MIIEPATYPH Ha Il XapaKTePUCTUKU (TePMOYYTIIUBICTD), IPUBOJATE JIO HE-
JIHIHHAX KpafloBUX 3a/iad MaTeMaTUIHO! (Di3UKHU, IPU PO3B’si3yBaHHI SKUX 3aCTOCOBYIOTH aHAJII-
TUYHI, AHAJITUIHO-IUCEIbHI Ta YUCETbHI METO/IU, K IPABIJIO, JJIsl Ti KaHOHIYHOT (hopmu [1-5].
OnmHUM 3 HiIXOMiB, 0 PO3B’si3aHHSI TAaKUX 3aJa4 € BUJIJIEHHsI OllepaTopa, IO XapaKTepus3ye
BIUIUB HEJIIHIMHOCTI, 1 3aCTOCYBaHHS JI0 HBOI'O iTepaIiiiiHuX METO/IB 3 BUKOPUCTAHHS JUCKPETH-
sanil obsracti wesiniitnocti [6]. Tammit, 6iabin edekTuBHUI, MUISIX PO3B’sI3yBaHHST JIBOBUMIPHUX
CTAIIOHAPHUX 3aJ1a4 IOJISITa€ Yy BUKOpUCTaHHI neperBopenHs Kipxroda, sike 3BoiuTh HesiHiiTHE
piBHsIHHs 110 JiiHiftHOTO [1-4, 7].

MatemaTudHe MOJEIIOBAHHS TeMIIEPATyPHUX TOJIB Y IPOCTOPOBUX TEPMOUYTIINBUX 00’ €KTaX
ycyBae HeoOXiTHICTh ITPOBEJIEHHS TeCTOBO-EKCIIEPUMEHTAILHIX BAIIPOOYBAHD JJIsI IIPOTHO3Y BAHHS
Ix MirHOCTI i HaJIHHOCTI Ta MOTPeOye PO3BUTKY BiJIOMUX i PO3POOKM HOBUX OOUUCIIOBAJIBHUX
METO/IIB 3HAXO/ZKEHHsI TEIJIOBUX ITOJIB B 00JIACTAX HEKAHOHIYHOI (pOPMH Ta MPOBEICHHS Ha ITiil
6a3i rpyHTOBHUX HAYKOBUX JIOCJIi?KEHb.
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dopmysaroBaHHS 3aadvi Ta 11 YacTKoOBa JiiHeapu3allisd 3a JOMOMOIO0 IIePEeTBOPEHHS
Kipxroda. PosrisiHemo 1I0cKy 04HO3B 5130y onHopiany obacts  C R 3 mpoctunM saMkayTIM
kpaem I'. Koedirienr remtonposintnocri A(6) marepiany ob’ekra ra KoedilieHT Teriosimiadi
3 fioro mexi «(f) e HenepepBauMu yHKIisIMU B miykaHol Tremueparypu 6(z) [1-3]:

A0) = Xo(L4+X0(0)S4+(0 — 0x)xe),  a(0) = ao(1 + ap(0)S+(6 — 0)xp), (1)
Jie Xp — XapakrepucTudHa dyHKIlist 6araTo3s’si3u0i obiacti g, B skiit § > min(fy,0,), S+ (z) =
=1lmpu z >0, Sy(z) =0upu z < 0, z = (x1, 22, x3).
3
Ha uacrunax 0Q° C T (s = 1,2,3), |J 09Q° = I’ mexi Tina 3a1an0, BiIIIOBIIHO, NOBEIIHKY

s=1
TEMIIEPATYPHOTO TI0JIsi, TEILIOBOTO MTOTOKY Ta KOHBEKTUBHUII TEILIOOOMIH i3 30BHIIIHIM CepeIOBU-

meM, remieparypa sikoro .(z). Beepenuni obsacri € ie jprepesio Teruia iHTeHCUBHICTIO ().
Ju1st BU3HAUEHHSI CTAIIOHAPHOTO TEeMIIEPATYPHOrO 10Jist B §) MaeMo HesiiHifine piBHsiHHS [1]

3

3 i )\(9)89_@ = —(z)xy, TEQCR? (2)
ox ox

P01 9T j

rPaHUYHI YMOBH IIEPIIOIO, JIPYI'OI'O Ta TPETBOI'O POy

90(x)

0(x) = bp(x), z € 00, _)\(9)811(:6) = qr(z), x € 002,
00(x) 3 ®)
a(0)d(x) — A(a)(?n(:c) = a(6)f.(x), x € 00",

Tyt n(z) = (ni1(x),na(z),n3(x)) — 30BHINIHS OJHO3HAYHO BU3HAYeHa HOpMaJb jio 1'; ¥(z) —
inrencusHicTh JpKepen, fki gilorh By, C () Y, — XapakTepucruuna (dyHKIis obaacTi 2y,
TOOTO Xy = 1 mpm = € Xy, Xy = 0 mpu = & Xy.
[Ticast BBemEHHST MIPAMOTO Ta 0bepHEHOTO TepeTBopeHHsT Kipxroda
6(z)

9w) = KO @) = 1 [ MOd, K@) =6 (@)
9(0)

JUTsT 3HAXO/KEHHsT () OJIEpKNMO YaCTKOBO JIHEAPHU30BAHY 3a/atdy:

AY(x) = —)(2) X T €, (5)
Y(z) = K(Or(x)), x € 0N, —giﬁg = qr(z), x € 002,
0Y(x) ©)

+a(K @)K (0) = oK 0)0e(x), @€ 00,

on(x)

3
82
e A = g 9z ouneparop Jlamnaca; 60 — XapaKTEPUCTUIHA TeMIIEPaTypa.
14
=1 ?

Mu 6auumo, mo nepersopennsi Kipxroda Jiineapusye Buxijne piBHsHHs (2) Ta IpaHUYIHY
YMOBY Zpyroro pojy (3), rpaHuuYHA yMOBA IIEPIIOrO POJY 3aJIUINAETHCs JIHIHHO0, a TPAaHUYHA
yMOBa TpeTboro poiy (3) — HesiniiiHO0.
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IlobynoBa iHTerpaJibHUX 300pakeHb PO3B’I3KiB JIIHEAPW30BAHOTO PiBHSIHHS Ta
JUCKPETHO-KOHTUHYAJIbHOI MOo/eJi. 3aCTOCOBYEMO HENPSIMI METOIM TPAHUIHUX Ta IPUrPa-
HuYHUX eseMeHTiB |8, 5|. Beememo Ha mexi I' obsacti 2 Ta y 3oBHimHIH npurpanngsiii g0 Hel
emysi G = B\ Q tomumono h (Q C B C R?, T(0B = @, B — Mexa posimmpenoi obnacri B)
dbixrusui mKepena Temna nesiomoi inrencusnocti o) (z), ¢ (). Buacaizok mporo omumenmo
niyKaHy (yHKIHI0 3aMicTb (5) pIBHSIHHSIM

A9 (x) = —cp(“’) (x)xy — ¥(z), z € R3, ~v e A{Tl, G}, (7)

Ie X~ (x) — xapakrepucrudna yHKIs 7y, TOOTO X(2) = 1 npu = € 7, x(z) = 0 nupu x & . Toxi
iHTerpasibHi 300pazkennsi nepersopernsi Kipxroda sik poss’sisky piBHsiHb (7) Ta HOro MOXijHOL
3a HOPMAJUIIO MAalOTh BUIVISI:

_319(7) (z)

90(z) = F(2,U) + Fy(,0), on(x)

= F"(z,Q), (8)
e

FWL@zjéwwa@mwo; FM%Qz/@@£WGM%K%
v

Qy

U(z,&) — dyngamenranbuuii po3s’si30k oneparopa Jlamiaca, skuii TOYHO 3a/10BOJIbHSIE PIBHSIHHST

(5) B Q7 5 = (51762753) € R?))

3
Q.= -2 Qo). Qg = 20,
j=1 ’

CupsimyBaBimin B (8) = 3 cepenunn obuacti € 70 30BHImHBOI Mexki ' st 3a/10BoJIeHHS
yMOB (3), omepskumMo rpammani interpanbni pismsmas (IIP), ski 38’asyiors nesigomi o) (€)
3 33/J[aHUMM Ha 30BHINIHII Mexi dyHKIigME:

F(z,U) = K(Or(z)) — Fy(z,U),  z€0Q,
F(z,Q) = qr(z) — Fy(z,Q), z € 902,
(KN (F(2,U) + Fy(z, U)K (F(2,U) + Fy(z,U0)) + F(2,Q)) =
= a(K Y F(z,U) + Fy(x,0))0.(x) — Fy(z,Q)), x € 003,
s 3Hax0/KeHHsT po3B’si3KiB cucremu (9) 3AiHCHIMO IPOCTOPOBY JUCKpeTu3ariito. Jluckpe-

tuzyemo obiacrb G ta mexxy I’ wa npurpannuni G, ta rpanuuni I'y (v = 1,..., V) esementu
i ampoxkcumyeMo HeBifoMmi (yHKILT cp(G) (&), gp(r) (§) B HHX KOHCTaHTAMHI df, d}:. IIpu 1npomy

14 \% 1% 14
mesG, = 1, U G =G, U @G,AOT) = a9, U (G, NT) = 092, | (9G,AT) =
v=1 v=1 v=Vi+1 v=Va+1

1% 1% Vo
=00 G, NG, =0, T*"OAT* =0 upn, v #w, YT, =T, YT, =00, |J I, =09,
v=1 v=1 v=V1+1
Vi
U I,= 0Q3. 3po3yMiso, 110 KOYKeH IPaHIYHEIT eJIeMEHT OBUHEH TIOBHICTIO HAJIEYKATH OJIHiil
v=Va+1
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3 pinsgHok 0N (s = 1,2,3), saxi quckpern3zosano Bignosinuo Ha Vi, Ko, K3 eleMeHTIB, IIpH 11O~
My HyMepallisi €JIEeMEHTIB TOYNHAEThCS 3 TEPINO] JJISTHKY 1 TPOIOBXKYEThHCs HA HACTYITHUX, TOOTO
Vo =Vi+ Ko, V=V+ K+ Ks.

[Ticsist TpocTOPOBOI JUCKPETU3aIlil OJEPXKUMO CHCTEMY HEJIHIHHUX ajreOpaldyHuX piBHSHD
(CHJIAP). Hnsa i1 poss’s:3ysanns 3acrocyemo moaubikosanuii merosn Heiorona [9]. Cyrs mo-
nudikaril mojsrae B ToMy, 10 Ha KO2KHOMY KPOIIl METO/Iy He HOTPIOHO OOYUC/TIOBATH MATPHIIIO,
obepueny 10 Marpuili fkobi, y BiAmoBimHiil TOUI, HATOMICTb BHKOPHCTOBYETHCSI OIHA i Ta K
obepHena MaTpulig, OOYUCICHA Yy MMOYATKOBIN Todmi. YK moyaTkoBe HAOJIMXKEHHST PO3B’I3yEMO
3aJ1a4y 3 IPAHUIHOI0 YMOBOIO epIioro poiy, mo npusoautsb 10 CJIAP na neprmomy kpori [7],
dKy po3B’a3yemo metomom [ayca—2Kopmana.

Opnepxani poss’sizku CHJTAP d0K) BUKOPHUCTAEMO JJIsi 3HAXO/KeHHs 3MirHOl Kipxroda ta
IIOX1/THO1 BiJ Hel 3a HOPMAJLIIO:

|4
9 (2 ZA’Y (z, D)d)E + Fy(z,U), — S =AYz, Q)d}¥ + Fy(z,Q), (10)
v=1 v=1

ne Al(z, @) = [ ®(x, ) dv, (€). Turerpamn AS (z,U), AS(z,Q), AL(x,U) upn & = z micrars

Yv
ycyBHY ocobsuBicTb, a A)(z, Q) obuncieni B cenci Kori.
Hani 3a nonomororo obeprenoro nepersopentsi Kipxroda (4) ta (10) 3uaiigemo mykani Tem-
nepaTypy Ta TeIIOBUil MOTIK 3a (opMyIamu:

00) () = K~ (9 (2)), @) 20 (z:) 9 (x).

on(x) on(x)
YuciiosBi gocaimkenHsi. PosrisHyTo oJHOPIHUI 130TponHuil napasesenines, BiHeceHnit
JI0 JIEKApPTOBOI CHCTEMHU KOODJAMHAT 1, T2, X3, AKMUil 3afz’1Mae obnacte Q = {(z1,x2,23): a1 <

2 — JiBa, IpaBa, F(3),

<1 < ag,by <o < byyeq < x3 < e} 3mexeo I = U 'Y, ne ra ) I
7j=1
re — HIKHS, BepxHs, [ (5), re — 3aJiH4, TIepeJiHs T'paHi napaJeseninena; a; = —1; ag = 1;
b = —1; b0 =1, ¢4 = =1; co = 1; h = 0,01.
3a JI0TIOMOTOI0 HEIIPSIMOI'0 METOJY IMPUTPAHMTHIX €JIEMEHTIB 3HAeHO PO3IIOLIN TEILJIOBOTO
[IOJIsI 3 eKCIIOHEHIIIHHOIO Ta CTEIeHEBOIO 3aJIEXKHICTIO KOoediIlieHTa TeIlJIONPOBIIHOCTI Bil TeMIre-

paTypu

0 — 08 0 — Ok \™
A(0) = Ao exp <5A 0 p>, AB) = Ao (1 + 5>\7)p> ;A =2,
aexp apow

npu g = 1, 60 — 200, 60 — 10, oy 3amadi 3 KpailoBOIO YMOBOIO TEPITIOTO POIY

exp pow
Or(2)exp = 400 + 1023, Or () pow = 100 + z3, zel, (11)
Ta Mpu Héo)w = 2 3i 3MilmaHuMu KpaloBUMM yMOBaMU IIEPIIOrO Ta TPETHOro poiy (3)
Or(z)=3+a23, axel® =30,
0.(x) =2, a@)=1, zelV) ;=12

3a BiJICYyTHOCTI BHYTPIlIHIX mkepes. JacTUHYy OTPUMAHUX PE3y/IbTaTiB OOYHNC/IeHb HABEIEHO HAa
puc. 1.
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Puc. 1. Po3nosin remneparypHOro nosist BcepeuHi 06’ekra Ha mionwHi £z = 0,5 miust V' = 36 3 excnoneniiinoro (a)

0,6

0,8

1,0

Ta KBaJAPaTUIHOIO (6) 3ayexkHicTIO npy pisHUX B 3 Kpaiiosumu ymosamu (11) BignosigHo
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Pesynpraru dncebHUX JIOCHIZKEHD TIOKA3a/M e(DEKTUBHICTD HEIPSIMOTO METOJLY ITPUTPAHUI-
uux enementis (HMIIT'E), ockinbku npu 3Haxopkenni 3minnol Kipxroda i po3BosinB npu mo-
Oy/I0B1 JUCKPETHO-KOHTUHYAJbHIX MOJIEIe!l OOMEXKUTHUCS TIJIbKKM YUCJIOBUM IHTEIDYBAHHSIM BHA-
cJIiIoK nocs1abiIeH sl CHHTY/ISIPHOCT] (IIOPIBHSIHO 3 HENPSIMMM METOJOM I'DAHUYHHUX eJIeMEeHTIB)
FPAHUYHUX IHTErpajibHUX PIBHSHBb Ta ICTOTHO IIABUIIUTU TOYHICTH IIiJi Yac OOUYHUC/IEHHS IIyKa-
HUX BeJUYUH 11003y 1 Ha Mexi Tia (Ipu BUKOPUCTAHHI OJHAKOBOI KiJTBKOCTI €JIeMEHTIB JIuC-
KpeTu3ariil Ta OJJHAKOBOT'O CTYIIEHs allPOKCUMAIIi] HEBiIOMUX IHTEHCUBHOCTEH (PIKTUBHUX JZKEPes
nocriitanmu). OcobmBocti po3s’s3yBanns 3a jonomororo HMIIT'E rpusuMipaux crarioHapHux
3a/1a9 TETJIONPOBITHOCTI MOPIBHAHO 3 JIBOBUMIPHIMHA B OCHOBHOMY TPOSIBUJIUCH Yy PO3MIPHOCTI Ta
dopMi TPUrPAHUYIHUX €JIeMeHTIB i y hyHIaMeHTAIbHOMY pO3B’s3Ky piBHsHHS Jlamraca.

Takum YuHOM, I MATEMATUIHOIO MOJIEIIOBAHHS Ta JIOC/IXKEHHS TPUBAMIPHUX CTaIlio-
HapHUX TEIUIOBUX IIOJIB 3alPONOHOBAHO YUCEIbHO-AHAJITHIHUN MiAXid, SKUH TPYHTYETHCA Ha
cuiyipaomy Bukopucranui HMIITE, mepersopenni Kipxroda ta momudikoBanomy meromi Huro-
TOHA 1 J]a€ MOXKJIMBICTh BU3HAYATH TEMIIEPATypy 1 TEIUIOBUI MOTIK y TEPMOUYTJIUBUX 00 €KTaX
JIOBLIBHOI (popMu. 3acToCyBaHHSI IIPU IIHOMY HEJIHIMHUX MOJesell Ta MOEIHAHHS PI3HIX METO/IIB
[IPU 3HAXO/?KEHHI PO3B’3KiB c(hOPMYILOBAHUX HA X OCHOBI 3aJ1a1 JI03BOJISIE BUKOPUCTATH II€pe-
Baru BKA3aHUX METOJIB Ta ONTUMI3YyBaTHU IIPOIEC 00UucieHb. MOIyIbHAN IPUHIIUAIL TPOTPAMHOL
peasizamii 1poro migxomy yuidikye po3pobKy HOro CKJIAI0BUX 1 CHPHUSIE IIiIBUINEHHIO YHIBED-
CAJIbHOCTI fl THYYKOCTI OOy I0BAHOI MaTeMaTHIHOI MOEJl II0/I0 PO3B’SI3yBAaHHSI IMOMIOHNX 33189
Yy KYCKOBO-OJHODITHUX Tijax.
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JI. M. 2Kypasuak, B. E. I'punibko, O. C. Kpyk

YucsieHHO-aHAJIMTUYECKUI TTOX0/] K pacyeTy TeIJIOBBIX II0JIell C yueToM
TEePMOYYyBCTBUTEJIbHOCTUA MaTepuajia CpeJibl U CMENIaHHbIX I'PAHUYHBIX
ycJioBuii

Obocrosana sPPexmusHocmsd CONEMAHUL HENDAMBIL MEMO08 2DAHUYHBIT U NPULPAHUNHBLT IAe-
Menmos ¢ npeobpazosaruem Kuprzoda 0rs nocmpoenus YucAeHHO-GHAAUMUYECKO20 PEULEHUSA HE-
AUHETHDIT MPETMEPHBIT 30004 MENAONPOBOOHOCTNU C YHETMOM 3GBUCUMOCTIU MENAOPUSUYECKUT
K0apPuLUEHMOB 0M MEMNEPAMYDPHL U UHMEHCUSHOCTNU BHYMPEHHUT ucmounukros. C ucnoavaosa-
HUEM UNME2PAILHBIT npedcmasaeruti 0as npeobpadosanus Kupxeopa nocmpoena duckpemmo-xon-
MUHYAALHAA MOOEAD 36004U C 2PAHUNHBLMUY YCAOBUAMU NEPBO20, 6MOPO20 U mpemuvezo poda. Ocy-
wecmener Pad GvHUCAUMEADHDIT IKCNEPUMEHMOE OAA IKCTLOHEHUUAALHOT U CMenennolt 3a8Uct-
Mocmu KoaPuyuenma menaionposooHocmy 0m Mmemnepamypbol.

L. M. Zhuravchak, B. E. Hrytsko, O. S. Kruk

A numerical-analytical approach to the calculation of thermal fields
with regard for the thermosensibility of the material of a medium and
mixed boundary conditions

We reasoned the efficiency of a combination of the indirect methods of boundary and near-boundary
elements with the Kirchhoff transformation to construct a numerical-analytical solution of nonli-
near three-dimensional heat conduction problems. We consider some dependence of thermophysical
coefficients on the temperature and the intensity of internal sources. We built a discrete-conti-
nual model for problems with boundary conditions of the first, second, and third kinds using
integral representations for the Kirchhoff transformation. The results of computation experiments
are presented for the exponential and power-law dependences of the thermal conductivity on the
temperature.
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