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TpuBumipHi y3arajgbHeHi MOMEHTHiI 300parKeHHS
Ta amrpokcuMariii Tuity Ilage nasgs dyHKHOIH TPphoX 3MIHHUX

(IIpedcmasaeno axademivom HAH Yrpainu B. JI. Maxaposum)

Memod ysazasvherur momenmuux 3obpascens B. K. JI3aduka nowupeno ma mpusumipnud
eunadokx. Bemanosaeno meopemu npo nobydosy pauionasvhur anpoxcumanm muny Ilade s
PyHruit mpoox 3minHux. Ompumaro Gopmyaiu 0as NoTubOK aAnpPoKCUMail.

ITuranasm mobynoBu Ta gocyimkenHs amporkcumariiit Ilage dymnkiiii baraTbox 3MIHHUX 3aii-
MalOThCsl BXKE IPOTSTOM COPOKa POKiB. 30Kpema, pizHOMaHITHI Momudikariil 6araTroBumipHIX
anpokcuManiit [lane posmispanucst B poborax [1-8].

OmauM 3 TiaxXoIiB 10 BUBYEHHs anpokcumariii [lage anamitnaanx QyHKIH € 3anpornonoBa-
auit B. K. I3saukom y 1981 p. meros y3arajbHeHHX MOMeHTHuX 300pazkensb |9, 10]. B [11] neit
MeTOJI, IONIUPEHO HAa BUIAJIOK JIBOBUMIDHUX IOCJIIOBHOCTEH 1 3aCTOCOBAHO JI0 MOOY/IOBU aIpo-
kcuMmariit [lage dynkmiit aBox 3minHux. Y maHiit poboTi PO3IIISIAEThC 3a/ad9a PO MOOYIOBY
anpokcumanT tuiy [lajge st yHKINH TPbOX 3MIHHUX 3a JOIMOMOIOI0 METO/Y y3araJbHeHUX
MOMEHTHUX 300parKeHb.

OszuadvenHsi. Byjemo ropopurtu, 1o Jijisi TPUBUMIPHOT YUCJIOBOI TTOCJIiIOBHOCT] {Sk}keZi Ma€
MicIie y3arajibHeHe MOMEHTHe 300parkeHHs Ha JOOYTKY JiHifiHuX mpoctopie Z Ta % 3a 03Ha-
YEHOIO Ha oMY J00yTKY GiiniiiHo0 dhopmoio (-, ), Ko B npocTopi £ BKa3aHO TPUBUMIDHY
IIOCJIIOBHICTD €JIEMEHTIB {xk}keZi , & B IPOCTOPI % — TPUBUMIPHY IOCJIJIOBHICTH €JIEMEHTIB

{y; }jezijr TaKi, 110

Sk+j = <xk’yj>a kaj € Zi’- (1)

Tpusumipniit auciosiit mocigosrocTi {sk}ycy3 MokHA HOCTaBUTH y BianosimmicTs dop-
. . +
MaJIbHMI CTelleHeBUll PsiJi BiJ TPHbOX 3MIHHUX

fz)= 3 sk, (2)

k k1 _ko _k
ne z = (21,22,23), k = (K1, ko, k3), 2° = 27" 297 25°.

Busnauaru anajgorn anpokcuMantT Ilaje st psaais Burisay (2) MoxkKHa 32 PI3HUME CXeMaMu
(muB. [12, c. 323]). dyst mporo dikcyorbes meBHi obMexkeni obsacti A ta 9 3 Zi i Gy ayroThes
aaredpaldHi MHOTOYUJIEHN Bi TPbOX 3MIHHUX

Py(z) =) pxz~,

ke

Qa(z) = Y qz",

ke
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IJsT IKAX KOeiIlieHTH €y B PO3KJIAII

_Pyla) g k
/=) Qo(z) 2 o

nopisaIOIOTE Hymo npu k € &, ne & — nesaxa obMerkeHa IIiIMHOKIHA Zi.

Mae wmicrie Takuii pe3ysbTart.

Teopema 1. Hexati hopmarvruti cmenernesuti pad 6id mpoor 3minhux mae 6uand (2) i oas
MPUSUMIPHOT nocatdosHoCM] {Sk}kezi MGE MICUE Y3Q2ANOHEHE MOMEHMHE 300DAHCEHHA BULNAA-

dy (1). Todi axwo dan deanux N = (N1, No, N3) € N* ma M = (My, My, Ms) € 73 icnye we-
mpusianvonut, Yy3a2asvrenuti noAiHoOM

N1 N2 N3

DRI @

J1=03j2=0 j3=0

maxull, Wo BUKOHYIOMBCA YMOGU OLOPMO20HAALHOCTI

(@1, Y U) = 0 (4)

npu k € {(k1,ka,k3) € Z3 | ky € [M;, M; + N;],i = 1,3} \{(My + N1, Mz + No, M3 + N3)},

1 cl(\lf M) # 0, mo pauyionarvra PYHKYLA

Py(2) —1N3—1N3—1 ki ko ks
o= ZZZ KOO D Ny s+
N (z) =0 ko=0 k3= J1=0j2=0 j3=0

N1+M1 No—1 N3—1 N1 ko ks

Z Z Z Z Z Z j17N2 —j2,N3—33) (k1+j1,k27j2,k37j3)+

k1=0 ko=0 k3= J1=0 j2=0j3=0
lel No+Mso N3—1 k1 No k3

Z Z Z Z Z Z Nl*]17]2,N3 J3) S(k1—j1,k2+j2,ks—js) +
k1=0 ko=0 k3= 71=0 72=0 j53=0

lel No—1 N3+Ms k1 ko N3

Z Z Z Z Z Z le_]l,NQ j2,53) (kl_j17k2—j2,k3+j3)+

k1=0 k2=0 k3=0 J1=0j2=0 j3=0

N1+M1N2+M2N3 1 N1 N2 k3
EXD DD BELD DD DD DL +
1 2 (]1 j2,N3—j3) S(k1+j1,k2+j2,k3—J3)
k1=0 ko=0 k3=0  71=072=073=0

Ni1+My No—1 N3+M3 N1 k2 N3

{“23 Z Z Z kz Z Z (]1,N2 —ja,j3) S (k1+i1,ke—j2,k3+73) +

k1i=0 ko=0 k3=0 71=0 72=0 j53=0

Ni1—1 No+Ms N3+ Ms k1

2 3
2 23 Z Z Z kz Z Z (Nerz,Js) S (k1 —j1 ka+ja.ks+js) T

k1=0 ko=0 k3=0 71=0 j2=0453=0

N1 N2 N3

—i—zl 25 zév?’ Z zkzz ZCJgN’M)sk_H- )

kel'm 7=0 j2=0j3=0
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de
3
I'm = <H ) ([0 My — 1] x [0, Ma+ N3] x [M3, M3+ Ng]) U ([0,M1 + Np| x
X [MQ,MQ —‘FNQ] X [O,Mg — 1]) U ([Ml,Ml —|—N1] X [0, My — 1] X [0, Ms —|—N3]),
3y ZCQ%M 2,

J1=0j2=0j3=0

MAMUME PO3BUHEHHA Y cmenenesut] pad, Koediuienmu aK020 3012amuMymves 3 Koediuienmamu
pady (2) dan ecix

k € {(k1, ko, k3) € Z3 | km € [0,2Npins,, ], m = 1,3} \ {(2N1+ My, 2No+ My, 2N3+ M)}

3
aysastcenna. B reopemi 1 Ta vagasi mig cumsosiom [ [ X; Gyaemo posymiTu jgekapTis 100y TOK
i=1

3
muokua X;, rooro [[ X; = {(k1, ko, ks) | ki € X;,i = 1,3}.
=1

- . L3 . .
Hexait nHeiepepBHO ;LH(bepeHug/IOBHa bynxuig ®(zy,z2,23): R — RsMae TaKi BJIACTUBOCTI:
1) muoknna {(z1,z2,23) € R |®(x1, 22, 23) < 0} € obmerkenoro B R ;

2) MOTYXKHICTH MHOXKUHU

{(z1, 22, 23) € Z% | ®(w1, w2, w3) < 0} N{ (21,22, 33) € Z3 |2 > N; + M;,i = 1,3}

nopisuioe (N7 4+ 1)(N2+1)(N3 +1) — 1;
3) iCHYIOTH OJIHO3HAYHO BU3HAYEHI QyHKIII

x1 = ¢1(22,23), (z2,23) € Dog := {(x2,x3) € Ri | 3z, € R': O (x1,x9,23) < 0},

x9 = a1, 23), (x1,23) € D13 := {(x1,23) € Ri | Jao € R!: O (z1,29,23) < 0},

x3 = @3(x1,22), (x1,22) € D19 := {(x1,22) € Ri | Jas € R!: O (z1,29,23) < 0}
9

p1(w2,03) = N1 V(w2,73) € Dag,

pa(x1,23) > No V(x1,73) € D13,

p3(z1,22) = N3 V(x1,x2) € D1a.

Toni 3a ymoB Teopemu 1 Mae micre Teopema 1.
Teopema 1'. Hezati daa ysazarvnernozo noairoma (3) 6uxonyomves ymosu 6iopmozonan-
nocmi suzandy (4) npuk € {(k1, ko, ks) € Zi | ®(k1+ N1+ My, ka+ No+ Ms, ks+ N3+ Ms) < 0},

1 cl(\l;I M) # 0, modi paytonasora GynKUia
P (Z) N1—1 N2—1 N3—1 k1 k2 k3
Tt I IP I S IP R
N (2) 0 k2=0 ks §1=042=0 j3s=0
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No—1 N3—1 M1—Ni+¢1(ka,k3)

N1 k2 ks
+2'1 Z Z Z 2" Z Z Z EE:%Q)*jQ,Ngfjg))s(k1+j17k'2_j2,k?3_j3)

ko=0 k3=0 k1=0 71=072=0353=0

N1—1 N3—1 Ma—Na+pa(ki,k3)

1 2 3
A DD DD DD DD DLt (ks g1 2 hs
C(N1—j1,j2,N3—sjz) S (k1 —jj1,ka+j2,k3—ja)

k1=0 k3=0 ko=0 71=0j2=0353=0
N1—1 No—1 M3—N3+@3(k1,k2) k1 ks N3
ED YD DD DR DD D B v
C(N1—j1,No—ja,ja) S (k1—j1,k2—j2.k3+j3)
k1=0 k2=0 k3=0 71=0 j2=0 j3=0
N3—1 Mi1—N1+¢1(N2,k3) Ma—No+p2(k1,k3) N1 No k3
'z Z > S DD e ¥
1 2 €(j1.j2.N3—j3)
k1=0 ka=0 J1=0j2=0 j3=0

8 (k1+j1,ka+72,kz—jz) T

No—1 M1—N1+¢1(k2,N3) M3—N3+p3(k1,k2)

N1 k2 N3
bz Z > PR DD DD BT A
1 3 (]1,N2 J2,J3)
k1=0 k3=0 Jj1=0j2=0j3=0

5(k1+j1,k2*j2,k3+j3)+

N1—1 Ma—Na+pa(k1,N3) M3—N3+e3(ki,k2) ki Ny Ns

AP PORENES DD BP it

C(N1 31 72.73)
ko=0 k3=0 71=0 j2=0353=0

S(ky—j1,ka+jz,ks+ijs) T

N1 N2 N3

AP YIED 95 0 W p

KTy 0,05 4=0 j2=0j3=0

de

Loy poies = ([0, My — 1] x [0, My — 1] x [0, M3 — 1]) U

U ([0, My — 1] x [0, My — 1] x [M3, M3 — N3 + @3(k1, k2)]) U
x [0, M3 — 1] x [My, My — N + @2 (ki1, k3)]) U
0, My — 1] x [0, M3 — 1] x [My, My — N1 + ¢1(ko, k3)]) U

([o, ] x [0,
(I ] x|
([0, My — 1] x [Ma, My — Na + @a(k1, N3)] x [Ms, M3 — N3 + p3(kq, k2)]) U
([0, My — 1] x [My, My — Ny + ¢1(ka, N3)] x [Ms, M3 — N3 + @3(kq, k2)]) U
([0, M3 — 1] x [My, My — Ny + @1(Na, k3)] X [Ma, My — No + pa(kq, k3)]),

SHAMEHHUK aANPOKCUMAHIMU

N1 Nz N3

SPIPIPILL

J1=0752=0 jz=0
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MATMUME POZBUHEHHA Y cenenesull pad, KoediuieHmu axoeo 36i2amumymses 3 KoegiuieHmamu
pady (2) daa eciz (ki,ko,k3) € & = {(k1,ka, k3) € Z3 | ®(ky, ko, k3) < 0}.

Y BunaJKy, sikio upocropu 2 ta % € HopmobanuMmu, Gininifina dopma (-, -) € PO3ziab-

HO HerepepsHOIO [13, ¢. 63| i B npocTopi 2~ 3a1aHO KOMYTYIO4l MixK c060K0 0OMexKeHi JiiHiiH]
omeparopu Ai, Ay, As: X — 2 maki, mo

Alxkl,kg,k‘g = xk1+1,k27k‘37
AdTh) ko ks = Thy kot1,ks»

A3Tky Ky ks = Thy ko kst1s

st Vk = (ky, ke, k3) € Zi’_, a B npoctopi % icuyiorh obmerkeni Jtiniiini oneparopu A7, A3,
A3 % — %, cupsikeni Binnosiguo g0 oneparopis Ap, Ag ta A3 Bignocuo 6ininiitaoi dopmu (-, -)
(mus., nanpukiag, [10, c. 18]), 3a ymoB Teopemu 1 marume Mmiciie Taka (opmysia Jjisi HOXUOKU

aIrpoKcuMariii
)
M
@)
1 — — o
B W{) Z{VIJerZéVQJrMQZi]’,VSJrMS <R21 (Al)Rz2 (AZ)Rza (AS)le,M2,M37Y1\(IM)> +
N (2

40

No—1 N3—1 N1

ko ks
IELED SHED S DD DB D) SY’ - TP

ki=N1+M1+1 ko=0 k3=0 71=0j2=073=0

Nl— Nz—1 k1 No k3

Z Z Z Z Z Eill\—dj)l,]z,Ng, —Jj3) S(k1—j1,k2+j2,k3—73) +

k1=0 ka=No+M2+1 k3=0  j1=0j2=0 j3=0

lel No—1

1 2
Z Z Z z* Z Z Z Ezili/lj?l,szjz,js)S(klfjl,szjzkaJrjs) +

k1=0 k2=0 k3=N3+M3+1 J1=0 j2=0 j3=0

oo Nz—1 N1 N2 ks

+Zl ZéVQ Z Z Z Z Z Z Ei:?/;)]vgfjg)S(k1+j1,k2+j27k3—j3) +

k1=N1+M1+1 ka=0 k3=0 J1=072=0 j3=0

N1+My N3—1 N1 N2 k3

1 '22 Z Z Z Z Z gvag —j3) S(k1+j1,k2+j2,k3—j3) +

k1=0 ko=N2+M>+1 k3=0 J1=0 j2=0 j3=0

oo No—1 N1 k2 N3

{VIZB Z Z Z 2 Z Z Z (]1,N2 jo.gs) S (br-tir ke —ja kajs) +

k1=0 k2=0 k3=N3+M3+1 J1=0 j2=0 j3=0

No—1 N3+ Ms Ny

ka2
+Zl Zév?’ Z Z Z Z Z Z 8\11%2)7]'2,]'3)3(k1+j1,k2*j2,k3+j3) +

k1=Ni1+M1+1 ko=0 k3=0 J1=072=0 j3=0

Ni—1 k1 N2

3
22" Z Z Z Z Z Z g{ﬁ,jz,js)S(kl—jl,kmmms)+

k1=0 ka=Na+M>+1k3=0  j1=0752=0753=0
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e

N1—1 No+Mo k1 N2 N3

2 2Z3 Z Z Z k Z Z Z Eill\_/-[jl,]2,]3) (klfj17k2+j2vk3+]’3) +

k1=0 ko=0 k3=N3+M3z+1 J1=0 j2=0j3=0

N1 N2 N3

N: k (N,M)
T XD O 9D 3D S A

kel'y, 7=0 j2=0 j3=0

[0, M7 — 1] x [Ng 4+ Ms + 1,00) x [M3, N3 + Ms])
[Ny + My +1,00) x [Ma, Ny + My] x [0, M3 —1])
[My, Ny + M) x [0, M — 1] x [N3 + M3 + 1,00)) U
[0, My — 1] x [0,00) x [N3 + M3+ 1,00))
[N1+M1+1 00) x [0, Mz — 1] x [0,00)) U

[0,00) X [N + M+ 1,00) x [0, M3 — 1]),

= (I
U(
U (
U (
U (
U (

a pesoJibBeHTHA (DYHKIIis BusHaUaeThes pinicTio R, (A) = (I — zA)~
3a ymoB Teopemu 1’ dbopMyiia Jist ITIOXHOKH aIllPOKCHMAIIiT OTPHMYEThCs AHAJIOTIHHO.
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JI. A. YepHernikas

TpexmepHbie 0000IIEHHBIE MOMEHTHbBIE ITPEJICTABJICHUS
u anmpokcumanuu tuna I[lage as dyHKImil Tpex rmepeMeHHbIX

Memod obobusennvir momenmunr npedcmasaenuts B. K. JI3advika pacnpocmparer wa mpermep-
MO CAYHal. Yemanosaenvl meopemv, 0 NOCMPOEHUY PAUUOHAALHLT annpokcumarnm muna Ilade
ona gynruut mpex nepemennvix. Ioayuenve Gopmyavt 0an noepewnocmeti annpoxcuMayu.

L. O. Chernetska

Three-dimensional generalized moment representations and Padé type
approximants of three-variable functions

V. K. Dzyadyk’s method of generalized moment representations is widened to the three-dimensional

case. The theorems on construction of Padé type rational approximants for three-variable functions
are established. The formulas for the errors of approximations are obtained.
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