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O06 omeHKe Mepbl oOpa3a mIapa aJisd HIXKHIX
Q-romeomMopduU3MOB

(IIpedcmasaeno waenom-xoppecnondernmom HAH Yrpaunwv FO. 0. Tpoxumuyrom)

Paccmomperiv, nusicnue Q-20Me0MOPHUIMBL OMHOCUMEABHO P-MOIYAA Npu p = N. s maxux
KAGCCO8 0MOOPANCEHUT, YCMAHOBAEHA OUEHKA CBEPTY MeEPLL 00pa3a wapa u, Kok caedcmeue,
noAYHeH ananoe uszeecmmnol semmu, Uxoma—Ilsapua. Ipusedennasn ouernka asasemcs 0anexo
udywum 0bobuseruem TOpowo uzeecmuozo pesysvmama M. A. Jlaspenmvesa 06 ouenke nao-
wadu 0bpasa Kkpyaa npu Kea3uKoHPOPMHLL omodpaxrceruar. IIpusederv, NpusodCEHUs IMUT
peayavmamos x xaaccam Opauva—Coboresa I/Vlif 6 R", n > 3 npu ycrosuu muna Kasvdepo-

1p
HG HO PYHKUUW0 @ Uu, 6 wacmuocmu, ¥ xaaccam Cobosesa Wie npu p > n — 1. Ilocmpoenwl
npumepsv,. 0mobpaccenuti, NOKA3vbeaANUUE TMOYHOCND NOAYUEHHLT DE3YALNAMOG.

Karouesvte caosa: HukHue (Q-romeomopdusmbl, npocrpancTBo Opinda, Kiaaccel Oprmda—
CobosieBa, 0TOOparKeHUsT ¢ KOHEYHBIM UCKAXKEHUEM, P-MOJLYJIb CEMEACTBA MTOBEPXHOCTEH.

1. OcHoBHubIe onpeenenus. [Tycts D — obnactb B R, n > 2. Hanmomuum, 9To romeoMopdusm
1,1
f: D — R" nmaspiBaerca omobpasicenuem ¢ Konewnvim uckasxcernuem, ecmu f € W o n

1" (@)" < K(2)J(x, f)

I HEKOTOPOil TI0uTH Beioay Konednoit dynkmun K (x) > 1, tne f'(z) — axobuesa marpuna f,
|lf'(z)]] — ee oneparopuas wopma: ||f'(z)|| = sup |f(z) - h|, u J(x, f) = det f'(z) — saxobuan
h|=1

orobpaxkenust f.
IIycts p € (1,00). B nampreiimmem mosaraem
/1' P
M, ccn J(z, f) 0,
Kp(xv f) = ’

1, ecmn f'(z) =0,

oo, B OCTaJIbHBIX TOYKaX.

Briepsbie nonsiTue 0To6paskenust ¢ KOHEYHbIM MCKAYKeHHEM BBEJIEHO B CJIydae ILIOCKOCTH JIJIst
f € VV&)E B pabore [1] (cMm. Takxe [2]).

Crenyst Opiuay, Jyist 3aJaHHO} BBIIIYKJIONH Bo3pacratomieil dyukmuu ¢: [0,00) — [0, 00),
©(0) = 0, obosnaunm cumBosiom L¥ mpocrpancTBo Beex dyukimii f: D — R Taknx, 9ro

/¢<‘f(;)’>dm(x) <o
D
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upu HekoTtopom A > 0 (cm., manpumep, [3]|). 3aecs m — mepa Jlebera B R™. Ilpocrpancrso L¥
Ha3bIBaeTCsT npocmparcmeom Opauda.

Kaaccom Opauna—Cobonresa I/Vlif (D) HasbiBaercsi KJIACC BCEX JIOKAJIBLHO HHTEIPUPYEMbIX
dyuknmit f, 3amaHHBIX B D, ¢ mepBbIMU 0000IIEHHBIME TTpou3BoaHbIME 110 Co60sIeBy, T'pajiu-
ear V f KOTOpBIX NnpuHayie:kuT Kiaaccy Opimya jgokaiabao B obsactu D. Eciu ke, 6oJiee Toro,
V f npunamiexkur kinaccy Opsmda B obsactu D, Mbl nuiiem f e WY¥(D). Bamernm, uro 1o
OIIPEJCIICHUIO Wli’c - VVll 1 Kax o6brauo, Ml numem f € Wloc’ ecin @(t) = tP, p > 1. Usge-
CTHO, YTO HEmpepbiBHAs (PYHKIWUS f NPUHAIJICKUT KIACCY VVIOC TOTJIa ¥ TOJIHLKO TOTJIA, KOTJIa
f € ACIP, 1. e. ecmm f nokaabHo abCOIOTHO HENPEPBIBHA HA IIOYTHU BCEX MPAMBIX, HAPAJLIEIbHBIX
KOOPJIMHATHBIM OCSIM, & MEePBbIe YaCTHBIE POU3BOHBIE [ JIOKAJIBHO HHTErPUPYEMbI B CTEIIECHH P
B obsactu D (cm., manpumep, [4, pazm. 1.1.3]).

Hanee, eciin f — JIOKaIbLHO niTerpupyenmast BEKTOP-(DYHKIUSL 1 BENIECTBEHHBIX [EPEMEHHbBIX

xlv"-axﬁnf: (fl?‘-'ufm) fZ € W10C7 . 17"'7m7H

/ SV () dm(z) < oo,

D

m n
rae |Vf(z) = /> > (0 fi/(?xj)2, TO MBI CHOBa muiem f € Wli’ép. MbI Tak»Ke HCHOIB3YyeM
i=1j=1

obo3HaxeHne Y/Vl})f B ciydae OoJiee obmumx (pyHKIWH ¢, 9eM B Kjaaccax OpJmda, Bcerja mpeno-
JIATAIOMINX BBIIYKJIOCTh QyHKIMU ¢ 1 ee HOpMupoBKY (0) = 0.

2. Huxxane (Q-romeomMopdu3Mbl OTHOCUTEJIBHO p-MOYJist. st jiroboro aucia r > 0
n rg € R" oboznaanm

B(zg,r) ={z € R": |z — z¢| < 1}, S(zop,r) ={z € R": |x —xo| =71}.
IIycTb
B, = B(0,r) ={z e R": |z| < r}, B": = B(0,1),
Sy =5(0,r) ={z e R": |x| =71}, S": =5(0,1),
Q, — obbeM eguHIIHOrO mapa B R”, wy,_1 — mwioma s eauaunaHoit cdepsr S B R™.
Canenyst |5, pasz. 9.2, r1. 9], nanee k-meproti noseprrocmuio S B R™ HaszbiBaeTcst IpOM3BOJIb-

HOE HeIpepbIBHOE 0Tobpazkenue S: w — R™, rie w — oTKpbIToe MHOKecTBO B RF := RF | J{oo}
uk=1,...,n—1. Qyuryued xpamrocmu MOBEPXHOCTU S HA3BIBAETCS UUCJIO TIPOOOPA3OB

N(S,y) = card S~!(y) = card{z € w: S(z) = y}, y € R™

Hpyrumu ciaosamu, cumBoa N (S,y) o603HaUaeT KPATHOCTb HAKPBITHS TOYKU Y HOBEPXHO-
croio S. M3BecTHO, 9TO (DyHKIUS KPATHOCTU SIBJISETCS IOJIYHENPEPBIBHON CHU3Y W, 3HAYUT,
M3MEPHMa OTHOCUTENIBHO IPOU3BONIBHOM Xaycaopdosoit mepbr H¥ (em. |5, pasz. 9.2]).

st 6openeckoit dynkmuu p: R™ — [0, 0o] ee unmezpas nad noseprrnocmoio S onpeensiercs
PABEHCTBOM

/pd.A / N(S,y) dH"y.
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[Tycts I' — cemeiicTBo k-MepHbIX moBepxHOCTeil S. Bopenesa dyukuus p: R" — [0, 0] Ha-
3bIBaeTcs donycmumoti 1jst cemeiicra I, mumyr p € adm I, ecin

/pdeZ 1
S

Jutst Kaekioit nosepxuoctu S € I'. Ilyers p € (1, 00) — 3amannoe dukcuposanuoe uuncio. Torya
p-mo0ysem ceMeiicTBa ' Ha3bIBaeTCs BEJIMIMHA

M,(T)= inf /pp(:c) dm(x).

pcadmI’
Rn

Byaem rosoputh, uto cBoiictBo P umeer mecto st p-nowmu ecex (p-1u.B.) k-MEpHBIX 1O-
BepxHocTelt S cemeficTBa ', ecau momceMeicTBO Beex moBepxHOCTEN cemeiicTBa [, M1t KOTOPBIX
cBoOiicTBO P HapyIraeTcs, UMeeT P-MOJLY/Ib HYJIb.

Tosopsir (cm. [5, pasa. 9.2]), uro usmepumast no Jlebery dyuknus p: R™ — [0, 0o siBasiercs
0bobwerno p-donycmumots auisi cemeiictsa I, cocrosimero u3 (n — 1)-MepHbIX moBepxHOCTEl S
B R”, mumyr p € extadmT', econ

p

st p-ioutu Beex S € I

B pabore [6, pasza. 13| @. Tepunr onpepennn K-kBasukoH(MOPMHOE 0TOOPasKeHHE KAaK IO-
MeoMOphU3M, U3MEHSAONNNA MOJIY/Ib KOJIbIeBOi objiactu He Gosiee uem B K pa3z. Cuenyrornee
IIOHATHE MOTHBUPOBaAHO KOJIBIIEBBIM OIIpEae/ICHNEM FepI/IHI‘a.

[ycts D u D' — obnactu 8 R, n > 2, 19 € D, Q: D — (0,00) — m3mepumas 1o JleGery
dbyuxnus. Tomeomopdusm f: D — D' 6ynem Has3bIBATL HUNCHUM (Q-20MEOMOPPHUSMOM OMHOCU-
MEALHO P-MOOYAA 8 MOYKe T, €CIU

. ()
Mp(fER) > pEextlprzlmngR/ Q(IL‘) dm(a:)
R

JUIS KazKJI0ro KOJIbIa
R = R(xzg,e1,62) ={z € R": &1 < |z — x| < 2}, 0 < ey < &g <do,

rue dy = dist(xg, 0D), a X obosnadaer cemeiictBo Beex cdep S(zg,r), r € (£1,€2).

B pabore [7] nokazano, 410 romeoMopdu3Mbl f ¢ KOHEIHBIM UCKaXKEHUEM, IIPUHA/IJIeXKAIINe
KJIACCAM I/Vlif B R", n > 3 upu ycinosun tuna Kaibuepona na GpyHKIUIO ¢, B 9acTHOCTH [ €
€ VVlicq , ¢ > n — 1, aBASIOTCS HUKHUME (Q-roMeoMopdu3MaMi OTHOCATEIHFHO KOHMOPMHOIO
MO/TYJIST.

Bamernm, 9TO COOTBETCTBYIOIIMIA IIJIOCKUI ciydail Ob11 u3ydeH B pabore [8], rue ycraHoB-
JIEHO, 9TO JI060# romMeoMopdu3M f KOHETHOTO WMCKAYKEHUsI Ha TIJIOCKOCTH SIBJISIETCST HUYKHUM
Q-roMeoMOopdU3MOM OTHOCUTEIBLHO P-MOyJist. B paborax |9, 10| npuBojsiTCs PUIIOKEHMs HI-
JKHUX (Q-TOMEOMOP(MU3MOB K HCCIEMOBAHUIO JOKATHLHOTO W TPAHUTHOTO TOBEIEHUST TOMEOMOP-
HBIX perteruii ¢ 06OBIEHHBIMI TPOU3BOIHBIMY U K 3atade Jlupuxie s ypasHenuii Beibrpa-
MU C BBIPOXKJEHHEM.
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3. Ounenka Mmepbl ob6pasa mapa. B sTom myHKTe HaiijieHa OleHKa Mepbl oOpa3a Imapa
npu HIKHEEX @Q-romeomopdusmax B R™, n > 2, m, Kak CJIEJACTBUE, MOJYy9IEH AHAJOT JIEMMbI
Uroma-IlIBapra. Buepsoie onenka miornain odpasa Kpyra Ipu KBa3MKOH(MOPMHBIX 0TOOpazKe-
HUsIX BeTpedaercs B MoHorpadunu Jlaspernrbea M. A. [11]. Kpyriukosbiv B. U. 6b11a mosryduena
OlleHKa Mepbl 0bpa3a Iapa Jjisi 0ToOpayKeHuil KBa3suKOH(GOpPMHBIX B cpegnem B R™ (em. [12,
aemma 9)).

Teopema 1. ITyems Q: B" — (0,00) — usmepuman no Jlebeey dyrnxuyua v f: B" — B" —
HuACHUl (Q-20MeOMOPPHUIM OMHOCUMENLHO P-MOJYAA. To20a npu p = N umeem Mecmo oUeHKa

m(fB;) < Q, exp(—nwl/n b /HQ” )
n— 1

anpup>n

) —n/(p—n)

) (p—n+1)/(n—1)

m(fBy) < O 1+ n/
HQH not

20e
”QH(n—l /(p— n+1) </Qn /e n+1( )d.A

U3 reopemsr 1 cieyer anasor ussecrHoii temmbl koma—IIIBapra (cm. [13, npemioxkenne 1]).

Teopema 2. [Tyems Q: B" — (0,00) — usmepuman no Jlebeey dyrnxyua u f: B" — B" —
nustcrull Q-20meomophusm ommocumesvro p-modyas ¢ nopmuposkot f(0) = 0. Toeda npup > n
UMEEM, MECTNO OUEHKG

( ” 1/(p—n)
liminf | f(z)[{ 1+ w?" nH / <1,
it ”( [ ny——c

a npu p =

liminf | f(x)|ex Un 1/ <1,
minf |f(z)| p< e

2de

(p—n+1)/(n—1)
”QH (n—1)/(p— n+1) </Qn /= n+1( )dA)

4. IIpunoxenuns K kjaaccam Opanga—CobosreBa. B sToM nmyHKTe HaiijieHa TOYHAasI OLEH-
1
Ka Mepbl 00pasa Iapa pu orobpazkeHusx Kjiacca Opymaa—CobosieBa I/Vlo’f BR" n > 3 upn
yceioBun tuna Kajbnepora Ha QYHKINIO ¢ U, KAK CJIEICTBHUE, MOJYyIeH aHAJOT JieMMbl VKOMa—
HIsapa.
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Jlemma 1. IIyemv» D u D' — obaacmu 6 R™. IIpednoaosicum, wmo ¢: (0,00) — (0,00) —
Heyouearwan GyYNKYUA makaa, ¥mo oaa nexomopozo t, € (0,00)

jut)} Y < oo (1)

*

o / 1,
Tozda o060t eomeomoppusm f: D — D' xoneunozo uckasicenusn xaacca W)Y asasemea nu-
orcrum Kp(z, f)-2omeomopdusmom omnocumenvro p-modyas ¢ p > n — 1.
Teopema 3. IIpednoroocum, wmo f: B" — B — 2omeomopdusm ¢ Koneunvim uckadiceruem

KAGCCA I/Vllo’f, 2de ¢ ydosaemsopaem ycaosuro (1). Toeda npu p = n umeem mecmo ouenra
Fd
_ T
m(fB,) < Q,exp —nw}/fn 1)/ , 2
S ( VO TR )
a npu p > n
(p—n-+1)/(n—1) 1 dr B
m(fBy) < Q[ 14w/ ot p—n/ , 3
(7Br) ( 1 Rl Vo pry— )
2de
(p—n+1)/(n—1)
1Kl (n—1)/(p—n+1)(T) = (/[Kp(ﬂc,f)](nW“’”*”dfl)
S,
Samewarue 1. Ilycre p > n u fp: B" — B", rue
xr
fulz) = mm”{, f)=0, Kz>1, (4)
fpl) = ‘%u KTy K ) Ve f0)=0, K> L. (5)

ITpumepst (4) u (5) HOKa3bIBAIOT TOYHOCTH OIEHOK (2) u (3).
Kombunupys semmy 1 ¢ Teopemoit 2, monydaem anaJsior seMmmbl Vkoma—IIIBapia jijis orobpa-
xkenuit kinaccos Opanua—Cobosiesa.
Teopema 4. [Ipednoroocum, wmo f: B™ — B — 2omeomopdusm ¢ Koneunvim uckaiceruem
1, —
waacca W))7 ¢ yerosuem (1) u f(0) = 0. Tozda npu p > n umeem mecmo ouernka

(p—n+1)/(n—1) 1 dr v
lim inf | f (z)] (1 +o? (p— n)! ”Kp||(n1)/(pn+1)(7')> <1, (6)
anpup=n
1
lim inf | ()| exp <wi/<?” / ||K||d<>> <1, (7)
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ede

(p—n+1)/(n—1)
||Kp||(n—l)/(p—n+1)(7') = /[Kp(x’f)](n—l)/(p—n-i,-l) dA
Sr

Sameuanue 2. Mpumepst (4) u (5) mokaspiBaoT TOUHOCTD o1eHOK (6) u (7).
Takum 06pazoM, MeTos MojyJIefi ele pas IPOJEMOHCTPUPOBAJ CBOIO 3(MDMEKTHBHOCTL IPU
HCCJIEIOBAHUN COBPEMEHHBIX KJIACCOB OTOOPasKeHUIA.
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ITpo ominky mipu 00pa3y KyJi JJist HUXKHiX QQ-romeomopdizmin

Poszeasrymo nuotchi Q-20meomopdizmu 8i0HOCHO P-mo0yas npu p = n. Jlas maxuz xaacie 6idobpa-
DHCEHD BCTMAHOBAEHO OUIHKY 36€PTY MIPU 00pa3y KYAai i, AK HACAIDOK, OMPUMAHO GHAAOZ 6I00MOT
aemu Ivoma—Ilsapuya. Hasedena oyinka € danekocancrum ysazarorennam dobpe 6i0omozo pe3ynv-
mamy M. O. Jlaspenmovesa npo ouinky naouyi 06pasy kpy2a npu K6a31KoHPOPMHUT 61006paicen-
nax. Hasedeno sacmocysarns yux pesysvmamis do xaacie Opaina—Cobosresa WI})’C@ 6 R", n >3
3a ymosor muny Kaavdepona na dynruyito ¢ i, 3o0xpema, do xaacie Coboaesa VVli)Cp npup>n—1.
Ilobydosani npursadu 6idobpasicens, W0 NOKA3YNOMD MOYHICTID OMPUMGHUT PE3YALMAMIE.

Karouwost caosa: auxkHi (Q-romeomopdizmu, poctip Opiiva, kimacu Opitiva—CobosieBa, Bimodpa-
2KEHHS 31 CKIHYEeHHUM CIOTBOPEHHSM, P-MOJYJIb CiM’l ITOBEPXOHbD.

R. R. Salimov

Institute of Mathematics of the NAS of Ukraine, Kiev

E-mail: ruslan623@yandex.ru

On estimations of the measure of the image of a ball under lower
Q-homeomorphisms

We consider the lower Q-homeomorphisms with respect to p-modulus for p > n. For such classes of
mappings, we establish an upper estimate of the measure of the image of balls and, as a consequence,
obtain one analog of the known Ikoma—-Schwartz lemma. The present estimate is a far-reaching
generalization of the well-known Lavrent’ev result on the estimate of the area of the image of a
disk under quasiconformal mappings. We give also the corresponding applications of these results
to the Orlicz—Sobolev classes I/Vli’f m R™ n > 3, under a condition of the Calderon type on ¢ and,
in particular, to the Sobolev classes VVli)Cp with p > n — 1. The constructed examples of mappings
demonstrate a precision of the obtained results.

Keywords: lower Q-homeomorphism, Orlicz space, Orlicz—Sobolev classes, mappings with finite
distortion, p-modulus of a family of surfaces.
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