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YcpeanenHast MojieJib (U Py3un B JIOKAJIBHO
MNeEPUOANYIECKON MOPUCTON Ccpeae C HeJIMHEMHBIM
MOIJIOIIEHNEM Ha I'DAHUIE

(IIpedcmasaeno axademurxom HAH Yrpaunow E. H. Xpycaosovim)

Paccmompena xpaesas 3a0a4a, onucHleaouLas npoyecc cmayuonaprot duddysuu 6 A0KasbHO
nepuoduseckoti nopucmoti cpede ¢ HEAUHETHIM TLO2AOULEHUEM HG eparuye. 3yverno acumnmo-
muyeckoe nogedenue peuwlenus, x£02da macumabd muxpocmpykmypo, cpedv, € — 0. ITocmpoeno
ycpedHennoe YpasHenue, ONUCHBAIOUWEE 2AA6HBIT YAEH ACUMNMOMUKY, 048 KodPPuyuenmos
KOMOpPo20 (3PPeRmueHbT Taparmepucmuk cpedv,) NOAYHeHv, A6HbIE HOPMYAbL.

Karouesnte caosa: ycpeauenne, mudys3ust, JTUITHIECKOE yPABHEHNE, TPEThe KPAEBOe YCJI0-
BHE, JIOKAJIBHO IEPUOAMIECKAs IIOPUCTas 00JIACTD, (DYHKITUS OTJIONIEHUSI, TEH30D ITPOBOIIMO-
CTH.

Bo mMHOrmx orpaciisgix ecreCTBEHHBIX HayK BOSHHMKAET IMOTPEOHOCTH B MCCJIEIOBAHUHU CTAIMOHAP-
HOM nudbdy3un B MOPUCTHIX Cpelax ¢ IOIVIONeHneM Ha I'paHuile. Takwe 3aadm B IOCIEIHEE
BpeMsl HHTEHCHBHO M3yYaJjiuCh, HO B OCHOBHOM JIjIsI 00JIacTell ¢ HECBSI3HOM IpaHuUIleil, cocTosIeit
U3 [IEePUOJINIECKH PACIOJIOKEHHBIX KOMIOHeHT (cM. [1-6]). Bosiee npoussosibHast nopucrast cpe-
na 6bL1a paccMoTpeHa B pabore |7] — usydasiachk 3-s1 KpaeBast 3aJa4a Jyisi ypaBuenust [Tyaccona
B 00JIACTH, yJIOBJIETBOPSIONIEH YCIOBUAIO CUILHON CBSI3HOCTH, ¢ HEJIMHEHHBIMUA KPAEBbIMU B3aUMO-
JeficTBusiMu Ha TpaHuie. B manHoit paboTe MbI HCCIEIYEM JIOKAJIBHO MEPUOINIECKYIO TTOPUCTYIO
cpejty, KOTopasi siBJIsIeTCsl YaCTHBIM CJIydaeM CPeJibl, U3y IeHHOi B pabore |7], crpoum ycpeiHeHHOE
ypasrenne nuddysun, 1 ko3 dunnenTos KoToporo (3pHEKTUBHBIX XapaKTEPUCTUK CPEIHI)
BBIBOJIMIM SIBHBIE (DOPMYJIBI.

PaccmoTprM Mozess HOpucToit cpeapl. A nMenno, mycrs ) — ¢pukcuposannas obaacts B R”
c rpaunreit OS2, a F; — momobsactu B ) (3epHA) ¢ IVIQIKUMH HEIIEPECEKAIONIMICS TPaHNIIAMI
OF%. Pasmepsl n Komm4ecTBO 3epeH F., 3aBHCAT OT MAJIOrO IapaMerpa € Tak, 9ro npu £ — 0

nuamerpbl F), cTpeMsTcs K HyJIO, a ux KosmdectBo N (€) — k oo u F pacnosiaratorcst “o6beMHO”
B obmacru ). O6osnauum F*° = [JFS, Q°F = Q\ F°©.
[e%
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[Iporiece cranuonapuoit nuddy3un ¢ HEJTUHEHHBIM TOTJIOMIEHUEM Ha T'PAHUIE 3€PEH B TaKOii
Cpelie OIIUCBIBAETCs CJEAYIONel CucTeMOi ypaBHEHU:

—Au® = f¢(x), x € Q°,

€
871; +eo(z,u”) =0, x€ IF®, (1)
u® =0 Ha 02,

n
e A = Y 0%/ 835? — omneparop Jlammaca, v — eguHMYHag HOpMaJhb K rpannne OF°, BHemusas
i=1

10 oTHOmenmo K obmactn QF; dyukmus f&(x) € L*(QF), dyrxmus o(z,u) yroBaeTBopser cie-
JIYIOIIAM YCJIOBUSIM:

ay) o(z,u) € C(Q x RY);
az) o(xz,0) = 0;
as) Yuy,ug € R': (o(z,u1) — o(x,u2))(u; —uz) = 0;

ag) Yui,up € R : |o(z,u1) —o(z,uz)| < C(1+|ut]|® 7L+ |ug|® 1Y) Jug —ua|, ©1 < n/(n—2).

[Tpu nepevnciIeHHBIX YCJIOBUSX CYNIECTBYeT eJMHCTBEHHOe 000bIeHHoe pererne 3a1aun (1)
(cMm., manpuwmep, [8]). HamommumM, aro 0600meHHbIM pertenneM 3a1a4u (1) HaspiBaeTcst QyHKINs
u®(z) € H'(QF,09) = {u(z) € H'(QF): u|pn = 0}, yA0BICTBOPSIOMAS TOKICCTRY

/[(VUE,V(,OE) — ff¢fldx + / o (z,u)pdl = 0, V£ (x) € HY(QF,09). (2)
Qe oF*

Buny cunbuoil “mopucTocTn’, HEMOCPEICTBEHHOE IPUMEHEHNE AHAJUTUIECKAX WA IUC/ICH-
HBIX METOJIOB JIJIsT PEIIeHusi 9TOH 3aJa9M MPaKTUIeCKn HeBO3MOXKHO. OHAKO ecin Macirrab
MHUKPOCTPYKTYPBI TTOPUCTON CPeJIbl HOCTATOYHO MaJl 10 CPABHEHUIO C XapaKTEPHLIM MAaCIITa-
6OM IIPOIECCOB, IIPOTEKAIONINX B HEll, TO €CTECTBEHHO MEPEHTH K yCPEIHEHHOMY OIIMCAHUIO STHX
rporieccoB. OCHOBHasI 1eJIb JIAaHHOU PabOThI — M3yYeHHe aCHMITOTUYECKOrO MOBeJeHus 0000-
menHoro pemtennst u” () 3agaun (1) upu e — 0.

[Tepe Tem Kak chopMyIUPOBATE OCHOBHON PE3YJIBTAT, OIMPEIETUM JIOKAJIBHO TEPUOTUIECKY IO
CTPYKTYPY IOPUCTOIl Cpepbl.

[TpemosiozKuM, 9To pacoioxKenne 3epeH F; TOKaJIbHO OJIN3KO K TEPHOITIECKOMY. DTO O3HA-
qaer, 4To F; HAXOMSTCS B IEPHOMIECKU PACIIOIOKEHHBIX [apaJllesIelnIe/[ax, a JUaMeTpbl, OpU-
EHTAINY ¥ TIEHTPBI 36PEH, HAXOIAIUXCA B COCEHUX TapaJsyieseluiie/iax, OTJINIaloTCsS Ha MaJyIo,
[0 CPABHEHUIO C TEPUOJIOM €, BEJUUUHY.

ObozuaunM:

IS

0; — ; .
I = {{E]R": 1€i] < 5 i= 1,71}7 I+ = {fER": €] < —=(1£9), ZZl,TL},

rje 0 — IpousBoJbHOE MaJsioe ducio (6 < 1), 6; > 0,1 = 1,n.
Pacemorpum B mapastenerunene 11 mpousBosbHyo obiacth F ¢ riajgkoit rpamwneit OF.
O6osuauum F), obactb, nosnydennyto u3 F ¢ nomompio auddeomopdusma f(£): R™ — R™:

Fa::fac(F)v an:fm(aF)7 (3)
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rie fr(€) 3aBucur or Touku € {) Kak or mapamerpa tak, uro fo(§) = I (I — ToxmecrBeHHOE
orobpaxenue), Vo € Q: F, C I %y

| fay — fm”Cl(Q) < Clzy — 7. (4)

Pasperkem npocrpancrso R" na mapasutenennnenst I15, = {x € R": |x;—x§| < 0,¢/2,i = 1,n}
n
C meHTpaMn B Toukax % =€y xfe’, rue xf = m$0; (m§ € Z), u pebpamu, OpHEHTUPOBAHHBIMH
i=1
[0 KOOPJIMHATHBIM OCsiM. LleHTpbI Ky6oB % 00pasyioT NepHOANIECKYIO DEIIeTKY € HEePUOIOM
Oie (i = 1,n). B kaxkjoM TakoM HapaJulesienuie/ie, IpuHajexanieM obsactu ), HAXOAUTCs
MHOXKecTBO FF

FE = eFpa + 22, (5)

SIBJISTIOITIEECS] TPAHC/ISINEl N TOMOTETHIECKUM CKATHEM MHOXKECTBa, Fya.
O6uactu Q° = Q\ F*, rue F° = U, F,, eCTeCTBEHHO Ha3bIBATDH JIOKAJIBHO [EPHO/[IECKUMHU.
Byzaem rosoputs, uro mnocienosarenbHocTs dyukuit u”(x) € LP(Q°) cxomures B LP(Q°, Q)
K dyuxiyun u(x) € LP(Q), ecin

o =l e, :/\uf(x) Cu(@)Pdr >0 mpu e 0.

Acumnroruueckoe nosejieHue pertenus 3aja4uu (1) npu € — 0 u BUJ yCpeIHEHHO Moje/n
OIIMCBIBAIOTCH CJICJIYIONIe TeOpeMOil.

Teopema 1. ITyemv obaacmu QF asamomes aokasvro nepuoduveckumu u gynkyus (),
npodoasicenman nysem na FC, crodumes crabo 6 L*(Q) x dynwyuu f(z). Toeda obobuienmoe
pewenue nauarvhol kpaesot sadavu (1) u®(x) npue — 0 cxodumes ¢ LP(2°,Q) (p < 2n/(n—2))
K 06obwernnomy pewenuro u(xz) ycpednennol kpaesot 3adayu

~ 9 ou
_ o ( | ou B .
Z';l o <azk(l')axk> te(zu) = f(z), zeQ,
ule) =0 x € 0.

(6)

2de {aik’}Zkzl —  CUMMEMPUYHDBITL NOAOHCUMEALHO ONPEICAEHHBIT MEH30P, TAPAKMEPUSYIO-
WUt NPoeodumMocms nopucmot cpedos, c(x,u) Tapaxmepusyem no2aowaouue c6oUcmea 2pa-
Huyw, OF®. 9mu zapaxmepucmuru cpedvl Ha3b6a10Mm IPHERMUSHHLMU TAPAKMEPUCTIUKAMU, OHU
PABHDL!

PYHKUUA TO2AOWEHUA

men3op nposodumocmu a;k(x) (i,k = 1,n)

“i’“(“f)“s’k<1 |H|> I / Z asj o, 6 ®)
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ede |OF,|, |Fy|, |II| — nosepxnocmuas u o6semnvie MePvL COOMBEMCMEYIOUUT MHOHCECTNE,

Pynryun Vi (£, x) (k= 1,n) asasemes pewenuem caedyrowels “sueewnoti” sadavwu 6 obaacmu I1 :

[ %Vi(€)
2RSS o, cll\ F,
oV,
aky(é) = cos(v(§),€"), £ OF,
13
oVy, A7 . (9)
Vk|Fi+:Vk|F;7 876|Fi+:87€-‘[7’ Z:Ln7
/ Vi(€) dé =0,
I\F,
ede I ii — npomusonosodcrvie epanu 6 I, v = v(§) — edunuunuli eexmop nopmaru % Fy

6 mouxe £ € Fy.
HaromumM, 9T0 0606IIeHHbIM permenueM 3aga4n (6) masesaercs dynxmus u(z) € H(Q),
VIOBJIETBOPSIONIAST TOXKJIECTBY

- ou Oy o 1
/ Z alka—xka—xi — foldx + /c(x,u)godf =0, Vo(z) € H (). (10)

JlokazaresbeTBO TEOPEMBI 1 COCTONT B IIPOBEPKE BBINOJIHEHHs YCI0BHi Teopembl 1 paboTst 7],
B KOTOPBIX TPeOYeTCsT CXOAMMOCTD K IIPEJIETy ME30CKONNIECKIX XapaKTEPUCTUK OPUCTOMN CPEIbI.
(IoHsiTHe ME30CKOIMYEeCKNX XapaKTePUCTUK ObLIO BBeJeHO B |9] u npumMeneno B pabotre [7].)
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YcepemHena moziesb Andy3ii B JIOKAJIBHO MEPIOJIUIHOMY ITOPUCTOMY
cepeoBHUIIli 3 HEJIIHIMHUM TOTJIMHAHHIM Ha MeXKi

Poszeasrymo xpatiosy 3adawy, wo onuUCye npouec cmayionaphol dudysii 6 A0KALLHO NEPIOOUYHOMY
NOPUCTNOMY CEPEQOBUULE 3 HEATHITHUM NOZAUHAHHAM Ha Medict. Busueno acumnmomuvny nose-
JdinKy po3e’asky, xoau macumad mixpocmpykmypu cepedosuwa € — 0. Ilobydosano ycepednene
PIBHANHA, WO ONUCYE 20A06HUL UACH ACUMNMOMUKY, 04 Koedriuyienmie skoeo (edexmuenur ra-
paxmepucmuk cepedosuiya) ompumani A6HI PopmyaL.

Karouost caosa: YcepeneHHs, nudys3isi, eJIINTUYHE PIBHSIHHSI, TPETs KPailoBa yMOBA, JIOKAJIBHO
repiofudHa OpUCTa 00/1acTh, (DYHKINS MOTIMHAHHS, TEH30D IIPOBIITIHOCTI.
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Homogenized model of diffusion in a locally periodic porous medium
with nonlinear absorption at the boundary

We consider a boundary-value problem describing the process of stationary diffusion in a locally
periodic porous medium with nonlinear absorption on the boundary. We study the asymptotic behavi-
or of the solution, when the scale of the microstructure of the medium ¢ — 0. We have constructed
the homogenized equation describing the main term of the asymptotics and deduced explicit formulas
for effective characteristics of a medium that are coefficients of this equation.

Keywords: Homogenization, diffusion, elliptic equation, third boundary condition, locally periodic
porous medium, absorption function, conductivity tensor.
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