doi: https://doi.org/10.15407 /dopovidi2018.01.010
UDC 512.544

L.A. Kurdachenko !, I.Ya. Subbotin2, N.N. Semko 3

1 Oles Honchar Dnipro National University

2National University, Los Angeles, USA

3 University of State Fiscal Service of Ukraine, Irpin

E-mail: Ikurdachenko@i.ua, isubboti@nu.edu, dr.mykola.semko@gmail.com

On analogs of some group-theoretic concepts
and results for Leibniz algebras
Presented by Academician of the NAS of Ukraine A.M. Samoilenko

An algebra L over a field F is said to be a Leibniz algebra (more precisely a left Leibniz algebra) if it satisfies the
Leibniz identity: [[a, b], c]= [a, [b, c]] — [b, [a, c]] forall a, b, ¢ € L. Leibniz algebras are generalizations of Lie al-
gebras. We consider some classes of generalized nilpotent Leibniz algebras (hypercentral, locally nilpotent algebras,
and algebras with the idealizer condition) and show their some basic properties.
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The concept of nilpotency arises in many algebraic disciplines and plays a key role there. One of
the sources of its origin is triangular matrices. The ring theoretical concept of a commutator of
two triangular matrices led to the zero-triangular matrices, the nilpotency in associative rings,
the lower central series, and the concept of nilpotency in Lie algebras. The concept of a group-
theoretic commutator of two nonsingular triangular matrices led to unitriangular matrices and to
the concept of the lower central series in a group of matrices. At the first stage, this commonality
of origin brought some parallelism in approaches. However, then the specificity of each theory
introduces its own modifications. Nevertheless, it turned out that, in many cases, the same ap-
proaches led to comparable results in groups and Lie algebras. This parallelism runs through the
book [1] and was noted in many articles devoted to Lie algebras, in particular, in work [2]. One of
the interesting generalizations of Lie algebras is Leibniz algebras. Therefore, the following ques-
tion naturally arises: Which of the group-theoretic concepts and results have analogs in Leibniz
algebras?

An algebra L over a field Fis said to be a Leibniz algebra (more precisely, a left Leibniz algebra)
if it satisfies the Leibniz identity

[[a, D], c] =|a, b, c]] - |b, |a,c]] forall a, b, c e L.
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Leibniz algebras are generalizations of Lie algebras. Indeed, a Leibniz algebra L is a Lie algebra
if and only if [a, a] = 0 for every element a € L. For this reason, we may consider Leibniz algebras
as "non-anticommutative” analogs of Lie algebras.

Leibniz algebra appeared first in the works by A.M. Bloh [3—5], in which he called them the
D-algebras. However, in that time, these researches were not in demand, and they have not been
properly developed. Real interest in Leibniz algebras arose only after two decades. It was happened
thanks to the work by J.L. Loday [6], who "rediscovered" these algebras and used the term Leibniz
algebras, since it was Leibniz who discovered and proved the “Leibniz rule” for the differentiation
of functions. The Leibniz algebras appeared to be naturally related to several areas such as differ-
ential geometry, homological algebra, classical algebraic topology, algebraic K-theory, loop spaces,
noncommutative geometry, and so on. The theory of Leibniz algebras develops quite intensively
now. However, it should be noted that most of the obtained results refer to finite-dimensional
Leibniz algebras, and, in a greater part of the latter, algebras over fields of characteristic zero are
only considered. This also applies to nilpotent Leibniz algebras. The concept of nilpotency for the
Leibniz algebras is introduced as follows.

Let L be a Leibniz algebra over a field F. If A, B are subspaces of L, then [A, B] will denote a
subspace generated by all elements [a, b], where a € A, b € B. We note that if A is an ideal of L,
then [A, A] is also an ideal of L.

If M is a non-empty subset of L, then ( M ) denotes the subalgebra of L generated by M.

Let L be a Leibniz algebra. We define the lower central series of L

L=y (L)2vy(L)=...27,(L) 27, . (L) =...v5(L)

by the following rule: y (L) = L, y,(L) = [L, L] and, recursively, vy, . (L) = [L, y,(L)] for all ordinals
oL =N, v,(L) for limit ordinals A. It is possible to show that every term of this series is an
ideal of L. The last term y4(L) is called the lower hypocenter of L. We have y5(L) = [L, y5(L)].

If a =k is a positive integer, then y (L) =[L, [L, [L, ..., L] ... ].

A Leibniz algebra L is called nilpotent if there exists a positive integer £ such that y,(L) =
= (0). More precisely, L is said to be a nilpotent of the nilpotency class c if y, . (L) = (0), but
v.(L) #(0). We denote by ncl(L) the nilpotency class of L.

In some algebraic structures, another definition of nilpotency based on the concept of the
(upper) central series is used. In fact, suppose that L is a nilpotent Leibniz algebra and v, , (L) =
=(0). For each factor v(L)/Y; 1 4(L), we have [L, Y(LD)]=v;. (L) and [v(L), L] <y, 4(L), and this
leads us to the following concepts.

Let A, B be the ideals of L such that A < B. The factor B/A is called central (in L) if
[L, B], [B, L] <A.

The center {(L) of a Leibniz algebra L is defined in the following way:

{L)={xeL|[x,y]=0=]y, x] for each element y € L }.

Clearly, {(L) is an ideal of L. In particular, we can consider the factor-algebra L/{(L). Starting
from the center, we can define the upper central series

(0)=CL) <L) <L) <. .. <C L)<, (D)< . C(L)=C (L)

of Leibniz algebra L by the following rule: (L) = {(L) is the center of L, and, recursively,
C, + (L)/C (L) = C(L/C, (L)) for all ordinals o, and (L) = U w<n Gu(L) for limit ordinals A.
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By definition, each term of this series is an ideal of L. The last term {_(L) of this series is called
the upper hypercenter of L. A Leibniz algebra L is said to be hypercentral if it coincides with the
upper hypercenter. Denote, by zI(L), the length of the upper central series of L. In work [7], the
connection between the lower and upper central series in nilpotent Leibniz algebras has been
considered. It was proved that, in this case, the lengths of the lower and upper central series
coincide. Moreover, they are the least among the lengths of all other central series.

The concepts of upper and lower central series introduced here immediately lead to the fol-
lowing classes of Leibniz algebras.

A Leibniz algebra L is said to be hypercentral if it coincides with the upper hypercenter.

A Leibniz algebra L is said to be hypocentral if it coincides with the lower hypercenter.

In the case of finite dimensional algebras, these two concepts coincide, but in general, these
two classes are very different. Thus, for finitely generated hypercentral Leibniz algebras, we have

Theorem A. Let L be a finitely generated Leibniz algebra over a field F. If L is hypercentral, then
L is nilpotent. Moreover, L has finite dimension. In particular, a finitely generated nilpotent Leibniz
algebra has finite dimension.

This result is an analog of a similar group-theoretic result proved by A.I. Mal’cev [8].

At the same time, a finitely generated hypocentral Leibniz algebra can have infinite dimen-
sion. Thus, a cyclic Leibniz algebra ( a ), where an element « has infinite depth, is hypocentral and
has infinite dimension (see [9]).

A Leibniz algebra L is said to be locally nilpotent if every finite subset of L generates a nilpo-
tent subalgebra.

That is why, hypercentral Leibniz algebras give us examples of locally nilpotent algebras.

We obtained the following characterization of hypercentral Leibniz algebras.

Theorem B. Let L be a Leibniz algebra over a field F. Then L is hypercentral if and only if, for
each element a e L and every countable subset { x, | n € N'} of elements of L, there exists a positive
integer k such that all commutators [x,, . . ., Xy QX g x,] are zeros for all j, 0 <j<k.

Corollary. Let L be a Leibniz algebra over a field F. Then L is hypercentral if and only if every
subalgebra of L having finite or countable dimension is hypercentral.

These results are analogs of the results proved for the groups by S.N. Chernikov.

Let L be a Leibniz algebra. If A, B are nilpotent ideals of L, then their sum A + B is a nilpotent
ideal of L [10, Lemma 1.5]. In this connection, the following question arises: whether an analogous
assertion is valid for locally nilpotent ideals. As it was shown by B. Hartley [11], this assertion
takes place for Lie algebras. Our next result gives a positive answer to this question.

Theorem C. Let L be a Leibniz algebra over a field F, and let A, B be locally nilpotent ideals of
L. Then A + B is locally nilpotent.

Corollary 1. Let L be a Leibniz algebra over a field F and S be a family of locally nilpotent ideals
of L. Then a subalgebra generated by S is locally nilpotent.

Corollary 2. Let L be a Leibniz algebra over a field F. Then L has the greatest locally nilpotent
ideal.

Let L be a Leibniz algebra over field F. The greatest locally nilpotent ideal of L is called the
locally nilpotent radical of L and will be denoted by Ln(L).

These results are an analog of the results in groups proved by K.A. Hirsch [12] and B.I. Plot-
kin [13] (see also survey [14]).
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The subalgebra Nil(L) generated by all nilpotent ideals of L is called the nil-radical of L.
Clearly, Nil(L) is an ideal of L. If L =Nil(L), then L is called a Leibniz nil-algebra. Every nilpotent
Leibniz algebra is a nil-algebra, but converse is not true even for a Lie algebra. Every Leibniz nil-
algebra is locally nilpotent, but converse is not true even for a Lie algebra. Moreover, there exists
a Lie nil-algebra, which is not hypercentral (see, e.g., [1, Ch. 6]).

Note the following important properties of locally nilpotent Leibniz algebras.

Theorem D. Let L be a locally nilpotent Leibniz algebra over a field F.

(i) If A, B, A< B are the ideals of L such that the factor B/A is L-chief, then B/A is central in L
(that is, B/A < {(L/A)). In particular, dim(B/A) = 1.

(ii) If A is a maximal subalgebra of L, then A is an ideal of L.

Let L be a Leibniz algebra over a field F, and let H be a subalgebra of L. The idealizer of H is
defined by the following rule:

L(H)y={xeL|[hx] [xh] e Hforallh e H}.

It is possible to prove that the idealizer of H is a subalgebra of L. If L is a hypercentral (in par-
ticular, nilpotent) Leibniz algebra, then H = I, (H). This leads us to the following class of Leibniz
algebras.

Let L be a Leibniz algebra over a field F. We say that L satisfies the idealizer condition if
I, (A) # A for every proper subalgebra A of L.

A subalgebra A is called ascendant in L if there is an ascending chain of subalgebras

A=A<KA < ASA, <. A =L

such that A, isanideal of A_, , forall a <y.

It is possible to prove that L satisfies the idealizer condition if and only if every subalgebra of
L is ascendant. The last our result is the following

Theorem E. Let L be a Leibniz algebra over a field F. If L satisfies the idealizer condition, then
L is locally nilpotent.

This result is analogous to the result proved for groups by B.I. Plotkin [15].

Again, it should be noted that Leibniz algebras with the idealizer condition will form a sub-
class of the class of locally nilpotent Leibniz algebras, since this is already the case for Lie algebras
(see, e.g., [1, Ch. 6]).
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[MTPO AHAJIOTN AEAKNX TEOPETUKO-TPYIIOBUX ITIOHATDH
TA PE3VJIBTATIB JIJIs1 AJITEBP JIEVIBHIITA

Aure6pa L maz nosiem F nasusaerbes airebpoio Jleitbuina (Touniiie j1iBoio aarebporo JleiibHina), ko BoHa 3a-
JIOBOJIBHSIE TAKy TOTOXKHiCTB Jlefibuina: [[a, b], ¢] = [a, [b, c]] — [b, [a, ¢]] ansa Beix a, b, ¢ € L. Anrebpu JleiiGHina
SIBJISTIOTH c00010 y3araibHeHHst anrebp JIi. B po6oTi posriisiHyTO fesiki Kiacy y3araabHEHO HiJIBIIOTEHTHUX aJl-
re6p Jleiibuina (rineprenTpanbhi, JOKaJbHO HIJIBIOTEHTHI aiareOGpu Ta aarebpu 3 izeanizaTopHOIO YMOBOIO) Ta
MOKa3aHo JIesiKi iX 6a30Bi BJACTUBOCTI.

Kmouosi cnosa: anzebpa Jleiibniva, anzebpa JIi, idean, spocmaioua nioanzebpa, nisuil uenmp, npasuii uenmp,
uenmp anzebpu Jletibniya, idearisamopna ymoea, 10Kaivio Hilbnomenmua aizebpa Jletibuiya, zinepuenmpanvia
anzebpa Jletibniya, anzebpa Jleiibnivya 3 idearisamopnoio ymogoio.
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OB AHAJIOTAX HEKOTOPBIX TEOPETUKO-TPYIIIIOBBIX TOHATUI
1 PE3YJIBTATOB JIJII AJITEBP JIEMBHUIIA

Aurebpa L Han nosiem F HasbiBaetcst anre6poit JleitGuuia (Toutee jeBoil anrebpoit Jlelibuuna), eciim oHa yao-
BJIETBODSIET creyioleMy ToxkaectBy Jleiibuuna: [[a, b, c] = [a, [b, c]] — [ |a, ¢]] mis Beex a, b, ¢ € L. Anrebpsr
Jleiibuuua npeacrapisior coboit 06o6menue aare6p Jlu. B paboTe paccMOTpeHbI HEKOTOPBIE KJAACChHI 0000IEHHO
HUJIBIIOTEHTHBIX asnreGp JleiOrnna (rumeprenTpanbHble, IOKaIbHO HUJIBIIOTEHTHBIE aaTeOphl U anre6ph ¢ ujaea-
JIM3aTOPHBIM YCIOBUEM) U IIOKa3aHbl HEKOTOPbIE HX Ha30Bble CBOMCTBA.

Kmoueewte cnosa: anzebpa Jleiibnuya, anzebpa Jlu, udean, sospacmaiouas nodanzebpa, 1e6viil Uenmp, npasolii
uenmp, yenmp anzebpol Jleibnuya, udearuzamopioe yciosue, I0KAIbHO HULbnomenmuasn anzeopa Jleiibnuya, zu-
nepuenmpanvias anzeopa Jleibnuya, arzebpa Jleibnuya ¢ u0earu3amopivim YycroGUeM.
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