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We study semilinear elliptic equations of the form div(A(z)Vu) = f(u) in Q = C, where A(z) stands for a symmet-
ric 2x2 matrix function with measurable entries, det A=1, and such that 1/ K | <(A(2)E,E)< K|EF, € eR?,
1< K < o0. Making use of our Factorization theorem, we give some explicit solutions for the above equation if f =e"
or f=u, when matrices A(z) are chosen in an appropriate form.
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1. Introduction. In this paper, we give new applications of the quasiconformal mappings theory,
see e.g. [1—6], to the study of semilinear partial differential equations in the plane.

Let Q be a domain in the complex plane C. Denote by M>?(Q) the class of two by two sym-
metric matrices A(z)={a;} with measurable entries and detA(z)=1 almost everywhere in Q
satisfying the uniform ellipticity condition

HIEP <A@ D<K g ae in Q W

for every e C. The factor K can be either a constant 1< K <o or a measurable function K(z)e
L7 (Q), with 1< K(z)<eo a.e. in Q. Every such matrix function A generates a quasiconformal
mapping o as a homeomorphic solution of the Sobolev class W]z'f (Q) to the Beltrami equation

0;(2)=u(2)m,(z) ae. in Q, 2)

where the complex dilatation w(z) is given by

1 .
M(2)=m(022 —ayy — 2iayy). 3)
The condition of ellipticity (1) is written now as
lu(2)|< i;i ae in Q. (4)
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Vice versa, given a measurable complex-valued function u satisfying (4), we can invert the al-
gebraic system (3) to obtain

[1-pf  —2Imp
=l 1-|pf
A(z) = , | (5)
—2Imp  [1+p|
=[uf 1= p

In this case, we say that the matrix function A and the corresponding quasiconformal mapping
o are agreed.

Let /:R — R be a continuous function. In [7] we have proven the following Factorization
theorem, cf. the corresponding result for the smooth case in [8].

Theorem 1. Let A(z) e M¥*(Q). Then every weak solution ue Wli)’cz(Q)mC(Q) of the se-
milinear equation

div[A(2)Vu(2)]= f(u(2)), zeQ, (6)
can be expressed as
u(z) =T(w(2)), ()

where ®:Q — G is a K-quasiconformal mapping agreed with the matrix function A(z)e M>*(Q)
andT e Wlé’f (G)NC(G) is a weak solution to the equation

AT = J(w) [(T(w)), ae. in G. (8)

Here, J(w) stands for the Jacobian determinant of the inverse mapping z = o (w).
Among the quasiconformal mappings ®: Q — G, there are a variety of the so-called volume-pre-
serving maps, for which J(z) =1, ze Q. In this partial case, we arrive at the following statement:
Corollary 1. Let A(z)e M>?(Q) be a matrix function that generates a volume-preserving qua-
siconformal mapping o(z). Then every weak solution u e Wﬁ)’f (Q) N C(Q) of the semilinear equation

div[A(2)Vu(2)]= f(u(z)), zeQ, 9)
can be expressed as

u(z) =T(0(2)), (10)
where T e Wlé’cz (G)YNC(G) is a weak solution to the equation

AT = f(T (w)), ae. in G. (11)

Some applications of the Factorization theorems that we are going to give below are based
just on Corollary 1.

2. Explicit blow-up solutions. Let Q be a bounded domain in C and let 9Q denote its
boundary. In this section, we study the problem

div[A(2)Vu(2)] = f(u(2)), (12)
u(z) >, as d(z):=dist(z,0Q)—0, (13)

10 ISSN 1025-6415. Dopov. Nac. akad. nauk Ukr. 2018. Ne 4



On blow-up solutions and dead zones in semilinear equations

see, e.g., [9] and [10], as well as its Laplace’s counterpart:

Vu(z)=f(u(2)), (14)
u(z)—>oo, as d(z):=dist(z,0Q)—0. (15)

Solutions to these problems are called boundary blow-up solutions or large solutions. If f(u) = €,
then (14) is a classical Liouville—Bieberbach semilinear equation that was first investigated by
Bieberbach in his pioneering work [11] related to the study of automorphic functions in the plane.
The corresponding equation (12) with f(u) = €%, can be viewed as a divergent counterpart to the
Liouville—Bieberbach semilinear equation. Recall that if f isa conformal mapping of Q onto the
unit disk, then the boundary blow-up solutions for the Liouville—Bieberbach semilinear equation
are expressed explicitly by the formula

811 ()
(2)=log—21/ @I (16)
BT 7By

Theorem 2. Let Q be the annulus r <| z|< 1 in the complex plane C and let the matrix function
A(2)e M>?(Q) is generated by the formula (5) with the complex dilatation

u(z)= (v2<l zDEv(| 2 W1-v2( 2 ) E (17)

where v(t), 0<t <1, stands for an arbitrary measurable function. If |v(t)|< g <1, then there exists
one and only one boundary blow-up solution to the semilinear equation

div[A(z)Vu]=e€" in the annulus r <| z|< 1, (18)

which is given explicitly by the formula
2
u(z) =log 2n . (19)
|2 1og27~sin2[logrlog | ZIJ

Indeed, if the complex dilatation w(z) has the form

m@=k(z) =, (20)
where £(7):R — C is a measurable function such that | k(1) |< k<1, then the formula

l|
z 1+ k(1) dr
== = 21
0 (2) \z|eXP{{1_k(r) T} 1)

represents a unique quasiconformal mapping of the unit disk, as well as the whole complex plane,
onto itself with complex dilatation p and the normalization: ®(0) = 0, o(1) = 1, see, e.g,
[4, p. 82], and [12].

Analyzing formula (21) with specified as above k(¢), we see that the Jacobian J (z)=1, 1.,
the mapping ® is volume-preserving, and |® (z)|=|z| for ze C. Mapping conformally the given
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annulus onto the unit disk and applying the Bieberbach explicit formula (16), we see that the
function

on?

T(w)=log
wl 1og2r~sin2( . 1ogrw|)
logr

(22)

represents the blow-up solution to the semilinear Liouville—Bieberbach equation in the annulus
r<|wl<1. It remains to apply Corollary 1. The uniqueness follows from a fundamental result by
Marcus and Véron, see [10], Theorem 5.3.7.

Our next example deals with the study of the blow-up solutions to the Liouville—Biberbach
type equation defined in an unbounded domain of the complex plane.

Theorem 3. Let H™ be the right half-plane {z : Re z > 0} in the complex plane C and let the mat-

rix function A(z)e M>%(Q) have the entries aj; =1, a;9 =£2v(x)/ \/1—\/2 (X), ayy =(1+3v3(x))/
(1-v2(x)), where v(x), xe C, stands for an arbitrary measurable real-valued function such that
|v(x)|< g <1. Then there exist boundary blow-up solutions to the semilinear equation

div[A(z)Vu]=¢€", ze H', (23)
which are written explicitly:
u(z)=log%, z=x+1y, (24)
x
u(z) =log 8\ — 20x —2log(1—e2), A >0. (25)

Indeed, the matrix function A(z) with the above entries generates, by formula (3) the com-
plex dilatation

w(2)= (VA(x)iv ()1-v? (x)) (26)

which, as we see, depends on x only. By Proposition 5.23 in [4], see also [12], a unique quasicon-
formal mapping of the right half-plane onto itself with the complex dilatation u and the norma-
lization ®(0) =0, (i) =i and w(eo) = oo, is represented explicitly by the formula

X
o(2)=| RO iy (27)
L= ()
Analyzing formula (27), we see that the Jacobian J (z)=1,i. e., the mapping ® is volume-
preserving, and Rew(z) =x for ze C. By Corollary 1, a solution ue Wli;cz (Q)NC(Q) of the sem-
ilinear equation

div[A(2)Vu(z)]=€", ze H, (28)
is expressed as

u(z)=T(0(2)), (29)
where T e Wlf)’cz (G) is a solution to the equation

AT(w)=e"@ in H*. (30)
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Since the function

w-1
F@= w+1

maps conformally the right half-plane H* onto the unit disk D, we see that, by the Bieberbach
formula (16), the function

8| F'(w) |’
(1-| F(w)[*)*

gives us a blow-up solution to Eq. (30) in H* . Now, by formula (29), we have that the first re-
quired solution has the form

T (w)=log =-2logRe w+log?2

u(z)=T(w)=-2logRe m(z)+log2=-2logRe x+log2.

The second solution can be obtained in the same way.

3. Free boundary. The effect of the “dead zone” very important for applications to solutions
of some partial differential equations, see, e.g., [9], the Introduction and § 1, is that the solution of
the corresponding differential equation vanishes on some nonempty open set of the domain of
definition. For example, it is well known that the solution of the semilinear equation

Au=u?

may have the “dead zone” only when 0 <¢g <1, see, e.g, [9, p. 15].

We confine ourselves to only one result in this direction, which is again a simple consequence
of Corollary 1.

Theorem 4. Let C be the complex plane and let the matrix function

2v(x)

Az)= i 31
o 2v) 1+3vi) | So

Ty 1V

where v(x), x € R, stands for an arbitrary measurable real-valued function such that |v(x)|< g <1.
Then the semilinear equation

1

div[A(2)Vu]=u?, 0<g<1, zeC, (32)

has the following solution with the “dead zone” in the complex plane:

2

t =g
u(x,y)= [ J\/%dt] , fy>9(x),xeR, (33)
if x<@(x).
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Here,

1
_(a-q* |
Y_(2(1+q)] !

and

2v(t)dt

= =4 | =,
y=0(x) gm

00 < X < +oo,

stands for the corresponding free boundary parametrization.

Indeed, the matrix function A(z) generates a quasiconformal automorphism of the complex

plane o, which is expressed explicitly by formula (27). Since the mapping ® is volume-pres-
erving, we can apply Corollary 1 in order to represent solutions to Eq. (32) in the form

u(z)=T(0(2)),

where T(w) satisfies the equation

AT(w)=TY(w), w=E&+in.

It remains to note that the function

2
T(w)=m"", if >0

and T'(w)=0, if n <0, satisfy the above equation.
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BNBYXOBI PO3B’ 13K TA MEPTBI 3OHU
JIJIA HAIIIBJIIHIMHUX PIBHAHD

[ocnimkeno HaniBiniline audepenttiaabae piBHAHHS BUny div(A(z)Vu) = f(u) B Qc C, ne A(z) — cuMeTpuYHa
2x 2 Marpuuna QyHKIis 3 BuMipHuMu koedimientamu, detA =1, i taka, mo 1/ K |E[* <(A(2), &) <K |E], Ee R?,
1< K <. I3 3acTOCYBaHHSIM TEOPEMHU ITPO (haKTOPU3AILiI0, TOBEIEHY HAaMU paHillie, HaBeJIeHO SIBHI PO3B SI3KH JIJIsI
3a3HAYEHOTO PIBHSAHHS, SIKIO MaTpUIli A(z) o6paHi HajexxHUM YuHOM i f =e" abo [ =uf.

Kniouoei cosa: xsasikongopmii 6i000pajceniis, Hanieninitini PieHsHHs 6 YACUHHUX NOXIOHUX, BUOYX06T PO36 A3KU.
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O B3PBIBAIOIINXCY PEINIEHUAX I MEPTBBIX 30HAX
JIJTS TIOJTYJIMHEMHBIX YPABHEHU

Uccnenosaro nonyauneiinoe anbdepennnansioe ypasuenne suna div(A(z)Vu)= f(u) 8 QcC, rae A(z) —
cuMMeTprdHast 2 x 2 MarpudHas GyHKIMs ¢ uaMepuMbivn koaddumentam, det A =11 Takas, uro 1/ K |&[* <
(A2 E) <K K|EP, Ee R?, 1<K <oo. C mpuMeHeHyeM TeopeMbl 0 haKTOPU3AILH, I0KA3AHHON HAMU pariee,
[PHUBE/ICHDI SIBHbIE PEIICHHS [UIs1 YKA3aHHOTO YPABHEHHSL, €CJIM MATPHIBI A(z) BbIOPAHBI HA/UIEKAIIM 00Pa3oM
u f=e" wm f=u?.

Knrouesvie caoea: xeasuxongopmmoie omobpaxicenus, NOTYIUHEHble YPasHeHUs. 8 UACTTHBIX NPOU3BOOHDBLX, 63Pbl-
BaIOWUECS PEUIEHUSL.
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