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We propose an algorithm of generation of the stable families of bijective polynomial maps f(n) of the n-dimensional
affine space over a commutative ring K together with their inverse transformations. All maps are given in a standard
basis, in which their degrees and densities are calculated. The method allows us to generate transformations f(n)
of the linear density with degree given by the prescribed linear function d(n) and with exponential density for
f(m)~ . Inthe case of K = F ,» we can select f(n) of the exponential order. The scheme of generation of public keys of
multivariate cryptography of the form g(n) = T,f(n)T,, where T is a monomial linear transformation of K", and the
degree of T, is equal to 1, is proposed. The estimates of complexity show that the time of execution of the encryption
rule coincides with the time of computation of the value of a quadratic multivariate map. The decryption procedure
based on the knowledge of a generation algorithm is even faster. The security rests on the idea of the insufficiency of
adversary’s computational resources to restore the inverse map with exponential density and unbounded degree and
on the absence of the known general polynomial algorithms to solve this task.

Keywords: post-quantum cryptography, multivariate cryptography, public keys, algebraic graphs, estimates of
complexity.

1. On the affine Cremona semigroup. Let K be a commutative ring. Let us consider the totality
SF (K) of all rules f of kind

X, > f1(X), Xy, s X)), Xy > fo(Xy Xy ooy X)), o X, > S (X, Xy ooy X))

for the given parameter n and a chosen commutative ring K with the natural operation of com-
position. We assume that each rule is written in its standard form, i.e., each polynomial f; is given
by the list of its monomials written in the chosen order. We refer to this semigroup as a semigroup
of formal transformations SF,(K) of the free module K. In fact, it is a totality of all endomor-
phisms of the ring K[x,, x,, ..., x,,] with the operations of their superposition.

Each rule f from SF,(K) induces a transformation #(f) which sends the tuple (p,, p,, ...
p,) into (f, (0, Pys s D) Jo(P s Doy s D)5 s /(P15 Doy - P,,))- The affine Cremona semigroup S(K™)
is the totality of all transformations of kind #(f). The canonical homomorphism %: f — ¢(f)
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maps the infinite semigroup SF,(K) onto a finite semigroup S(K" ) in the case of finite commuta-
tive ring K.

We refer to the pair (f, /) of elements SF, (K) such that f, /" and f’ f are two copies of the
identical rule

Xy DX, Xy Xy, oy X, DX,

as a pair of invertible elements. If (f, /") is such a pair, then the product #(f) (/") is an identity
map. Let us consider the subgroup CF,(K) of all invertible elements of SF,(K) (group of formal
maps). It is clear that the image of a restriction of 2 on CF, (K) is the affine Cremona group C(K")
of all transformations of K" onto K", for which there exists a polynomial inverse.

The semigroup SF,(K) is an important object of the theory of symbolic computation or the
so-called Computer Algebra (see[1]), whichisapowerful instrument of Multivariate Cryptography
[2, 3]. We will assume that each element f of this semigroup is written in the same basis in its
standard form. The degree deg(f) is the maximal degree of polynomials f;, i =1, 2, ..., n. The den-
sity den(f) of fis the maximal number of monomial terms in f(x,, x,, ..., x,,).

We say that a family of subsemigroups S, of SF, (K) (or S(K")) is stable of degree d, if the
maximal degree of elements from S, is an independent constant d, d > 2. If K is a finite commuta-
tive ring, then the stable semigroup has to be a finite set. The brief observation of the known
families of stable groups and their cryptographical applications can be found in [4].

Let f(n) be a family of nonlinear maps from SF, (K) of a degree bounded by the constant d.
We say that f(n) form a tame family, if, in SF, (K '), there is a family g(n) of a degree bounded by
the constant d’ such that f(n)g(n) = g(n)f(n) is an identity map. Let T,(n) and T,(n) be two
families of elements from the group AGL,(K) of all affine bijective transformations, i.e., ele-
ments of the affine Cremona group of degree 1. Then we refer to f'(n) = T,(n)f(n) Ty(n) as a
linear deformation of f(n). Obviously, f' (n) is also a tame family of transformations, and the
degrees of maps from this family are also bounded by d. The degrees of the inverses for f'(n) are
bounded by d'.

Let G, < CF,(K) be a stable family of subgroups of degree d, d > 1, then the nonlinear repre-
sentatives f(n) of G, form a tame family of maps. It is easy to see that the densities of f(n) and its
linear deformations f'(n) can be very different. We refer to a pair of mutually invertible elements
f(n), f(n)~! from CF (K) as a pair with a density gap, if the density of f(r) is a polynomial expres-
sion in the variable 7, and the density of f(n)~! is bounded from below by an exponential function
a" with base a > 1.

Similarly, we refer to a pair of mutually invertible elements f(n), f(n)~! from CF (K) as a pair
with a degree, if the degree of f(n) is a polynomial expression in the variable 7, and the degree of
f(n)~!is bounded from below by an exponential function a” with base a > 1.

2. On the explicit construction of stable maps of the prescribed degree and large order.
We define the Double Schubert Graph DS(k,K) over a commutative ring K as the incidence struc-
ture defined as a disjoint union of partition sets PS = K***1 consisting of points, which are tuples
of kind x = (x,, x,, ..., Xy, Xy gy Xygy e s Xpy) and LS = K¥k+ 1) consisting of lines, which are tuples of
kindy =y, ¥y -, ¥y, Y11 Y9 - » Y], Where x is incident to y, if and only if x;, — Yi=%Y; fori=1,
2,..,kand j=1, 2, .. k. Itis convenient to assume that the indices of kind i, j are placed for tuples
of K¥k* 1) in the lexicographical order.
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Remark. The term Double Schubert Graph is chosen, because the points and lines of
DS(k,F,) can be treated as subspaces of F, @k +1) of dimensions & + 1 and k, which form two lar-
gest Schubert cells. Recall that the largest Schubert cell is the largest orbit of the group of uni-
triangular matrices acting on the variety of subsets of given dimensions (see [5] and references
therein or [6]).

We define the color of a point x = (x, x,, ..., Xy Xpy Xy e s Xpp) from PS as the tuple (x,, x,, ...,
x,,) and the color of aline y = [y, Yy, -, Yy, Y11 Y9 - » Y] @S the tuple (yy, yy, .. , y,). For each
vertex v of DS(k,K), there is the unique neighbor y = N (v) of a given color a = (a,a,, ..., a,).

The symbolic color g from K[x,, x., ..., xk]/e of v of kind (f, (x|, Xy, ..., ), [ Xy, Xy ooy ), oo f1(2,
Xy .., X)), Where f; are polynomials from K[x,, x,, ..., x,], defines the neighboring line of the ge-
neral point x = (x, X, ..., Xy, Xyp Xygy woe s x;,) With color kind (f,(x, x,, ..., x,), fo (X}, Xy, .oy X)),
f(xy, %y, ..y x)). Similarly, we can compute the neighboring point of the general line [x] = [x,,
Loy oo X Xygy X9y o , X,,] of color g.

Let us consider a tuple of symbolic colors g', g2, ..., g% from (K[x,, x,, ..., 2,]%)* and the map
S of PSto itself, which sends the point x = (x, x,, ..., Xy Xygy Xy e s Xpy) tO the end v,, of the chaina
Vg Vyy Vg v s Vg Where x =0, v, 10,,,,1=0, 1,2, ..., 2t — 1, and the color of v, is the tuple g, of
elements from K[x,, x,, ..., x,]. We refer to f as the map of the closed point-to-point computation
with the symbolic key g!, g%, ..., g% or simply the symbolic computation. As follows from the defi-
nitions, f = fg1 2 is a multivariate map of K** * D to itself. When the symbolic key is given,

/ can be computed in the standard form via the elementary operations of addition and multipli-
cation of the ring K[x,, x,, ... ) Xy Xy Xy e s L] Recall that (x,, x,, ..., Xy, Xyy, Xyg e Xpy) is OUT
symbolic point of the graph.

We refer to expression fg1 e

g% ..., g% Note that if #(g¥) is an element of the affine Cremona group C(K*), then fg1 2

5 as the automaton presentation of f with a symbolic key g,

s
invertible, and the automaton presentation of its inverse has a symbolic key g2t g %=1, g% g%~2,
g 2gi3 | g gl g2 where g% is the inverse of the element g%.

The restrictions on degrees and densities of multivariate maps t(g') of K* to K* and the size of
the parameter ¢ allow us to define a polynomial map f with polynomial degree and density.

Let g' = (h/, hy, .., b)), i=1,2, .., 2t, be the symbolic key of the closed point-to-point
computation f = f(n) of the symbolic automaton DS(k,K)). We refer to elements g’ as the govern-
ing functions of the symbolic key. We set that g° = (4%, h,°, ..., B,°) = (x}, x,, ..., x,). Then fis a
transformation of kind

Xy = B2y, Xy, oy 1), 29> B2, Xy oy ), ey X B 2N, 2, e, 2,

vy oxy —hta th hE-h2hP+h3hA+ AR R,

Xy > Xy — by +h V2= hyh 3+ h PR+ L+ B2 R

X = Xy — B xR — B 2RA BB A+ L+ R R

We say that the map f of the closed point-to-point computation is affine, if all elements g of

the symbolic key are elements of degree < 2. We refer to a subsemigroup G in S(K") as a semigroup
of degree d, if the maximal degree for a representative g equals d.
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Let AGL,(K) be the group of affine transformations of K, i.e., the group of all bijective trans-
formations of degree 1.
Let us consider a semigroup E,(K) introduced in [7], which consists of all transforma-

tions fh1,h2,..., i where degrees of A fori =1, 2, .., [ and g are bounded by 1, and [ is an odd

number. It is clear that E,(K) is a stable subsemigroup of degree 2.

The group GL,(F,) contains Singer cycles, i.e., elements of order " — 1 (see [8, 9]).

Lemma 1. Let K=F, let f be the map of the closed point-to-point computatzon ht, h%, .. B, h,
and let h defines a Smger Cycle Jfrom GL AF, ) Then the order of f is at least g — 1.

Lemma 2. Let K=F, and let fh1 be an element of the semigroup E,(K) such that h

defines the map from GL(F, ) has an invaricmt subspace W of dimension m, and the resriction of
h onto W is a Singer cycle. Then the stable semigroup {f) generated by [ contains at least g™ — 1 ele-
ments.

We consider two symbolic computations C, and C, with governing functions /1, /2, ..., f*and
gl, g% ..., g and corresponding maps m, = m(C ) and m2 m(C,). We refer to the symbohc com-
putation C, with governing functions /1, /2 ..., ffand g'(f?), g2(f?), ..., g(f*) as the concatenation
of C, and C,. It is easy to see that the map corresponding to C is m,(m,). So, C - m(C) is homo-
morphism of two monoids.

Let us consider the totality PL = PL(k,K) of all point-to-point computations C with go-
verning functions /1, /2, ..., f* with the last, /* from K[x,, x,, ..., 2,]* of kind (/,(x, %y, ..., ), L(x,,
Xgy vy X3)5 o L(Xy, X, .., X)), Where all expressions /; are of degree 1. It is easy to see that PL is
a closed set with respect to the concatenation operation. We add the empty computation as a
formal neutral element. This means that the maps of kind m(C) from PL form a subsemigroup
SPL of the affine Cremona semigroup S(K***+ D),

Note that a map m (C) induced by a point-to-point computation C with governing functions
fLf2 .., ff where f* has coordinates, f{(xx;, Xy, ..., 2,), JE(X L Xy ey X ), s oo, S, Xy ooy X5), IS @D
invertible transformation of K¥** 1 if and only if the map

Xy = [y Xy ooy X)), X9 = [HX, Xy 1y ), o X = [1(Ky X, o X)),

is a bijection. It is clear that the invertible map m(C)~! from S is also an element of SP~.

Let G be the group of all invertible elements from PL. We define the degree of the governing
function f? given by a tuple with coordinates fi(x,, Xy, ..., 2,), [ (0}, Xy o0y ), e, J1 (24, 2y oy )
as the maximal degree of fifor various i and j. Note that m(C) from G”X can be an element with
very large order. In fact, in the case of K= F,and an arbitrary list of governing functions /, /2, ...
/1 and f* for the given bilinear map

Xy = [, Xy, ), Xy = 51X, Xy, iy X)), e X, = [, Xy o X)),

which is a Singer cycle, i.e., its order is at least g — 1, the order of m(C) is also bounded from below
by g* - 1.

We can easily construct nonbijective maps of kind m(C) from S’ such that the subgroup
generated by this element consists of more than ¢* ~ ¢ elements for some constant ¢ > 1. In fact,
one can take f* with the invariant subspace W of dimension & — ¢ such that the restriction of f“on
Wis a Singer cycle. It is convenient to consider the tuple (x,, x,, ..., x,) as a governing function /°
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of the symbolic computation C. For the polynomials /%, i =1, 2, ..., t/2 which are colors of the
points from DS(k,K[x,, X, ..., x,]), we consider their maximal degree d,. Let d, be the maximal
degree of f2*1i=1,2, ..., t/2. Note that the degree of the polynomial map m(C) is bounded
from above by d, + d . In fact, the degree of this map is the maximum of products of coordinates
of fiand fi*1i=1,2,..,t-1.

Let us consider the totality S(PL) of maps m(C) for the symbolic computations with d,
equals at most 7 and d_ equals at most s.

Theorem. The totality S*(PL(k,K)) is a stable subsemigroup of the affine Cremona semigroup
S(K¥k+ DY of degree r + s.

It is clear that the intersection G*(PL(k,K)) of G(PL) and S"(PL(k,K)) is a stable subgroup of
C(KFE* Dy of degree r + s. Note that E,(K) presented in [7] coincides with S''( PL (k, K)).

3. On the pairs of transformations with density gap and the corresponding public key. Let
us consider a point-to-point computation of the Schubert symbolic automaton from the se-
migroup S™'(PL(n,K)) with m = d(n) of kind an = b, a > 1 corresponding to the symbolic key /1,
/?, ..., ff or some even parameter ¢ with elements /%, i is odd, with degree linearly increasing in the
variable 7 and finite density.

Then the corresponding transformation F will be of degree O(n) and linear density. Let us
assume that /7 is a bijective map. Then, in majority cases, the inverse map F~! given by the
symbolic key formed by elements f=1(f), f*2(f), ..., f*(f™), /', where f~ is the inverse for /7,
will be of density O(n"). So, the pair F, F ! is a pair with density gap.

We propose the following public key algorithm.

Alice chooses a finite commutative ring K, positive integer n, and a linear expression m = d(n).
She works with the Double Schubert graph DS(n,K) and the related symbolic automaton.
Alice selects an odd parameter ¢ and a symbolic key /1, /2, ..., f! for an invertible element of
S"1(PL(n,K)). She generates the polynomial map F corresponding to the computation with a
chosen symbolic key. The standard form of this transformation can be computed with O(n?) ele-
mentary operations (quadratic in the number of variables).

Alice selects the bijective monomial transformation T of V = K" * Dgiven by a monomial
matrix of size n(n + 1) times n(n + 7) with n(n + 1) nonzero regular entries from K* (each column
and each row contains exactly one nonzero element). She takes the affine bijective transformation
T of Vand forms G = TFT'. For the construction of G, Alice has to compute n? linear combina-
tions of the polynomial expression of n2 multivariate polynomials of density and degree O(n).
So, the total cost to form G is O(n%) (cubic in the number of variables).

Alice sends the standard form of G to Bob. Note that G has degree O(n ) and density O(n?).

Bob writes his plaintext p from V and computes the ciphertext ¢ = G(p) in the time O(n*)
(quadratic time in the number of variables).

Decryption process. Assume that Alice keeps the already computed transformation T, = T
and T, = T!. Firstly, she computes T,(c) = b. It takes O(n*) elementary operations.

Now, she has the color ¢ = (b, b,, ..., b,) of point (b). Alice is looking for an intermediate
vector v formed by the coordinates of point (v) such that F(v) =c. Let () = (v, v,, ..., v,) be the
color of point (v). Alice has the inverse f~* of the bijective affine map f*. So, she computes
(r) = /7t (r) in the time O(n?). Now, Alice can compute values of /1, /2, ..., /=1 on the tuple (7).
This costs O(n) operations. After that, she computes v as the final element of the walk of length
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¢ with starting point (b) and the prescribed colors of vertices. This costs O(n?) elementary op-
erations to Alice.

Finally, she gets the plaintext via the application T, = T-! also in the time O(n?).

Other ideas of the usage of algebraic graphs for the construction of multivariate cryptosys-
tems can be found in [13—15].

This research is partially supported by the grant PIRSES-GA-2013-612669 of the 7th Framework
Programme of the European Commission.
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[HCTUTYT TeslekoMyHiKallill i rrobanbHoro ingopmaitiiinoro mpocropy HAH Yipainu, Kuis
Yuisepcurer Mapii Kiopi-CxionoBebkoi, Jliobuin, [Tombiia
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I[TPO KPUIITOCUCTEMMU BIZI BATATbOX SMIHHUX,
IO IPYHTYIOTHCA HA ITAPI TIEPETBOPEHbD 3 IIPOBAJIOM V¥ HIIJIBHOCTI

ITpOmMOHYETHCST aTTOPUTM TIOPOIKEHHST CTabiTBHUX POANH B3AEMHO OHO3HAYHUX BimoOpakeHb f(n) y n-Bumip-
HoMy a(hiHHOMY TIPOCTOPI HaJ KOMYTaTMBHUM KijbileM K pazoMm 3 06epHEHVMU 0 HUX TepeTBOpeHHsME. Bci
BiZloOpaskeHHS TIO/IaHi ¥ CTAaHAAPTHOMY 6a3uci, B IKOMY OOUNCIIIOIOTHCS IX CTEMIHB Ta MIiIbHICTh. MeTom 10380-
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JISIE TeHepyBaTH TIepeTBOpeHHs f(7) JiHiiHOI MiIBHOCTI 31 cTeneneM, 3ajaHiM 06PaHOIO JIHIITHOIO (PYHKINEIO
d(n) Ta 3i WinbHicTIO excroHeHiaabHOro poaMipy s f(n) 1. Y Bunaky K = F, mu moxxemo obparu f(n) exc-
MOHEHTIaTHHOTO TTOPSIAKY. [IPOTIOHYEThCST cXeMa TeHepyBaHHS MyOIHIX K]HO‘IIB TTOJTIHOMIHAJIbHOI KPUIITOTPa-
&ii Bix 6aratbox aminnux surssny g(n) = T, f(n)T,, ne T| € MoHOMiaIbHUM JIHIHIM TIEPETBOPEHHSM, A CTeIIHb
T, nopisnioe 1. OniHKH CKTaIHOCTI TIOKA3yIOTh, IO Yac BUKOHAHHA MpaBu/Ia mMIGpPyBanHs 30ira€Thes 3 4acoM
00YMCIIEHHST 3HAUEHHS KBaJPATUYHOTO MOJiHOMIianbHOTO BimobpaskenHs. IIponeaypa nekoayBaHHs, o 6asy-
€THCST HAa 3HAHHI aTOPUTMY TeHepallii, € Tie GLIbIT UBUAKOI0. be3meka IPyHTY€EThCs Ha el HemocTaTHOCTI 06-
YHCTIOBAIBHUX PECYPCIB Y ONIOHEHTA JJIS BiHOBJIEHHSI 0OEPHEHOTO Bi0OpaskeHHs eKCIIOHEHITiaIbHOI I[iIbHOCTI
i HeOOMEKEHOTO CTeleHs Ta BiICYTHOCTI BIIOMUX MOJIHOMIaIbHUX alTOPUTMIB JIJIsi PO3B’I3aHHs 1€l 3a1a4i.

Kntouoei cnosa: nocmkeanmosa xkpunmozpagis, kpunmoepadis 6i0 6azamvox 3minnux, nyoriuni xuoui, anized-
paiuni epagpu, ouinKu ckAaoHOCi.
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O KPUIITOCUCTEMAX OT MHOTUX ITEPEMEHHDIX,
OCHOBAHHBIX HA ITAPE ITPEOBPA3OBAHIII C ITPOBAJIOM B IJIOTHOCTU

[TpemaraeTcst aIrOpUTM MOPOKAECHUS CTAOUILHBIX CeMEHCTB B3aUMHO OJTHO3HAYHBIX OTOOpakeHuit f(n) B n-mep-
HOM aDPUHHOM ITPOCTPAHCTBE HAJl KOMMYTATHBHBIM KOJIbIIOM K BMecTe ¢ 0GpaTHBIMU K HUM [IPe0Opa3oBaHuisi-
M. Bee 0ToOpaskeHNsT 3a1aHbl B CTAaHAAPTHOM 6asuce, B KOTOPOM BBIUUCIISTIOTCST UX CTEMEHN U TJIOTHOCTH. MeTos
M03BOJISIET TeHEPUPOBaTh TIpeoOpasoBanue f(#) JUHEHHON MIIOTHOCTU CO CTENEHbIO, 3aJaHHOi BHIOpAaHHOMU JIn-
HeiiHo (yHKIMeit d(n) 1 ¢ IIOTHOCTBIO SKCIIOHEHINaIbHOTO pasMepa Ans f(n) 1. B ciaydae K = F, MbI MOKeM
BoIGPaATh f(7) 9KCIOHEHIMATILHOTO IOPsiAKa. IIpearaercs cxeMa reHepanuy myOGJMIHbIX KJIIO‘-IeI/I IIOJINHO-
MUaIbHOI Kpunrorpadun oT MHOTHX nepeMenHbIX Buzia g(n) = T, f(n)T,, rae T, ABnseTcS MOHOMHATBHBIM JTH-
HeltHbIM 1peobpasoBanyeM, a crenenb T, paBHa epunnie. OLEHKN CI0KHOCTH HOKA3bIBAIOT, YTO BPEMsl BBITIOJ-
HEeHUs TIpaBUJIa MU(POBAHUS COBNA/IAET C BDEMEHEM BbIYKCIIEHUST 3HAYEHUST KBA[PATUYHOTO TIOJIMHOMHUAIBHOTO
orobpaskenust. [Tporenypa 1eKoANPOBaHUS, OCHOBBIBAIOIIASICS HA 3HAHUM aJITOPUTMA FeHEPAIUH, SIBJISIETCS e1le
60Jtee GbICTPOI. Be30MmacHOCTh OCHOBBIBAETCST Ha HEIOCTATKE BHIUMCIUTENBHBIX PECYPCOB Y OTIIOHEHTA JIJIST BOC-
CTAHOBJIEHUSI OOPATHOTO OTOOPAYKEH S DKCIIOHEHI[MAILHOM IIJIOTHOCTH M HEOTPAHUYEHHOW CTEIIEHU U HA OTCYT-
cTBUM 3P (HEKTUBHBIX AJITOPUTMOB JIJISI PETIIEHUsT 9TO 3a/1aUH.

Kntoueewte cnosa: nocmxsanmosas Kpunmozpagus, Kpunmozpapust 0m Muozux nepemMernvly, nyoiuunsie Kioull,
aneebpauveckue zpagul, OUEHKU CLONCHOCTIU.
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