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Let F be a field, A be a vector space over F, and G be a subgroup of GL(F, A). We say that G has a dense family of
subgroups having finite central dimension, if, for every pair of subgroups H, K of G such that H < K and H is not
maximal in K, there exists a subgroup L of finite central dimension such that H < L < K (we can note that L can
match with one of the subgroups H or K). We study locally solvable linear groups with a dense family of subgroups
having finite central dimension.

Keywords: linear group, infinite groups, infinite-dimensional linear group, dense family of subgroups, locally soluble
groups, finite central dimension.

We recall that a group G that is isomorphic to a group of automorphisms of a vector space A over
a field Fis called a linear group. We denote the group of all such automorphisms by GL(F, A).
If dim(A), the dimension of A over F, is finite, n, then we say that G is a finite-dimensional li-
near group. It is well known that GL(F, A) can be identified with the group of n x n matrices with
entries in F. From the outset, finite-dimensional linear groups have played an important role in
group theory. This is partly due to the correspondence mentioned above, but also because of the
rich interplay between geometric and algebraic ideas associated with such groups.

The study of the subgroups of GL(F, A) in the case where A is infinite-dimensional over F
has been much more limited and normally requires some additional restrictions. There is quite a
large array of papers that show the effectiveness of applying various natural limitations for the
study of infinite-dimensional linear groups (see survey articles [1—4]). One area that proved to be
quite effective was the study of linear groups that have a very big family of subgroups having finite
central dimension.

Let G be a subgroup of GL(F, A) and Z= C,(G). It is not hard to see that a subspace Zis G-inva-
riant, and G acts trivially on Z. Therefore, we see that G actually acts on the quotient-space A/Z.

Let G be a subgroup of GL(F, A). Then the central dimension of G is a dimension of the quo-
tient-space A/C(A).
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In particular, if dim(A/C(A)) is finite, then we will say that G has finite central dimension.
According to the definition, linear groups having finite central dimension are quite close to fini-
te-dimensional linear groups. Therefore, it was obvious to study the infinite-dimensional linear
groups saturated by subgroups of finite central dimension. Among the works on this subject, we
mention [5, 6, 1, 7—10].

Among the restrictions that play a significant role in the study of both finite and infinite
groups, we can highlight the restriction associated with the presence of one or another family of
dense subgroups in a group. Let P be a some property. We say that a group G has a dense family of
subgroups having property P, if, for every pair of subgroups H, K of G such that H < K and H is not
maximal in K, there exists a subgroup L, having property P, such that H < L < K (we note that L
can match with one of the subgroups H or K).

Groups with different natural dense families have been considered by many authors (see, for
example, [11—15]).

In this paper, we will apply this restriction to the study of infinite-dimensional linear
groups.

Let F be a field, A be a vector space over F, and G be subgroup of GL(F, A). We say that G has
a dense family of subgroups, having finite central dimension, if, for every pair of subgroups H, K of
G such that H < K and H is not maximal in K, there exists a subgroup L of finite central dimension
such that H < L < K (we note that L can match with one of the subgroups H or K).

Note that infinite-dimensional linear groups, whose proper subgroups have finite central di-
mension, have this property. Locally soluble groups, whose proper subgroups have finite central
dimension, were studied in paper [5]. Therefore, in this paper, the study of linear groups with a
dense family of subgroups, having finite central dimension, will be conducted under the additio-
nal condition of their local solvability.

Lemma 1. Let F be a field, A be a vector space over F, and G be subgroup of GL(F, A).

(i) If H, K are two subgroups of G such that H < K and a subgroup K has finite central dimen-
sion, then the subgroup H has finite central dimension.

(i) If H, K are two subgroups having finite central dimension, then the both subgroups (H, K)
and H ~ K have finite central dimension.

(iii) If G has finite central dimension and char(F) = p is a prime, then G includes a normal
elementary Abelian p-subgroup L such that G/L is isomorphic to some subgroup of GL(n, F), where
n=dim,(4/C,(G)).

() If G has finite central dimension and char(F) = 0, then G includes a normal Abelian torsion-free
subgroup L such that G/L is isomorphic to some subgroup of GL(n, F), where n = dim(A/C,(G)).

Corollary 1. Let F be a field, A be a vector space over F, having infinite dimension, and G be a
subgroup of GL(F, A). If H, K are two subgroups of G such that H < K, and a subgroup H has infi-
nite central dimension, then the subgroup K has infinite central dimension.

Corollary 2. Let F be a field, A be a vector space over F, having infinite dimension, and G be a
subgroup of GL(F, A). If G has a dense family of subgroups having finite central dimension, then
every subgroup of G having infinite central dimension is maximal.

Lemma 2. Let F be a field, A be a vector space over F, having infinite dimension, and G be a
subgroup of GL(F, A). Suppose that G includes the subgroups B, K satisfying the following con-
ditions:
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(i) B is an infinite elementary Abelian p-subgroup, and K is a quasicyclic p-subgroup for
some prime p;

(ii) B is K-invariant;

(iii) B~ K = (1).

If G has a dense family of subgroups having finite central dimension, then K has finite central
dimension.

Corollary 3. Let F be a field, A be a vector space over F, having infinite dimension, and G be a sub-
group of GL(F, A). Suppose that G includes the subgroups B, K satisfying the following conditions:

(i) B is an infinite elementary Abelian p-subgroup, and K is a quasicyclic p-subgroup for some
prime p;

(ii) B is K-invariant;

(iii) B n K is finite.

If G has a dense family of subgroups having finite central dimension, then K has finite central
dimension.

Lemma 3. Let F be a field, A be a vector space over F, having infinite dimension, and G be a
subgroup of GL(F, A). Suppose that G includes the subgroups B, K satisfying the following condi-
tions:

(i) B is an infinite elementary Abelian p-subgroup, and K is a quasicyclic q-subgroup, where p,
q are primes and p # q;

(ii) B is K-invariant;

If G has a dense family of subgroups having finite central dimension, then either K has finite central
dimension or B is a minimal K-invariant subgroup.

Lemma 4. Let F be a field, A be a vector space over F, having infinite dimension, and G be a lo-
cally soluble subgroup of GL(F, A). Suppose that G includes a subgroup K, having infinite central
dimension. If G has a dense family of subgroups having finite central dimension, then K satisfies the
Jollowing conditions:

(i) K is a quasicyclic or cyclic p-subgroup for some prime p;

(ii) every proper subgroup of K has finite central dimension;

(iit) K is a maximal subgroup of G.

Theorem. Let F be a field, A be a vector space over F, having infinite dimension, and G be a lo-
cally soluble subgroup of GL(F, A). Suppose that G has infinite central dimension. If G has a dense
family of subgroups having finite central dimension, then G is a group of one of following types:

(i) G is a cyclic or quasicyclic p-group for some prime p;

(ii) G = K x L, where K is a cyclic or quasicyclic p-group for some prime p, and L is a group of
prime order;

(i) G={(a,b|ld = 2" || =2, i’ = &, where t=1+2""",n > 3);

(iv) G=(a,b|ld=2"b|=2,a" =d", where t=—1+ 2" " n> 3);

(©) G=(a,b|ld=2"1b|=2,a"=a""y;

(vi) G={a, b||al=2", b =d wheret=2"""a"=a""y;

(0ii) G={(a,b|la|=p" |b|=p, a" = d', where t =1+ p" ', n > 2, p is an odd prime);

(viii) G ={a) » (b}, la| = p" where p is an odd prime, |b| = q, q is a prime, q # p;

(ix) G = B » {a),|d = p", B= C(B) is an elementary Abelian q-subgroup, p and q are primes,
p # q, B is a minimal normal subgroup of G;
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(x) G =K x (b), where K is a quasicyclic 2-subgroup, |b| = 2 and 2=y Jor each element x € K;
(xi) G = K(b), where K={a,|a,"=1,a,, ,”=a,n e N)isa quasicyclic 2-subgroup, b = a,

b -1
anda, =a, ,n>2.

(xit) G = K % (b), where K is a quasicyclic p-subgroup, p is an odd prime, K = C (K), |b| = q is

a prime such that p # q;

(xiii) G = Q % K, where K is a quasicyclic p-subgroup, Q = C.(Q) is an elementary Abelian q-

subgroup, p, q are primes, p # q, Q is a minimal normal subgroup of G.
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JITHIVIHI TPYTIN 3 HACUYEHUMMU ITIJITPYIIAMI
CKIHYEHHOI IIEHTPAJIbHOI PO3MIPHOCTI

Hexaii F — moste, A — BexTopHmi poctip Hag F, G — miarpyna GL(F, A). Byaemo roBoputh, mo G Mae MIijibHe
ciMeNCTBO MATPYI, SIKi MAIOTh CKIHYEHHY IIeHTPAJIbHY PO3MIPHICTb, SIKIIO 7151 KOskHOI napu miarpyn H, K3 G
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takoi, mo H < Ki H nemakcumasbha B K, icHy€e Taka mifrpymna L cKiHdeHHOI IeHTPaJIbHOI pO3MipHOCT, 1110 H <
< L< K (3asHaunMo, 1110 L Moxke 36iratucs 3 ogricio 3 miarpyn H a6o K). Y po6oTi onmcaHi JJOKaJbHO PO3B sA3Hi
JIHINAHI TPYIH 3 MIJIBHUM CIMEHCTBOM HiATPYII, 10 MAIOTh CKIHYEHHY I[eHTPaIbHy PO3MIPHICTD.

Knrouoei cnosa: niniiina zpyna, HecKiHueHHa zpYnd, HECKIHUEHHO PO3MIPHA JIHIUHA ZpYyna, wiibHe CIMelcmeo
nidzpyn, IOKAILHO PO3G A3HA ZPYNA, CKIHUEHHA UCHMPATLHA POSMIPHICTD.
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JIMHEMHBIE TPYTITIBI C HACBIIITEHHBIMU TTOATPYIIAMU
KOHEYHO! IIEHTPAJIbHOM PABMEPHOCTU

ITycts F — mone, A — BexTOpHOE TipocTpancTBo Hax F, G — moarpynmna GL(F, A). Byaem rosoputs, uto G nMeeT
IJIOTHOE CeMeNCTBO MOATPYIII, UMEIONUX KOHEUHYIO IIeHTPAJIbHYI0O Pa3MEPHOCTD, €CJU g KaKIOH Mapbl
noarpynn H, K u3 G taxoii, uto H < K n H nemakcumasibHasa B K, cyIiecTByeT Takas MOATPYIIA L KOHETHON
neHTpasibHOl pagmepHocTH, uTo H < L < K (otMeTuM, uto L MokeT coBmagath ¢ ool u3 noarpynn H niau K).
B pabote ommcaHbl JJOKATLHO pa3peniuMbie JTUHEHHBIE TPYTIIBI € TIIOTHBIM CEMEHCTBOM MOATPYIIT, UMEOTINX
KOHEYHYIO IIEHTPAJIbHYIO Pa3MEPHOCTb.

Knioueesvie cnoea: iuneiinas zpynna, 6eckoneunas pynna, 6eCKOHeUHO PASMEPHAs. JIUHEUHAs. 2PYNNA, NIOMHOE
CeMencmeo nodzpynn, TOKAILHO PA3PEULUMAS. 2PYNNA, KOHEUHAS UCHMPATLHASL PASMEPHOCTID.
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