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On semilinear equations in the complex plane
Presented by Corresponding Member of the NAS of Ukraine V.Ya. Gutlyanskii

We study the Dirichlet problem for the semilinear partial differential equations div (AVu) = f(u) in simply connected
domains D of the complex plane C with continuous boundary data. We prove the existence of the weak solutions u in
the class C ~ Wl;’f( D), if a Jordan domain D satisfies the quasihyperbolic boundary condition by Gehring—Martio.
An example of such a domain that fails to satisfy the standard (A)-condition by Ladyzhenskaya—Ural'tseva
and the known outer cone condition is given. Some applications of the results to various processes of diffusion and
absorption in anisotropic and inhomogeneous media are presented.

Keywords: Dirichlet problem, semilinear elliptic equations, conformal and quasiconformal mappings, anisotropic
and inhomogeneous media.

1. Introduction. In our last paper [1], we have established the existence of regular solutions of the
Dirichlet problem for the quasilinear Poisson equation

AU(z)=h(z)- f(U(2)) (1)

in the unit disk D={zeC:|z|<1} with continuous boundary values. We assumed that 4:D — R
isin I’(D), p>1, and f:R — R is continuous and f(¢)/t—0 as t — .

This result and the theory of quasiconformal mappings (see, e.g., [2]), give a base for the study
of the semilinear equations

div[A(2)Vu(2)]= f(u(2)) (2)

describing many physical phenomena in anisotropic and inhomogeneous media.

Given a simply connected domain D in the complex plane C, denote, by M£?(D), the class
of all 2x2 symmetric matrix functions A(z)={a;(z)} with measurable real-valued entries and
det A(z) =1, satisfying the uniform ellipticity condition
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for every &£ e R?, where 1< K <oo .
Equations (2) are closely relevant to the so-called Beltrami equations. Let u: D — C be a
measurable function with | (z)|<1 a.e. The equation

®; =1(2)-0,, 4

where 05 =(0, +i0,) /2, 0,=(0,-i®,)/2, z=x+iy, ®, and ©, are partial derivatives of

the function @ with respect to x and y, is said to be a Beltrami equation. Equation (4) is said

to be nondegenerate, if |||, <1. Homeomorphic solutions of the nondegenerate equations (4)

with the first generalized derivatives by Sobolev are called quasiconformal mappings (see, e.g., [2]).
We say that a quasiconformal mapping o satistying (4) is agreed with Ae M I%XZ(D) , if

Ay (2) —ay1(2)—2iayH(2) (%)
det (I +A(2)) ’

u(z)=
where I is the unit 2x2 matrix. Condition (3) is now written as
]u(z)\g% ae. in D. (6)

Vice versa, given a measurable function p:D — C, satisfying (6), one can invert the algebraic

system (5) to obtain the matrix function Ae M [2<X2(D) .

[1-pf  —2Imp
=|pf 1-|pf
A(z)= : 7
—2Imp |1+pf?
=|pf 1=

Note that, by the known existence theorem for the Beltrami equations (see, e.g., Theorem
V.1.3in [2]),any Ae MI%XQ(D) with condition (3) in a simply connected domain D generates
a quasiconfomal mapping ®: D — D through Eq. (4) with p given by (5), where D is the unit
disk in C.

2. Some definitions and preliminary remarks. Following [3], under a weak solution of
Eq. (2), we understand a function u e Cn Wlf)f (Q) such that, for all neCn WO1’ 2(Dy,

[<A@)Vu(z), Vn(2)) dm(2)+ [ f(u(2))n(z) dm(2)=0. (8)
D D

A fundamental role in the study of the posed problem will play the following factorization
theorem (see, e.g., [4], Theorem 1, or 3], Theorem 4.1). A function u: D — R is a weak solution of
(2) in the class C mWﬁ) CZ (D), iff u=Uow, where ®: D — D is a quasiconformal mapping agreed
with A, and U is a weak solution in the class C N Wﬁ)’f (D) of the quasilinear Poisson equation

AU(w) = J(w)- f(U(w)), weD, )
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J denotes the Jacobian of the inverse quasiconformal mapping o D> D,

The regularity properties of solutions of Eq. (9) strongly depends on the degree of integrabi-
lity of J(w). Note that the mapping @ = ! is extended to a quasiconformal mapping of C
onto itself, if dD is the so-called quasicircle (see, e.g., Theorem I1.8.3 in [2]). The well-known
Bojarski result (see, e.g., [5]) says that the generalized derivatives of a quasiconformal map-
ping in the plane are locally integrable with some power ¢>2. Note also that the Jacobian
J(@)=o, | —|o, [*. Consequently, in this case, J € I” (D) for some p>1.

Recall that the image of the unit disk D under a quasiconformal mapping of C onto itself
is called a quasidisk and its boundary is called a quasicircle or a quasiconformal curve. Recall
also that a_Jordan curve is a continuous one-to-one image of the unit circle in C. As known, such
a smooth (C') or Lipschitz curve is a quasiconformal curve and, at the same time, quasiconfor-
mal curves can be even locally non-rectifiable, as it follows from the well-known Van Koch
snowflake example (see, e.g., point 11.8.10 in [2]).

By Theorem 4.7 in [6], cf. also Theorem 1 and Corollary in [7], the Jacobian of a quasicon-
formal homeomorphism ®*:D — D isin I’(D), p>1,iff D satisfies the quasihyperbolic boun-
dary condition by Gehring—Martio (see [8]), i.e.

4z,9D) 1 e p (10)

kp(z,zp)<a-ln———= (2. 9D)

for some constants a and b and a fixed point z, € D, where kp(z, z) is the quasihyperbolic dis-
tance between the points z and z; in the domain D,

kp(z,2y) = (11)

me.d(C oDy’

Here, d({,dD) denotes the Euclidean distance from a point {e D to the boundary of D and
the infimum is taken over all rectifiable curves y joining the points z and z, in D.
Recall that a domain D in R", n> 2, is called satisfying (A)-condition, if

mesDNB((,p) <O, -mesB((,p) V{edD, p<py, (12)

for some ©, and p, €(0,1) (see 1.1.3in [9]). Recall also that a domain D in R", n>2, is said
to satisfy the outer cone condition, if there is a cone that makes possible to be touched by its top to
every boundary point of D from the completion of D after its suitable rotation and shift. It is
clear that the outer cone condition implies (A)-condition.

Remark 1. Note that the quasidisks D satisfy (A)-condition. Indeed, the quasidisks are the
so-called QED —domains by Gehring—Martio (see, Theorem 2.22 in [10]), and the latter satisfy
the condition

mesDNB(L,p) <O, -mesB({,p) V{eadD, p<diaD (13)

for some O, €(0,1) (see, Lemma 2.13 in [10]), and the quasidisks (as domains with quasihyper-
bolic boundary) have boundaries of the zero Lebesgue measure (see, e.g., Theorem 2.4 in [6]).
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Thus, it remains to note that, by definition, the completions of quasidisks D in the the extended
complex plane C:=CuU{eo} are also quasidisks up to the inversion with respect to a circle in D .

Probably, the first example of a simply connected plane domain D with the quasihyperbolic
boundary condition, which is not a quasidisk, was constructed in [7], Theorem 2. However, this
domain satisfieds (A)-condition. Probably, one of the simplest examples of a domain D with
the quasihyperbolic boundary condition and without (A)-condition is the union of 3 open disks
with the radius 1 centered at the points 0 and 1+i. It is clear that the domain has zero interior
angle at its boundary point 1 and, consequently, by Remark 1, it is not a quasidisk.

3. Dirichlet problem for semilinear equations.

Theorem 1. Let D be a Jordan domain in C satisfying the quasihyperbolic boundary condi-
tion, Ae M 2X2(D), let @:0D — R be a continuous function, and let f:R —R be a continuous
Jfunction such that

lim L2 0. (1)

t—oo t
Then there is a weak solution u: D — R of Eq. (2), which is locally Holder-continuous in D and con-
tinuous in D with u |y, = ¢. If, in addition, ¢ is Holder-continuous, then u is Holder-continuous in D.

Proof. By Theorem 1 in [4] (see, also Theorem 4.1 in [3]), if u is a weak solution of (2), then
u=Uow, where ® is a quasiconformal mapping of D onto the unit disk I agreed with A, and
U isaweak solution of Eq. (9) with = J ,where J stands for the Jacobian of ®™'. It is also easy
to see that if U is a weak solution of (9) with 2= J ,then u=U - is a weak solution of (2). This
allows us to reduce the Dirichlet problem for Eq. (2) with a continuous boundary function ¢ in
the simply connected Jordan domain D to the Dirichlet problem for Eq. (9) in the unit disk D
with the continuous boundary function y = oo™'. Indeed, ® is extended to a homeomorphism
of D onto D (see, e.g., Theorem 1.8.2 in [2]). Thus, the function y is well defined and really is
continuous on the unit circle.

It is well-known that the quasiconformal mapping ® is locally Hélder-continuous in D
(see Theorem 3.5 in [5]). Taking into account that D is a Jordan domain in C satisfying a qua-
sihyperbolic boundary condition, we can show that both mappings @ and ® ! are Hslder-con-
tinuous in D and D, correspondingly. Indeed, = HoQ, where Q is a conformal (Riemann)
mapping of D onto I, and H is a quasiconformal mapping of I onto itself. The mappings Q and
Q7! are Holder-continuous in D and in D, correspondingly, by Theorem 1 and its corollary in
[7]. Next, by the reflection principle, H can be extended to a quasiconformal mapping of C onto
itself (see, e.g., 1.8.4in [2]), and, consequently, H and H~' are also Hélder-continuous in D (see
again Theorem 3.5 in [5]). Thus, the Hélder continuity of @ and ©™" in closed domains follows
immediately.

Finally, it is easy to see that if ¢ is Holder-continuous, then y is also so, and all the con-
clusions of Theorem 1 follow from Theorem 3 in [1].

Remark 2. In Theorem 3 of [1], we assumed additionally that | /| is nondecreasing with
respect to ¢. However, setting fi(s)=max| f(¢)|, seR" :=[0,%), we see that the function

t<s
fi :RT = R" iscontinuous and nondecreasing. Moreover, f«(s)/s—0 as s — o by (14). Hence,
all estimates in the proof of Theorem 3 in [1] remain valid without this additional condition after

the change f — f..
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Corollary 1. In particular, under the hypotheses of Theorem 1 on D, ¢, and [, there is a weak
solution U of the quasilinear Poisson equation

AU(z)= f(U(z)) for ae. zeD (15)

which is locally Hélder-continuous in D and continuous in D with Ulyp= ¢ . If, in addition, ¢ is
Hélder-continuous, then U is Holder-continuousin D .

4. Some applied corollaries. The interest in this subject is well known both from a purely
theoretical point of view, due to its deep relations to linear and nonlinear harmonic analysis, and
because of numerous applications of equations of this type in various areas of physics, differen-
tial geometry, logistic problems, etc. (see, e.g., [11], [12], and the references therein). In parti-
cular, the excellent book by M. Marcus and L. Veron [12] contains a comprehensive analysis of
the Dirichlet problem for the semilinear equation

Au(z)= f(z,u(z)) (16)

in smooth (C?) domains D in R”, n>3, with boundary data in I'. Here, ¢t — /(- ¢) is a con-
tinuous mapping from R to a weighted Lebesgue space L'(D,p), and z—> f(z,-) is a nonde-
creasing function for every ze D, f(z,0)=0, with

CHIN
1m =

t—>o0

(17)

uniformly with respect to the parameter z in compact subsets of D .

The mathematical modeling of some reaction-diffusion problems leads to the study of the cor-
responding Dirichlet problem for Eq. (1) with specified right-hand side. Following [13], a nonlin-
ear system can be obtained for the density # and the temperature T of a reactant. Upon elimi-
nating T, the system can be reduced to a scalar problem for the concentration

Au=7r-f(u), (18)

where A stands for a positive constant.

It turns out that the reactant density # may be zero in a closed interior region D, called a
dead core. If, for instance, in Eq. (18), f(u)=u?, ¢ >0,aparticularization of the results in Chapter
1 of [11] shows that a dead core may exist, if and only if 0<g <1 and A is large enough. See also
the corresponding examples of dead cores in [3]. We have, by Theorem 1, the following:

Theorem 2. Let D be a Jordan domainin C satisfying the quasihyperbolic boundary condition,
Ae MZ*(D), ¢:0D — R be a continuous function. Then there is a weak solution u: D — R of the
semilinear equation

div[A(z2)Vu(2)]=ul(z), 0<g<1 (19)

which is locally Hélder-continuous in D and continuous in D with ulyp= 0. If, in addition, ¢ is
Hoélder-continuous, then u is Holder-continuous in D .
We have also the following consequence of Corollary 1.
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Corollary 2. Let D be a smooth_Jordan domain in C , and let ¢:0D — R be a continuous fun-
ction. Then there is a weak solution U of the quasilinear Poisson equation

AU(2)=U"(z), 0<q<I1, (20)

which is continuous in D with Ulyp=¢ and U r\C1 oDy for all o.e(0,1). If, in addition, ¢ is

Hélder-continuous with some order Pe(0,1), then U is also Holder-continuous in D with the
same order.

Recall also that certain mathematical models of a heated plasma lead to nonlinear equations
of the type (18). Indeed, it is known that some of them have the form Awy(u)= f(u) with
W' (0)=+eo and y'(u)>0,if u#0,as, for instance, y(u)=|u |’ u under 0<g<1 (see, e.g. [14]
and [11, p. 4]). With the replacement of the function U= w(u) =|ul?-signu, we have that

u=|UR -signU, Q=1/¢q, and, with the choice f(u)=|u |q -sign u, we come to the equation
AU =|U |7 -signU =y(U).

Corollary 3. Let D be a smooth Jordan domain in C, and let ¢:9dD — R be a continuous func-

tion. Then there is a weak solution U of the quasilinear Poisson equation

AU(2)=|U(2)|7 T U(z), 0<q<1, (21)

which is continuous in D with Ulyp=¢ and U mC]10’g (D) forall a.e(0,1). If, in addition, ¢ is
Holder-continuous with some order B e (0,1), then U is also Holder-continuous in D with the
same order.

In the combustion theory, the following model equation

M=1~Au+e“, t>0, zeD, (22)

ot 3

occupies a special place (see, e.g., [15] and the references therein). Here, u > 0 is the temperature
of the medium, and & is a certain positive parameter. We restrict ourselves by stationary solutions
of (22) and generalizations in anisotropic and inhomogeneous media, although our approach ma-
kes it possible to consider the parabolic case as well (see [3]). Namely, by Theorem 1, we have:

Theorem 3. Let D be a Jordan domainin C satisfying the quasihyperbolic boundary condition,
AeM 12<X2 (D), andlet @ :0D — R be a continuous function. Then there is a weak solution u: D — R
of the semilinear equation

div[A(z2)VU (2)]=8-¢7VP, (23)

which is locally Hélder-continuous in D and continuous in D with ulyp=¢. If, in addition, ¢ is
Hélder-continuous, then u is Holder-continuousin D .

Finally, we obtain the following consequence of Corollary 1.

Corollary 4. Let D be a smooth Jordan domain in C, and let ¢:0D — R be a continuous
Jfunction. Then there is a weak solution U of the quasilinear Poisson equation

AU (2)=8-¢V® (24)
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which is continuous in D with Ulyp=¢ and Ume(’)g(D) forall ooe(0,1). If, in addition, ¢
is Holder-continuous with some order Be(0,1), then U is also Holder-continuous in D with
the same order.

This work was partially supported by grants of Ministry of Education and Science of Ukraine,
project numberis 0119U100421.
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! IrcTuTyT mpukaaanoi Mmatematnk i Mexarikn HAH Ykpainu, CiioB’sHCBK
Yepkacbkuii HallioHa/IbHUM yHIBepcuTeT iM. bormana XMeabHUIIBKOTO
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ITPO HAIIIBJITHIMHI PIBHAHHA B KOMIIJIEKCHIN IIJIOIIMHI

Hocnimxeno sagady Jipixie g HamiBAiHIMHMX PIBHAHb B yacTMHHUX noXiguux div (AVu)= f(u) B oaHo-
38’s3HMX obnactax D komiexctoi mwioman C 3 HerepepHUMY rpaHMYHUMEU yMOBaMU. JIOBEIEHO iCHYBaHHS
cnabKuX Po3B’SI3KiB u y Kiaci C nWli;CQ( D), sixmo JKopaanosa obmacts D 3a710BoJbHsIE KBasirinep6oiuny rpa-
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nuyny ymoBy lepinra—Maprio. HaBeneHo nipukiaz Takoi 061acTi, sika He 3a10BOJIbHSE cTaHAapTHY (A)-yMOBY
Jlapm:keHcbKoi— YpasibIeBOl Ta BiJoMy YMOBY 30BHINTHBOTO KOHYyca. TaKok HaBe/IeHO JIesIKi 3aCTOCYBAaHHS OTPU-
MaHMX pe3yJIbTaTiB /10 Pi3HUX IpolleciB Audysii Ta MOTJINHAHHS B aHI30TPOIHUX 1 HEOTHOPITHUX CePeIOBUIIAX.

Knmouosi cnosa: sadaua [ipixne, nanisninitini exinmuuni pienanus, KOH(popmmi ma keasikongopmii eidobpascen-
S, AHI30MPONHL ma HeoOHOPIoHi cepedosuua.
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! WuctutyTt npukaagaaoil MmateMatnky 1 Mexanukn HAH Ykpannsl, CraBssHCK
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O HOJYJMHENHBIX YPABHEHUAX HA KOMILJIEKCHOM IIJIOCKOCTU

Hccrenosana sagada Jupuxie A/ IMOTyTAHEHHBIX ypaBHEHNI B 4aCTHBIX NPou3BOAHBIX div (AVu)= f(u) B
OJIHOCBSI3HBIX 06JIAacTsAX D KOMILIEKCHOU TI0CKOCTU C € HEMPEPhIBHBIME TPAHUYHBIMU YCIOBUsIMHEL. JloKa3aHO
cyIecTBOBaHue CIabbix permeHuii y B Kiaacce C leﬁf (D), ecau Kopaanosa 06J1acTh YAOBIETBOPSIET KBa3U-
runepbOIMIecKOMY rpaHIHOMY ycsoBuio Tepnara—Mapruo. [IpuBesen npumep taxoit obracti, KOTopas He
YZIOBJIETBOPsIeT cTaHAapTHOMY (A)-yciaoBuio JlanblkeHCKo— YPasIblieBOi 1 MI3BECTHOMY YCJIOBUIO BHEIITHETO
KoHyca. Takxe nprBeseHb HEKOTOPbIE TPUMEHEHNS MOJIYYeHHBIX Pe3YIbTaTOB K Pa3JINYHBIM IIpolieccaM -
(ysuu 1 TIOTIIONEHNsT B aHU30TPOITHBIX I HEOJTHOPOIHBIX CpejlaX.

Karouesvie caoea: sadaua /lupuxne, noryiuneinoie S1Iunmuyveckue ypasHerusl, KOHPOPMHoie U K6A3UKOHPOPM-
Hble OMPANCCHUSL, AHUIOMPONHBLE U HEOOHOPOOHbIE CPEDbL.
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