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We investigate the most general class of Fredholm one-dimensional boundary-value problems in the Sobolev—Slo-
bodetskiy spaces. Boundary conditions of these problems may contain a derivative of the whole or fractional
order. It is established that each of these boundary-value problems corresponds to a certain rectangular numerical
characteristic matrix with kernel and cokernel having the same dimension as the kernel and cokernel of the bounda-
ry-value problem. The sufficient conditions for the sequence of the characteristic matrices of a specified boundary-
value problems to converge are found.
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Introduction. Boundary-value problems for systems of ordinary differential equations arise in
many problems of analysis and its applications. Unlike Cauchy problems, the solutions to such
problems may not exist or may not be unique. Thus, it is interesting to investigate the nature of
the solvability of inhomogeneous boundary-value problems in the functional Sobolev and So-
bolev—Slobodetskiy spaces and the dependence of their solutions on the parameter. For Fredholm
boundary-value problems, similar issues have been investigated in papers [1-5]. The case of un-
derdefined or overdefined boundary-value problems in Sobolev spaces was investigated in
paper [6].
Statement of the problem. Let a finite interval (a,b) c R and parameters

{m N, se(0,)\N, 1< p<oo,

be given. By W :=W]([a,b];C), we denote a complex Sobolev space and set W]? =L,. By
W)™ =W,(la,b];C") and (W;)"™™ =W ]([a,b];C™™"), we denote the Sobolev spaces of
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vector functions and matrix functions, respectively, with elements from the function space W}’
By |- || , we denote the norms in these spaces. They are defined as the sums of the correspon—
ding norms of all elements of a vector-valued or matrix-valued function in W, . The space of
functions (scalar functions, vector functions, or matrix functions) in which the norm is intro-
duced is always clear from the context. For m =1, all these spaces coincide. It is known that
W, are separable Banach spaces.

We denote, by W) :=W,([a,b];C), where 1< p<e and s>1 is not integer, the Sobolev—
Slobodetskiy space of all complex -valued functions belonging to Sobolev space W[S] and sa-
tisfying the condition

/p
\f”(x) o)
171, , =T 5+ II BT dody | <eo,

where [s] is the integer part, and {s} is the fractional part of the number s. Here, we recall that
||-||M , is the norm in the Sobolev space Wl[f]. This equality defines the norm | £] , in the space .

Consider a linear boundary-value problem on a finite interval (a, b) for the system of m first-
order scalar differential equations

(Ly) () =y O+ Ay ()= (1), te(ab), (1)
By=c, (2)

where the matrix function A(-) belongs to the space (Ws Y™™ the vector function f () belongs
to the space (W)™, the vector ¢ belongs to the space (C and B is a linear continuous operator

B:(w;hy" >’ 3)

The boundary condition (2) consists of / scalar boundary conditions for the system of m dif-
ferential equations of the first order. We represent vectors and vector functions in the form of
columns. A solution to the boundary-value problem (1), (2) is understood as a vector function
ye (W;r1 )" satisfying Eq. (1) for s >1+1/p everywhere and, for s <1+1/p , almost everywhere
on (a,b) and equality (2) specifying [ scalar boundary conditions. The solutions to Eq. (1) fill
the space (W;“)m , if its right-hand side f(-) runs through the space (W,)". Hence, the boun-
dary condition (2) is the most general condition for this equation and includes all known types of
classical boundary conditions, namely, the Cauchy problem, two- and multipoint problems, in-
tegral and mixed problems, and numerous nonclassical problems. The last class of problems
may contain derivatives of integer or fractional order & of required vector — functions, where
O<k<s+1.

The main purpose of this work is to establish whether the boundary-value problem (1), (2)
has the Fredholm property; to find its index and the dimension of the cokernel and the kernel
of the operator of an inhomogeneous boundary-value problem in terms of the properties of a
special rectangular numerical matrix and to investigate its stability. In the case of Sobolev spaces
of integer order, similar results were obtained in [6].
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Main results. We rewrite the inhomogeneous boundary-value problem (1), (2) in the form
of a linear operator equation

(L, Byy=(/,0),

where (L, B) is a linear operator in the pair of Banach spaces
(L, B): (W3H)" — (W) xC'. (5)

Let X and Y be Banach spaces. Recall that a linear continuous operator T:X —Y is called a
Fredholm operator, if its kernel kerT and cokernel Y/T(X) are finite-dimensional. If the ope-
rator is a Fredholm one, then its range T'(X) is closed in Y , and the index

ind T:=dim kerT-dim(Y/T(X))

is finite (see, e.g., [7], Lemma 19.1.1).
Theorem 1. The linear operator (5) is a bounded Fredholm operator with index m—1 .
Denote, by Y (-) e (W,;)™*", the unique solution to a linear homogeneous matrix equation

Y (O)+AWOY()=0,, te(ab), (6)
with the initial condition
Y(a)=1,. (7

Here, O,, are zero matrices, and I, are identity (mxm) matrices. The unique solution to
the Cauchy problem (6), (7) belongs to the space (W;“)mxm )

By [BY], we denote a numerical matrix of dimension (mx/) whose i-th column is a result of
the action of the operator B from (3) on i-th column of the matrix function Y (), ie {1,...,m}.

Definition 1. A rectangular numerical matrix

M(L, B)=[BY]eC", 8)

is called the characteristic matrix for the inhomogeneous boundary-value problem (1), (2).

Here, m is the number of scalar differential equations of system (1), and / is the number of
scalar boundary conditions.

Theorem 2. The dimensions of the kernel and cokernel of operator (5) are equal to the dimen-
sions of the kernel and cokernel of the characteristic matrix (8), respectively:

dim ker(L, B)=dim ker(M(L, B)),
dim coker(L, B)=dim coker(M(L, B)).

A criterion for the invertibility of the operator (L, B) follows from Theorem 2, i.e., the condi-
tion under which problem (1), (2) possesses a unique solution, and this solution continuously
depends on the right-hand sides of the differential equation and the boundary condition.

Corollary 1. Operator (5) is invertible, if and only if | =m , and the square matrix M(L, B) is
nondegenerate.
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Application. In addition to problem (1), (2), we consider the sequence of inhomogeneous
boundary-value problems

L(kyy(t, ky=y'(t, )+ At Byt k)= f(t, k), te(ab), 9)
B(R)y(,k)=c(k), keN, (10)

where the matrix functions A(, k), the vector functions f (., k), the vectors c(k) and linear
continuous operators B(k) satisfy the above conditions for problem (1), (2).

With the boundary-value problem (9), (10), we associate a sequence of linear continuous
operators (L(k), B(k)): (W}fJr1 )= W) xC!
and a sequence of characteristic matrices

M(L(k), B(k))=[B(R)Y(, k)] C™

depending on the parameter ke N .

We now formulate a sufficient condition for the convergence of the characteristic matrices
M(L(k), B(k)) to the matrix M(L, B).

Theorem 3. If the sequence of operators (L(k), B(k)) converges strongly to the operator
(L,B) for k— oo, then the sequence of characteristic matrices M(L(k), B(k)) converges to the
matrix M(L, B).

Corollary 2. Under the assumptions from Theorem 3, the following inequalities hold

dim ker(L(k), B(k))<dim ker(L, B),
dim coker(L(k), B(k))<dim coker(L, B).

Jor sufficiently large k.

In particular:

1) If [=m and the operator (L, B) is invertible, then the operators (L(%), B(k)) are also
invertible for large k;

2) If the boundary-value problem (1), (2) has a solution for any values of the right-hand
sides, then the boundary-value problems (9), (10) also have a solution for large &;

3) If the boundary-value problem (1), (2) has a unique solution, then problems (9), (10)
also have a unique solution for each sufficiently large .
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IIPO PO3B’A3HICTb HEOJHOPIJTHNX KPAMOBUX 3A1AY
Y ITPOCTOPAX COBOJIEBA—-CJIOBOJEIIBKOTO

Jlocmimskerno HalOIBII IMUPOKUI KJIac HETEPOBUX OJIHOBUMIPHHMX KpailoBHX 3agayu y mpocropax CoboJiea—
Crnobozenpkoro. KpailoBi yMOBH B HUX MOKYTh MICTUTH MOXiZHI PO3B’I3Ky HiJI0OTO ab0 APOOOBOTO TOPSIIKY.
Beranosisieno, 1mo KOXHIN i3 TaKUX KpalloBUX 3a/1a4 BIATIOBi/IA€ /lesKa MPSAMOKYTHA YMCJIOBA XapaKTepuc-
TUYHA MaTPUI, BUMIPHICTD Spa i Kosgapa Kol 30iraloTbCs BiAIOBIAHO 3 BUMIPHICTIO sApa i KOSApa KpailoBoi
3amavi. 3HaleHi 1ocTaTHI YMOBHU 361KHOCTI MOCTIIOBHOCTI XapaKTEPUCTUIHNX MATPUIh PO3TIISTHYTHX Kpa-
MOBUX 3aj1a4.

Kntouosi crosa: neoonopiona xpaiiosa sadaua, npocmip Coboncsa—Crobodeupkozo, nemepie onepamop, inoexc
onepamopa.
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O PASPEHIMMOCTU HEOJJTHOPOAHDBIX KPAEBBIX 3AJAY
B ITPOCTPAHCTBAX COBOJIEBA—CJIOBOJEIIKOTO

I/ICCJIGI[yETCH Haubosee H_II/IpOKI/Iﬁ KJIaCC HETEPOBLIX OJHOMEPHBIX KPAa€BbIX 3a/la4 B IIPOCTPaHCTBAX CoboneBa—
CJIO60]I€‘L[KOI‘O. KpaeBbIe yCiIoBUA B HUX MOTYT COAEPKATH IMPOM3BOHBIE DPEIIECHUA IEJIOTO WJIN I[pO6HOl"O
Iops/iKa. HOKaSaHO, YTO KaKJ 0l 13 TAKUX Kpa€BbIX 3a/la4 COOTBETCTBYET HEKOTOPAA IIPAMOYTOJIbHAA YUCJI0Bad
XapaKTEePUCTUYECKaA MaTpPUIla, PAa3MEPHOCTH AApa U KOoAdpa KOTOpOf/'I COBIIAZIalOT COOTBETCTBEHHO C pa3Mep-
HOCTDBIO AApa U KodA/Apa KpaEBOfI 3a/la4vyn. HaﬁﬂeHbI AO0CTAaTOYHbIE YCJIOBUA CXOAMMOCTU HOCJICA0OBATEIbHOCTU
XapPaKTEPUCTUYIECKUX MATPUIL PACCMOTPEHHDBIX KPA€BbIX 3a/1a4.

Kmouesote caosa: neoonopoonas xpaesas sadaua, npocmpancmeo Cobonesa—Crobodeykozo, nemepos onepa-
mop, undexc onepamopa.
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