https://doi.org/10.15407 /dopovidi2020.06.007
UDC 517.5

V.I. Ryazanov " ?, S.V. Volkov®

"Institute of Applied Mathematics and Mechanics of the NAS of Ukraine, Slov’yansk
? Bogdan Khmelnytsky National University of Cherkasy

® Donetsk National Technical University, Pokrovsk

E-mail: vl.ryazanov1@gmail.com, serhii.volkov@donntu.edu.ua

Mappings with finite length distortion and Riemann surfaces
Presented by Corresponding Member of the NAS of Ukraine V.Ya. Gutlyanskii

We prove a series of criteria in terms of dilatations for the continuous and homeomorphic extension of the
mappings with finite length distortion between domains on Riemann surfaces to the boundary. The criterion for
the continuous extension of the inverse mapping to the boundary is turned out to be a very simple condition on the
integrability of the dilatations in the first power. Moreover, the domain of the mapping is assumed to be locally
connected on the boundary and its range has a weakly flat boundary. The criteria for the continuous extension of
the direct mappings to the boundary have a much more refined nature. One of such criteria is the existence of a
majorant for the dilation in the class of functions with finite mean oscillation, i.e., having a finite mean deviation
Jrom its mean value over infinitesimal disks centered at the corresponding boundary point. A stronger (but simpler)
one is that the mean value of the dilatation over infinitesimal disks centered at the corresponding boundary point is
[inite. The domain is again assumed to be locally connected on the boundary and its range has a strongly accessible
boundary. We give also many other criteria for the continuous extension of the direct mappings to the boundary.
As consequences, the corresponding criteria for a homeomorphic extension of mappings with finite length distortion
to the closures of domains are obtained.

Keywords: Riemann surfaces, boundary behavior, mappings with finite length distortion, strongly accessible and
weakly flat boundaries.

1. Introduction. The present paper is a natural continuation of our previous papers [1-3], where
the reader can find the corresponding historic comments and a discussion of many definitions
and relevant results. The given papers were devoted to the theory of the boundary behavior of
mappings with finite distortion by Iwaniec.

Here, we will develop the theory of the boundary behavior of the so-called mappings with
finite length distortion first introduced in [4] for R", n>2, see also Chapter 8 in [5]. As was
shown in [6], such mappings, generally speaking, are not mappings with finite distortion by
Iwaniec, because their first partial derivatives can be not locally integrable. At the same time,
this class is a natural generalization of the well-known classes of bi-Lipschitz mappings, as well as
isometries and quasi-isometries.
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2. Definitions and preliminary remarks. We assume that all mappings under consideration
are continuous. The previous definitions can be found in [1-3]. Here, we restrict ourselves in the
main by new conceptions.

Let us start from the main definitions in [4] adopted to the case of domains D in the complex
plane C, see also Chapter 8 in [5]. It is said that a mapping f: D — C is of finite metric distortion,
written fe FMD,if f hasthe (N)-property by Luzin with respect to the areain C and

0<l(z, [)<L(z,[)<o ae. (1)
where
I(z, /)= liminf M, L(z, )= limsupM. 2)

>z, 8eD |C_Z| {—z CeD |C_Z|

Now, we say that a mapping f:D — C has (L) -property, if, for a.e. path y in D, the path
¥= f o7 is locally rectifiable, and f |"{ has the (N)-property by Luzin with respect to the length
measure. Recall that a path y in D is a mapping y:A — D, where A is an interval in R . More-
over, it is said that a property holds for almost every (a.e.) path of a family, if the property fails
only for its subfamily of paths of conformal modulus zero, see the definition of the conformal
modulus on Riemann surfaces in [1-3].

We say also that a homeomorphism f between domains D and D" in C is of finite length
distortion, written fe FLD, if fe FMD and, moreover, f and f~' have (L)-property. A special
case is bi-Lipschitz homeomorphisms for which the quantities in (1) are uniformly in the do-
main D separated from zero, as well as from infinity. Thus, homeomorphisms of finite length
distortion are a far reaching generalization of isometries and quasiisometries.

Remark 1. By Theorem 6.10 in [4] or Theorem 8.6 in [5], a homeomorphism f e FLD between
domains D and D" in C satisfies the inequality

M(fT)< [Q(2)-p*(2)dm(2) (3)
D

with Q = K, for any family I" of paths y in D and pe admT, see [1—3] for definitions of the dila-
tation K , the conformal modulus M of families of paths, and admissible functions p: D — [0, .

Homeomorphisms f between domains D and D” in the complex plane C satisfying con-
ditions of the type (3) are called Q-homeomorphisms, see [7], and also Chapters 4—6 in [5].
Correspondingly to Remark 1, such homeomorphisms form a wider class of mappings than home-
omorphisms with finite length distortion.

Let us pass to the corresponding definitions on Riemann surfaces. So, let f be a homeo-
morphism between domains D and D" on Riemann surfaces S and S”. First of all, we say that f
is a mapping with finite length distortion, written fe FLD, if f isso in charts of S and S*. In
view of properties of conformal mappings, namely, the (N)-properties by Luzin with respect to
area, as well as to length, and invariance of local rectifiable paths, see e.g. Theorem 5.6 in [8],
the definition is independent of the choice of charts. We also say that f is a local Q-homeomor-
phism for a measurable function Q:S — (0, %), if (3) holds for any family T of paths y in D lay-
ing inside an arbitrary prescribed chart U of the Riemann surface S.
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Remark 2. As is known, if a function p:V — [0, ] is admissible for a family A of paths a in
an open set V of the complex plane C, then the function p ({)=p(¢ ' (0)/| ¢ (971 (0))] is
admissible for the family B:=@A of paths f:=@oo under every conformal mapping ¢:V — C,
see again Theorem 5.6 in [8]. Thus, the right-hand side in inequality (3) is a conformal invariant,
because the Jacobian of ¢(z) is equal to |¢'(2) >

Proposition 1. Every homeomorphism | with finite length distortion between domains D and
D" on Riemann surfaces S and S*, correspondingly, is a local Q-homeomorphism with Q = K Iz

Here and below, we assume that K s is extended by zero outside of D .

Proof. Let g:U — C be a chart of the Riemann surface S. Since the space S is separable,
the open set DNU consists of a countable collection of its components U, every of which is
homeomorphic to the plane domain Vj, := g(U,). Thus, every domain U, := f(U,) is also ho-
meomorphic to the plane domains V, and, consequently, by the general Koebe principle, see
Section I1.3 in [9], U is a chart of the Riemann surface S*.

Note also that the path family T is split into a countable collection of mutually disjoint path
families T, lying in the domains U,. Hence, the path family I := fT is split also into a countable
collection of mutually disjoint path families T'; := /T, lying in the domains U,, i.e., in the cor-
responding charts of the Riemann surface S*. Thus, by Remark 1 in [1] and by Remarks 1 and 2
of the present paper, we obtain the desired conclusion.

3. The main lemma. Recall that the factor D/G of the unit disk D with a discrete group G
of fractional mappings of D onto itself without fixed points is a Riemann surface with charts from
the natural (locally homeomorphic) projection ©:1D — D/G, see Theorem 6.2.1 in [10].

Lemma 1. Let G be a discrete group of fractional maps of D onto itself with no fixed points,
and f:D— D" be a homeomorphism of finite length distortion between domains D and D" on
Riemann surfaces S:=D/G and S*, p,e D.

Then there is €(p,) such that the natural projection n:D —D/G is injective on a hyperbolic
disk By :={ze D:h(z,z))<e(p,)}, where zye T (p,), and

M) < [K(p)E (p)dh(p) (4)
D
Jor families T of pathsin DN1(B,) and measurable functions &: D — [0, o], such that
[e(pydsy(p)>1 vyeT. (5)
¥

Remark 3. By the Klein—Poincaré theorem on the uniformization, see I11.3 in [9], an arbitrary
Riemann space S is conformally equivalent to the unit disk D factored by a discrete group G of
fractional mappings of D onto itself without fixed points, excepting the simplest cases of S that
are conformally equivalent to C, C, a ring, or a torus.

In the case of a torus, S is conformally equivalent to a factor C/G with respect to a group G
of shifts in C with 2 generators z—z+w, and z— z+w®,, where o, and ®,e C\{0} and
Im @, /®, >0. In this case, a fundamental domain F is a parallelogram whose sides are parallel
to ®; and ,, and gluing its opposite sides just gives a torus. The metric and the area on the
surface C/G in small coincide with the Euclidean ones, because the Euclidean metric and area
are invariant under shifts.
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By the scheme of the proof below relations (4) are also valid for all the given special cases
with the Euclidean metric and area instead of hyperbolic ones. Later on, for the universality, we
keep the same notations in these cases, too.

Proof. By Section 2 in either [1] or [3], we may identify D/G with a fundamental set Fin D
for G with the metric d defined by (2.10) in [1] that contains a fundamental Poincaré polygon
P, for G centered at z,e 11:_1(p0). Let us choose &(p,)>0 such that d(z,,z)=h(z,,z) for

d(zy,z)<e(py) and €(py) <9, :=min igllf d(z,,C),supd(zy, 2) |.
ceoP,

0 zeD

Since ds, (z)=2|dz| /(1-| z[*), we see that, for every & satisfying (5), jn(z) |dz|>1 VyeT,

¥
12&|(2|)2, i.e, the function m is admissible for the family I" of paths y in DNr(B,).
-z

Moreover, since dh(z)=4dxdy /(1-|z*)*, z=x+iy, we obtain that

where n(z2):=

[K; ()8 (2)dh(2) = [K () (2)dm(2), (6)
D D

where dm(z):=dxdy corresponds to the Lebesgue area in the plane C. Thus, the conclusion of
Lemma 1 follows from Proposition 1.

Remark 4. In other words, the statement of Lemma 1 means that every homeomorphism f of
finite length distortion between domains on Riemann surfaces is a local K, -homeomorphism
with respect to the hyperbolic metric and the hyperbolic area. Note also that Riemann surfaces
are locally the so-called Ahlfors 2-regular spaces with the given metric and measure %, see
Theorem 7.2.2 in [10]. Hence, we may apply results in [11] on the boundary behavior of Q -home-
omorphisms in metric spaces with measures to homeomorphisms with finite length distortion
between domains on Riemann surfaces. It makes possible us, in comparison with [12], to formu-
late new results in terms of the metric and measure ~ but not in terms of local coordinates on
arbitrary Riemann surfaces, see [1] or [3] and the end of Remark 3 on notations.

4. On the extending of the inverse mapping to the boundary. By contrast with the direct
mappings, see the next section, we have the following simple criterion for the inverse mappings,
see definitions in [1-3]. _

Theorem 1. Let S and S* be Riemann surfaces, D and D" be domains in S and S, cor-
respondingly, 0D ¢S and 0D* =S", D be locally connected on its boundary, and let 0D” be
weakly flat. Suppose that [ : D — D" is a homeomorphism of finite length distortion with K e L%OC )
Then the mapping g = f~': D" — D can be extended by continuity to a mapping g:D* — D .

Proof. By the Uryson theorem, S is a metrizable space. Hence, the compactness of S is
equivalent to its sequential compactness, and the closure D is a compact subset of S. Thus, the
conclusion of Theorem 1 is true by Theorem 6.1 in [11] and by Lemma 1 and Remarks 3—4.

5. On the extending of the direct mappings to the boundary. As was already established
in the plane, no degree of integrability of Q leads to the extension of direct mappings of Q -home-
omorphisms to the boundary, see Proposition 6.3 in [5]. The corresponding criterion for FLD
given below is much more refined. Namely, by Lemma 5.1 in [11], as well as Lemma 1 and Re-
marks 3-4 above, we obtain the following, see definitions in [1-3].
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Lemma 2. Let S and S* be Riemann surfaces, D and D" be domains in S and g, oDcS,
oD" cS*, D be locally connected at a point p,e oD . Suppose that f:D— D" is a homeomor-
phism of finite length distortion, 0D is strongly accessible at least at one point in the cluster set

C(py, [) ,and

[ Keo)vi o (h(p, p))dh(p)=o(I; . (€)) as =0 %)

e<h(p, py)<g

Jor some g, >0, where y 2 (t) is a family of nonnegative measurable functions on (0, «) such that

0<1, . (&)= jq;p (Odt <o Vee(0,g,). (8)
Then f is extended by continuity to the point p,,and f(p,)e oD".

Note that conditions (7), (8) imply that Ip & (8) > as € >0, and g; can be chosen ar-
bitrarily small with keeping (7), (8).

Lemma 2 makes it possible to derive a series of criteria on the continuous extension of
mappings with finite length distortion to the boundary, for instance:

Theorem 2. Let S, S* be Riemann surfaces, D, D* be domains on S, S*, 9D c 'S, 9D* cS*, D
be locally connected on oD, 0D" be strongly accessible. Suppose that f:D — D" is a homeo-
morphism in FLD and, for all p,€ oD,

e(py) dr

- = K , = K d . 9
LY [V55) IK Ioryi= [ K (p)ds(p) (9)

h(p, py)=r

Then the mapping f is extended by continuity to D and f(dD)=0D" .
Proof. Indeed, setting ¥, (O=1/ 1K/ [[(py,t) forall £ (0,¢y), & :=2(p,),and ¥, (D=1
forall te (g, >), we obtain from condition (9) that

[ K)v G po)dh(p)=1, . (©)=0(I} . (&) as -0,
e<h(p, Po)<g

where, in view of the condition K,(p)e[l,) a.e.in D, 0< Il’o’ e (e):= pro (t)dt <oo.
€

Thus, the first conclusions of Theorem 2 follow from Lemma 2. The second conclusion of
Theorem 2 follows, for instance, from Proposition 2.5 in [11], see also Proposition 13.5 in [5].
Corollary 1. In particular, the conclusion of Theorem 2 holds, if

K;(p)=0 log; as p—p, Vp,€dD (10)
h(p’ pO)
or, more generally,
kpo(a):O(logl) ase—0 Vp,eadD, (11)
€
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where kpo (g) is the mean value of the function K over the circle h(p, py)=¢.
By Theorem 3.1 in [13], we have the following consequence of Theorem 2.
Theorem 3. Under hypotheses of Theorem 2, suppose, instead of (9), that

[ (K (p))dh(p)<e (12)
U

in a neighborhood U of oD , where ®: R >R isa nondecreasing convex function with the con-
dition

=co, §>®(0). (13)

T drt
5 rCI)_1(1:)

Then the mapping f is extended by continuity to D and f(dD)=9D" .

Remark 5. Note that, by Theorem 5.1 and Remark 5.1 in [14], condition (13) is not only
sufficient, but also necessary for the continuous extension of all mappings f of finite length
distortion with integral restrictions of the form (12) to the boundary. Note also that, by Theo-
rem 2.1 in [13], condition (13) is equivalent to a series of other conditions, and the most interes-
ting of them is

.flogd)(t)d—zt:+oo Jor some A>0. (14)
t
A

Corollary 2. In particular, the conclusion of Theorem 3 holds, if, for some o.>0,

[ P an(py<os. (15)
U

The next statement holds by Remarks 3—4 and Lemma 2 with y(¢)=1/¢.
Theorem 4. Under the hypotheses of Theorem 2, if, instead of (9),

2
J Kf(p)L[”Q=o [log{' ase—>0 Vp,eaD, (16)
e<h(p, py)<eg h(p, po) €

then the mapping f is extended by continuity to D and f(dD)=0D" .
Following [11], see also Section 13.4 in [5], we say that a function ¢:S — R has finite mean
oscillation at a point p, € S, written o FMO(p,), it

limsup lo(p)—®, |dh(p)<oo, (17)

|
£—0 ‘B(p0’8)|3(p0'8)

where @, is the mean value of @ over the disk B(p,,e)={pe S:h(p, py)<e}.

By Remarks 3-4 and Lemma 2 with the choice Yo, L(OH=1/t log% ,in view of Lemma 4.1 and

Remark 4.1 in [11], see also Lemma 13.2 and Remark 13.3 in [5], we come to the next
Theorem 5. Under the hypotheses of Theorem 2, if, instead of (9),
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K/(p)gQ(p)e FMO(p,) Vp,edD, forsomeQ:S—R". (18)

Then the mapping [ is extended by continuity to D and f(dD)=90D" .
By Corollary 4.1 in [11], see also Corollary 13.3 in [5], we have the following proposition.
Corollary 3. In particular, the conclusion of Theorem 5 holds, if

lim sup

1
1B Cpo-) Ky (p)dh(p)<es V¥ py&dD. .
&0 |B(p0y€)|j3(po,a) 7(p)dh(p)< poe .

Remark 6. Note that Lemma 2 allows the pointwise analysis. Note also that, combining the
above results on the continuous extension with Theorem 1, we come to the corresponding results
on the homeomorphic extension of mappings with finite length distortion to the boundary.
However, we do not formulate them in the explicit form here because of the restrictions on the
volume of the paper.

This work was partially supported by grants of Ministry of Education and Science of Ukraine,
project number is 0119U100421.
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BIZOBPAKEHHA 31 CKIHYEHHUM CIIOTBOPEHHAM
JTOBKXWHN TA PIMAHOBI IIOBEPXHI

Y TepMminax aumartaiiiii 10BeIeHO Psijl KPUTEPIIB /1Ji HETIePEePBHOTrO Ta TOMeOMOP(HOTO ITPOIOBKEHHS HA TPaHU-
1710 Bi0GpakeHb 31 CKIHIEHHUM CTTOTBOPEHHSIM JOBKUHI MiK 06TaCTSIMI Ha PIMaHOBHUX MOBEPXHsIX. Kputepiem
JUIST HETIEPEPBHOTO TIPOOBKEHHs 0OepHEHUX BifoOpaskeHb Ha TPAHUINO € Jy’Ke TIPOCTa yMOBa PO IHTErpoBa-
HiCTD UTaTaIli B meproMy creredi. [1pu 1ibomy 061acTh BUSHaUEHHS BiIOOpasKEHHS MependavaEThest IOKATHHO
3B’I3HOI0 Ha IpaHuili, a 06JacTh 3HaYeHb — 3i c1abo MI0CKOI0 Tpanuien. Kpurepii ais HerepepBHOTo 1poo-
BJKEHHSI Ha TPAHUITO TIPSIMUX BiZOOpakeHb MaloTh HabaraTo ToHITy npupoay. OIuH i3 KpUTepiiB MoIsATaE B ic-
HyBaHHI Ma)KOpaHTH AujaTallii B kaaci GyHKINi 31 CKIHUEHHUM cepeiHiM KOJIMBaHHSIM, TOOTO TaKuX, 1[0 MAOTh
KiHI[EBE Cepe/HE BiIXUJIEHHS Bijl CBOTO CEPEHBOT0 3HAUEHH HaJ iH(iHiTe3MMaTbHIMU (HECKIHIEHHO MAJTUMH )
KOJIAMU 3 IIEHTPOM Yy Bi/INOBIAHIN rpaHuyHiit Touti. Bisbin jkopcTka, aje Gibi IpocTa BUMOTaA MOJISITaE B TOMY,
10 cepeiie 3HAYeHHs AuIaTaiii Haj iHiHiTe3nMaTbHUMI KOJIAaMA 3 IEHTPOM Y BiIMTOBIHIT TPaHUIHIN TOUIT
ckinuenne. O61acTh BUSHAUEHHSI 3HOBY TIepe0auacThCs JJOKAIbHO 3B’ I3HOI0 Ha IPaHMUIli, a 00J1acTh 3HaYEHb — i3
CHJIBHO TOCSKHOTO TpaHuTieo. Takok HaBeeHo HaraTo iHIMX KPUTEPIiiB HEMEPEPBHOTO MPOIOBKEHHS Ha TPAHN-
110 TIPSAMUX BiftoOpaskeHb. SIK HACTiAKK OTPUMYEMO BiATIOBIHI KpUTEPIi A1t TOMEOMOP(hHOTO TIPOAOBKEHHS Ha
rpaHuirio obsacreil BizobpaskeHb 31 CKIHUEHHUM CIIOTBOPEHHSAM JIOBKUHU.

Kmouosi crosa: pimanosi nosepxii, 6idobpancenis 3i CKIHUEHHUM CNOMBOPEHHAM O08ICUHI, CULLHO OOCINCHI T
c1abo NIOCKL 2panuy.
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OTOBPAJKEHNVA C KOHEYHbBIM UCKAKEHNEM
JUIMHBI 1 PUMAHOBbBI ITIOBEPXHOCTU

B repMuHax nunaranuii 1oKasaH psil KPUTEPUEB [Tl HEIIPEPBIBHOTO U TOMEOMOPGhHOTO MPOJIOIKEHUS HA IPa-
HUTLY OTOOPaKEHUN ¢ KOHEUHBIM MCKAKEHNEM JUTHHDBI MEKITY 0OJTacTSIMU Ha PUMAHOBBIX MOBEPXHOCTSX. Kpu-
TEpUEM JIUIsS HEMTPEPBIBHOTO TIPOAOJIKEHNsT 00paTHBIX O0TOOPaKEHNWI Ha TPAHMILYy OKA3bIBAETCS OYEHBb TIPOCTOE
yCIIOBHE 00 WHTETPUPYEMOCTH AUIATAINN B MePBOi cTemeHn. [Ipu aToM 06JacTh OTpeIesieH st 0TOOpaKEeHMsT
[IPe/IIoIaraeTcst JOKaIbHO CBSI3HOI Ha IpaHMuIle, a 00JacTh 3HAYEHIIT — cO ¢/1abo TIOCKOM rpanuiieil. Kpurepuu
JUISL HEIIPEPLIBHOTO TIPOIOJIKEHUS HA TPAHUILY MPSAMbBIX OTOOPAKEHUIT UMEIOT ropasno 60Jjiee TOHKYIO IPUPOLY.
Ol 13 KPUTEPUEB COCTOUT B CYIECTBOBAHUU Ma’KOPAHTHI IUJIATAIIUU B KjIacce PYHKITNI ¢ KOHEYHBIM CpeJl-
HUM KOoJTeGaHueM, T. €. IMEIOIINX KOHEUHOe CPeHee OTKIOHEHIE OT CBOETO CPEHETO 3HAUEHUST HA/l MHMUHI-
Te3UMabHBIMU (GECKOHEUHO MaJbIMU) KPYraMu ¢ IEHTPOM B COOTBETCTBYIOIIEH TpaHUUHOI Touke. Bosee
cuiIbHOE, HO GoJiee TIPoCcToe TpeboBaHUE COCTOUT B TOM, UTO CPE/Hee 3HAUeHUe JAUJIaTallui Hajl MHUHUTE3N-
MaJIbHBIMU KPyTaMU ¢ I[EHTPOM B COOTBETCTBYIOIEH rpaHNYHON Touke KoHeuHo. O6acTh ONpeeeHrst CHOBa
MIPEITOJIATAETCST TOKATBHO CBSIZHOM Ha TPaHuIle, a 067aCTh 3HAYEHUH — € CUIBHO TOCTIKUMOTT Tparuteii. Tak-
JKe MPUBEIEHbI MHOTHE JPYTHe KPUTEPUU HEMPEPBIBHOTO MPOMOJIKEHHsT HA TPAHUILY MPSMBIX OTOOPasKEHHUIA.
B kauecTBe caeCTBIH MOMYYIAIOTCS COOTBETCTBYIONTHE KPUTEPUH JIJISI TOMEOMOP(MHOTO TPOTOJIKCHIS B 3aMBI-
KaHue obsacteil 0TOOpaskeHUH ¢ KOHEYHBIM NCKAsKEHUEM JIJTHHBL.

Kmoueewvte cnosa: pUumManossl nOGEPXHOCMU, 0m06paafceuuﬂ C KOHEUHbIM UCKANCCHUEM aJZqul, CUILHO docmu-
JcumbLe u CLado niocKue panuubl.
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