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The study of the Dirichlet problem with arbitrary measurable boundary data for harmonic functions in the unit disk
is due to the famous Luzin dissertation. Later on, the known monograph of Vekua was devoted to boundary-value
problems for generalized analytic functions, but only with Holder continuous boundary data. The present paper con-
tains theorems on the existence of nonclassical solutions of Riemann and Hilbert problems for generalized analytic
Junctions with sources whose boundary data are measurable with respect to the logarithmic capacity. Our approach
is based on the geometric interpretation of boundary values in comparison with the classical operator approach in
PDE. On this basis, one can derive the corresponding existence theorems for the Poincaré problem on directional
derivatives to the Poisson equations and, in particular, for the Neumann problem with arbitrary boundary data that
are measurable with respect to the logarithmic capacity. These results can be also applied to semilinear equations of
mathematical physics in anisotropic inhomogeneous media.
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1. Introduction. The well-known monograph by Vekua [1] is devoted to the theory of generali-
zed analytic functions, i.e., continuous complex valued functions %(z) of the complex-variable
z=x+iy with generalized first partial derivatives by Sobolev in domains D < C satisfying a.e.
equations of the form
dsh+ah+bh=g, o5 =%[i+zi] (1)
where the complex-valued functions a,b and g belong to a class I” with p>2. If a and
b=0and g is real-valued, then we call & by a generalized analytic function with the source g .
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The research of the Dirichlet problem for harmonic functions in the unit disk D :={ze C: | z | <1}
with arbitrary measurable boundary data is due to the Luzin dissertation, see its original text
[2] and its reprint [3]. Later on, a series of results on various boundary-value problems have
been formulated and proved in terms of the logarithmic capacity, see its definition and proper-
ties, e.g., in [4]. The base are the following analogs of the Luzin theorems in [5], see also [6],
where g.e. means quasi-everywhere with respect to the logarithmic capacity.

Theorem A. Let ¢:[a,b]—> R be measurable with respect to the logarithmic capacity. Then
there is a continuous @ :[a,b] —» R with ®'(x)=@(x) q.e.

Theorem B. Let @:0D — R be measurable with respect to the logarithmic capacity and fi-
nite q.e. Then a space of harmonic functions u in D with the angular limits u(z) — ¢({) as z—
q.e.on dD has the infinite dimension.

On the basis of Theorem B, the following result on the Hilbert problem was obtained:

Theorem C. Let A:0D—C, k(C)| =1, be of bounded variation and ¢:0D — R be measu-
rable with respect to the logarithmic capacity. Then there is a space of analytic functions [:D — C
of the infinite dimension with the angular limits

lgn%Re{@-f(Z)}=¢(C) g.e. on D. (2)

Then this result was extended to arbitrary smooth (C') domains. Moreover, the following
result was proved in [7] (see the next section for definitions):

Theorem D. Let D be a Jordan domain with the quasihyperbolic boundary condition, dD
have a tangent q.e., A:9D — C, k(C)| =1, be of countable bounded variation, and let ¢:0D — R
be measurable with respect to the logarithmic capacity. Then there is a space of analytic functions
[:D—C of the infinite dimension with the angular limits

ygéRe{@f(z)}w(o g.e. on dD. (3)

2. Hilbert problem and angular limits. Recall that the classic boundary-value problem of
Hilbert was formulated as follows: To find an analytic function f in a domain D bounded by a
rectifiable Jordan contour C that satisfies the boundary condition

limRe((©)-/(2)} =) VLeC, (4)

where the coefficient A and the boundary date ¢ of the problem are continuously differentiable
with respect to the natural parameter s and A#0 everywhere on C. The latter allows one to
consider that |7»(C)| =1 on C. Note that the quantity Re{A- f} in (4) means a projection of f
into the direction A interpreted as vectors in R?, see history comments, e.g., in [5].

A straight line L is said to be tangent to a curve T" in C at a point z, eI, if

limsup dist(z [) =0.
z—z, zel’ |Z - Zo|

6

Let D be a Jordan domain in C with a tangent at a point {e dD. A path in D termina-
ting at { is called nontangential, if its part in a neighborhood of { lies inside of an angle with the
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vertex at ( that is less than a straight angle. The limit along all nontangential paths at ( is
called angular at the point. Following [7], we say that a Jordan curve T in C is almost smooth,
if " has a tangent g.e. In particular, T" is almost smooth, if " has a tangent at all its points except
a countable collection.

Recall also that the quasihyperbolic distance between points z and z, in a domain Dc C
is the quantity

kp(z,2y) = (6)

1nfj d(C BD)

where d({,0D) denotes the Euclidean distance from the point {e D to dD , and the infimum
is taken over rectifiable curves ¥ joining the points z and z, in D.

It is said by [8] that a domain D satisfies the quasihyperbolic boundary condition, if there
exist constants a and b and a point z,€ D such that

d(ZO, aD)

Vze D.
d(zoD) °

kp(z,zy)<a+bln

Every smooth (or Lipschitz) domain satisfies the quasihyperbolic boundary condition, see
e.g., [9] for its discussion.

Given a Jordan domain D in C, we call A:9D — C a function of bounded variation, write
AeBV(dD),if

k
V,@D):=sup Y [M(C;) - A ()| <o, (7)
j=1

where the supremum is taken over all finite collections of points {;€dD, j=1,...,k, with the
cyclic order meaning that ; lies between C;,; and {; for every j=1,..., k. Here, we assume
that €,y =, =, . The quantity V, (dD) is called the variation of the function \ .

Now, we call A:9dD — C a function of countable bounded variation, write A € CBV(dD), if
there is a countable collection of mutually disjoint arcs vy, of 9D, n=1,2,... on each of which
the restriction of A is of bounded variation and the set dD\ Uy, has the zero logarithmic ca-
pacity. In particular, the latter holds true, if the set dD\ Uy, is countable. It is clear that such
functions can be singular enough.

Theorem 1. Let D be a Jordan domain with the quasihyperbolic boundary condition, dD ha-
ve a tangent q.e., A:0D —C, =1, be in CBV(dD), and let ¢:0D — R be measurable with
respect to the logarithmic capacity.

Suppose that g:D —R is in [P(D), p>2. Then there exist generalized analytic functions
h:D — C with the source g that have the angular limits

lin%Re{mh(z)}:(p(C) g.e. on dD. (8)

Furthermore, the space of such functions h has the infinite dimension.
Later on, we often apply the logarithmic (Newtonian) potential N of sources Ge L (C), p>2,
with compact supports given by the formula:
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Ng(2) ::i'[ln|z—w|G(w)dm(w). 9)
C

By Lemma 3 in [4], N; e W22 (C)NCLE(C), o:=(p—2)/ p, AN; =G ae.

Proof. Extending the function g by zero outside of D and setting P =N, with G =2g,
U=P, and V=-P,, we have that U, -V, =G and U, +V, =0. Thus, elementary calculations
show that H:=U+iV is just a generalized analytic function with the source g. Moreover, the
function

9-(©)=limRe(2.()- H(2)} = Re (. (O)- HQ)}, VCeaD, (10)

is measurable with respect to the logarithmic capacity, because the function H is continuous
in the whole plane C.

By Theorem 2 in [7], see also Theorems 5.1 and 6.1 in [10], there exist analytic functions A
in D with the angular limits

lirréRe{m-A(z)}de(C) q.e. on 9D (11)

for the function ®(£):=@({)—9.(£), e dD. The space of such analytic functions A has the in-
finite dimension, see, e.g., Corollary 8.1 in [10].

Finally, it is clear that the functions /#:=.A + H are desired generalized analytic functions with
the source g satisfying the Hilbert condition (8). Thus, the space of such functions 4 has really
the infinite dimension.

Remark 1. As follows from the proof of Theorems 1, the generalized analytic functions A
with a source ge I¥, p>2, satisfying the Hilbert boundary condition (8) g.e. in the sense of
the angular limits can be represented in the form of the sums A + H with analytic functions A
satisfying the corresponding Hilbert boundary condition (11) and a generalized analytic func-
tion H =U +iV with the same source g, U =P, and V =-P,, where P is the logarithmic (Newto-
nian) potential NV, with G =2g in the class W1 p((C)mC *(C), a=(p-2)/ p, that satisfies
the equation AP = G

In particular, in the case A =1, we obtain the corresponding consequence of Theorem 1 on
the Dirichlet problem for the generalized analytic functions.

3. Hilbert problem and Bagemihl—Seidel systems. Let D be a domain in C, whose boun-
dary consists of a finite collection of mutually disjoint Jordan curves. A family of mutually di-
sjoint Jordan arcs J :[0,1] — D,{edD, with Je([0,1))c D and J (1)=¢ that is continuous in
the parameter  is called a Bagemihl—Seidel system or, in short, of class BS, see [11].

Lemma 1. Let D be a bounded domain in C whose boundary consists of a finite number of
=1, :9D >R and y:90D - R be measurable

loc

with respect to the logarithmic capacity.

Suppose that {y }op is a family of Jordan arcs of class BS in D and that a function
g:D—R is of the class L (D) for some p>2. Then there is a generalized analytic function
[ :D— C with the source g such that

14 ISSN 1025-6415. Dopov. Nac. akad. nauk Ukr. 2020. Ne 8



Logarithmic capacity and Riemann and Hilbert problems for generalized analytic functions

limRe (. (©)-h(2)}=0(©), (12)
limIm (L (©)-h(2)} =y ©) (13)

along Y, g.e.on dD.

Proof. As in the proof of Theorem 1, the function H=U+iV with U=P, and V=-P,,
where P=N_; with G=2g, is a generalized analytic function with the source g. Moreover, the
functions

9-(©):=limRe{A(0)- H(2)} =Re(A (©)- H®)}, VEeD, (14)
v (©):=limIm (A ©)- H(2)} = Im ((©)- H©)), VEeaD, (15)

are measurable with respect to the logarithmic capacity, because the function H is continuous
in the whole plane C.

Next, by Theorem 3 in [12], there is an analytic function 4 in D that has the limits along
Y q.e.on 9D :

lim Re (1(0)- A(2)}= @ (), (16)
lim [m (.©)- A(2)} =¥ (©) (17)

for the functions ®(£):=@({)-9.({),e oD  and ¥():=y({)—y.({),{e adD. Thus, the func-
tion i:= A+ H is a desired generalized analytic function with the source g.

Remark 2. As follows from the proof of Lemma 1, the generalized analytic functions 2 with
asource g€ I”, p>2, satisfying the Hilbert boundary condition (12) q.e. in the sense of the li-
mits along y, can be represented in the form of the sums A + H with analytic functions A satis-
fying the corresponding Hilbert boundary condition (16) and a generalized analytic function
H=U+iV with the same source g, U=P, and V = —Py, where P is the logarithmic (Newto-
nian) potential N, with G=2g in the class ng’cp ((C)me(’)g((C) , a=(p-2)/ p, that satisfies
the equation AP =G.

The space of all solutions %z of the Hilbert problem (12) in the given sense has the infinite di-
mension for any such prescribed ¢, A and {y,},.,p , because the space of all functions y:9D — R
which are measurable with respect to the logarithmic capacity has the infinite dimension.

The latter is valid even for its subspace of continuous functions y:9D — R. Indeed, by the
Fourier theory, the space of all continuous functions \:9D — R, equivalently, the space of all
continuous 27 -periodic functions Y« : R — R, has the infinite dimension.

Theorem 2. Let D be a bounded domain in C whose boundary consists of a finite number of
mutually disjoint Jordan curves, and \:0D — C, 7&(?;)| =1, and @:9D — R be measurable func-
tions with respect to the logarithmic capacity.

Suppose that { }.ap is a family of Jordan arcs of class BS in D and that a function g: D — R
is of the class L’ (D), p > 2.
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Then there exist generalized analytic functions h: D — C with the source g that have the limits
(12) along v q.e. on 9D . Furthermore, the space of such functions h has the infinite dimension.

In particular, in the case A =1, we obtain the corresponding consequence on the Dirichlet
problem for the generalized analytic functions with the source g along any prescribed Bage-
mihl—Seidel system.

4. Riemann problem and Bagemihl—Seidel systems. The classical setting of the Riemann
problem in a smooth Jordan domain D of the complex plane C was to find analytic func-
tions fT:D—C and f~:C\ D—C that admit continuous extensions to 9D and satisfy the
condition

[T©=AQ) [~ (©)+BE) VCedD (18)

with prescribed Hélder continuous functions A:9D — C and B:0D — C.
Recall also that the Riemann problem with shift in 0D is to find analytic functions f ":D-C
and f~:C\ D — C satisfying the condition

[T (@@)=AQ) [7(©)+B(E) V{eoD (19)

where o:0D —dD was a one-to-one sense preserving correspondence having the non-vani-
shing Hoélder continuous derivative with respect to the natural parameter on dD . The function
o is called a shift function. The special case A=1 gives the so-called jump problem, and B=0
gives the problem on gluing of analytic functions.

Arguing similarly to the proof of Theorem 1, we obtain by Theorem 8 in [12] on the Riemann
problem for analytic functions the following statement.

Theorem 3. Let D be a domain in C whose boundary consists of a finite number of mutually
disjoint Jordan curves, A:90D — C and B:0D — C be functions that are measurable with respect
to the logarithmic capacity, and let {Yg}ge ap and {Y¢heeop be families of Jordan arcs of class BS in
D and C\ D, correspondingly.

Suppose that g:C — R is a function with compact support in the class L* (C) with some p > 2.
Then there exist generalized analytic functions [*:D—C and f~:C\ D — C with the source g
that satisfy (18) g.e. on {e oD, where [*({) and f~({) are limitsof f*(z) and f~(z) as z—{
along yz and v , correspondingly.

Furthermore, the space of all such couples (f*, f7) has the infinite dimension for every
couple (A, B) and any collections ; and v, {e dD.

Theorem 3 is a special case of the following lemma based on Lemma 3 in [12] on the Riemann
problem with shift that may be of independent interest.

Lemma 2. Under the hypotheses of Theorem 3, let, in addition, o.:9D — dD be a homeomor-
phism keeping components of 0D such that o. and o' have the N-property by Luzin with respect
to the logarithmic capacity.

Then there exist generalized analytic functions [*:D—C and f~:C\D — C with the source
g that satisfy (19) for a.e. {e oD with respect to the logarithmic capacity, where f*(C) and f~({)
are the limits of 7 (z) and f~(2) az z—{ along y; and v, correspondingly.

Furthermore, the space of all such couples (f*, f7) has the infinite dimension for every couple
(A, B) and any collections ; and vy , {e oD.
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Remark 3. Some investigations were devoted also to the nonlinear Riemann problems with
boundary conditions of the form

@, /7(C), [7(©)=0 VCeaD. (20)
It is natural, as above, to weaken such conditions to the following one:
@@, ),/ (€)=0 qe CLeaD. (21)

It is easy to see that the proposed approach makes it possible to reduce such problems to the alge-
braic measurable solvability of the relations

@ 0,w)=0. (22)

with respect to complex-valued functions v({) and w({).

Further, we say “C-measurable” in short instead of the expression “measurable with respect to
the logarithmic capacity”.

Example 1. For instance, correspondingly to the scheme given above, special nonlinear prob-
lems of the form

I ©=9@ /() qe onedD (23)

are always solved, if the function @:9dDxC — C satisfies the Carathéodory conditions with
respect to the logarithmic capacity, that is, if (¢, @) is continuous in the variable we C for
a.e. {edD with respect to the logarithmic capacity, and it is C-measurable in the variable
CeadD forall we C.

The spaces of solutions of such problems always have the infinite dimension. Indeed, by the
Egorov theorem, see, e.g., Theorem 2.3.7 in [13], see also Section 17.1 in [14], the function
oL, y(0)) is C-measurable in {e dD for every C-measurable function y:9D — C, if the func-
tion @ satisfies the Carathéodory conditions, and the space of all C-measurable functions
y:0D — C has the infinite dimension, see, e.g., arguments in Remark 2 above.

Furthermore, applying Lemma 2 with A=0 in (19), we able to solve nonlinear boundary-
value problems with shifts of the type (even with arbitrary measurable f~({) with respect to the
logarithmic capacity)

I (@) =9 /() qe on {eadD. (24)

This work was partially supported by grants of the Ministry of Education and Science of Ukraine,
project number 0119U100421.
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JIOTAPUDOMIUHA EMHICTD I 3AJAYI PIMAHA TA TTVIBBEPTA
JIIA Y3ATATBHEHUX AHAJIITUYHNX OYHKIIIA

Buyenng 3amavi /lipixse 3 ZOBITbHIME BHUMIPIOBAHUMH TPAHMYHUMH JIAHUMU /IS TAPMOHIYHIX (DYHKIIN B
OJIMHUYHOMY KPY3i Ma€ BUTOKHU 3 Biflomoi aucepraitii Jlysina. [lignine Bexya gocians y3arajbHeHi aHami TUYHI
(dyHKIT, ajte TIIbKY 11 TPAHUYHUX JaHUX, HeriepepBHuX 3a Tesbaepom. Ilst po6oTa MicTUTh TeOpeMu iCHYBaHHS
HEKJIACUYHUX PO3B’sI3KiB 3agau Pimana i Tinbbepra st y3araJibHEHUX aHAMITHYHUX (DYHKIIH 3 I5KEPEIOM,
TPaHWYHI JaHi AKUX € BUMIPIOBAHNMHU BiHOCHO Jjorapudmiunoi emuocti. Hamr miaxiz sacnoBanmii Ha
reoMeTpUYHil iHTeprpeTalii TpaHMYHUX 3HaUYeHb Ha BiZIMIHY BiJ[ KJIACUYHOTO OMEPATOPHOrO MiIXOMY B Teopii
PIBHAHD 3 YaCTUHHUMU ToXiguumu. Ha 11iif ocHOBI MOXKHA OTpUMATH BIITIOBIHI TeOpeMU iCHYBAHHS 3aadi
Ilyankape 14 10oxi/iHOT 32 HANPAMKOM 17151 piBHAHHS [lyaccona i, 3okpema, /st 3agaui HeliMana 3 10BiIbHUMEI
IPaHUYHUMU JIAHUMU, BUMIPIOBAaHUMU BifiHOCHO Jorapudmiunoi emuocti. i pesysisratu MOKyTb OyTu
3aCTOCOBAHI /10 HATIBJIIHINHUX PIBHAHD MATEMATHUHO1 (Pi3UKK B aHI30TPOITHUX 1 HEOHOPIAHUX CepeOBUTIAX.

Kntouosi cnosa: kpaiiosi sadaui Pimana i Iivbepma, ysazanvnerni anarimuuni Qynxuyii, nozapudmivia emmicmo.
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